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Abstract

This is the supplementary material for the ICML 2013 paper Dependent Normalized Random Measures
by the same authors.

A. Notation & Preliminary

We list some of the notation used in this paper in Table 1 for reminder.

A.1. Definitions

For completeness, we restate the definition of MNRM and TNRM. We are given a Poisson process on a product
space Rt x @ x R with intensity measure v(dw, df,da) (we will use the notation v,.(dw,df) = [; v(dw,dd,da)),
denote the corresponding Poisson random measure as N (dw, df, da), the constructions are then defined as follow:

Mixed Normalized Random Measures (MNRM)

R)= [ uNwdsda,  r=1o #R
Rt XR,
#R
ﬂt(da) = Z q”f,ar(da) t= 1, cee 711
r=1
1 _
e (d9) = ?ut(dG) , where Z; = [i;(O) (1)
t
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Table 1. List of notation.

Notation Description

I or #R #regions for R, indexed by r

T #times for the observations

L #observations in time ¢

St latent variable indexes which atom the [-observation in time ¢ belongs to.

gt latent variable indexes which region the [-observation in time ¢ belongs to.

(Wrk, Ork) points/atoms in the Poisson process in region R,.. When used to construct an NRM,
sometimes we also call w,, as the jumps and 6, as the atoms

K. #atoms with observation in the NRM in region R,

M, mass parameter for the NRM in region R,

)?t observations in the NRM in time ¢

Nrk #observations in time ¢ attached to the k-th jump of the NRM in region R,

Ny total number of observations in time ¢

N.rk = Zt Nirk

Uy auxiliary variable for the NRM in time ¢

F(-0,k) likelihood function under atom 8,

N(w,0) a Poisson random measure on W x ©

v(dw, dd) Lévy measure for the NRM on RT x ©, we assume it is decomposed as p(dw)H (df),
where H(-) is a probability measure on ©. We use v(dw, dd,da) to denote the Lévy
measure on the augmented space Rt x © x R and is assume to be factorized as
V' (dw,d0)Q(da)

Thinned Normalized Random Measures (TNRM)

i-(d9) = / ~ wN(dw,d8, da), r=1,---,#R
R+ xR,
zrtk ~ Bernoulli(g,+), k=1,2,---
fu(d0) = " zppwrdp, t=1,---,T
k=1
1 . -
ue(d9) = Zu(d@), where Z; = [1;(O) (2)

A.2. Preliminary Lemmas

We give three lemmas used in analyzing the properties and deriving the posteriors for the proposed MNRM,
TNRM and their variants.

Lemma 1 below is a celebrated formula for Lévy processes know as the Lévy-Khintchine formula.

Lemma 1 (Lévy-Khintchine Formula) Given a completely random measure fi (we consider the case where
it only contains random atoms) constructed from a Poisson process on a produce space RT x © with intensity
measure v(dw, df). For any measurable function f: W x © — RY | the following formula holds:

E [e_ll(f):| 4 E |:€_ Jo f(u;ﬂ)./\/’(du;,d9)1|

exp{— /WX@ <l—ef(w’0))v(dw,d0)} : (3)

where the expectation is taken over the space of bounded finite measures. Using (3), the characteristic functional
of [ is given by

ou(u) = E [efe mﬁ(d@)} = exp { /WX@ (1 —e™) v(dw, de)} , (4)
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where u € R and i is the imaginary unit.

Lemma 2 is about the disintegration property of a Poisson random measure A’ and some fixed points 0, € ©.
This is a specific result derived using either the Poisson process partition calculus (James, 2005), or the well
known Palm formula.

Lemma 2 Let N be a Poisson random measure defined on RT x © with intensity measure v(dw,dd), ji be the
CRM constructed from N. Given samples {p,} with ties (0x)E_, and the corresponding counts (n1,--- ,nK),
for any nonnegative function f: RT x @+ RY, the following formula holds:

K
=E {e‘N(f)} H/ wit e~ R0y (duwy, 0y (5)
k=17R"

where N(f) = [a1 o f(w,0)N (dw, dd).

Lemma 3, originally from Proposition 2.1 of (James, 2005), gives the posterior intensity measure of the Poisson
process under an exponential tilting operation. It is used in the proof of the posterior Lévy measure for MNRM
and TNRM.

Lemma 3 Let N denotes a Poisson random measure with intensity measure v, taking values in space of bound-
edly finite measures M with sigma-field denoted as B(M). BM (W) denotes the collection of Borel measurable
functions of bounded support on W. Then for each f € BM(W) and each g on (M, B(M)),

/ g(N)eNDPANY) = Ly (FIN) / (NYP(AN]e /) |
M M

where P(dN|e~Tv) is the law of a Poisson process with intensity e /(y(dw), Ln(fIN) =
exp{ffw (1 - e’f(“’)) V(dw)} denotes the Laplace functional of N'. In other words, exponential tilting of a
Poisson random measure as e~ N P(AN|v) is equivalent to dealing with a Poisson random measure with inten-
sity e~ fv.

A.3. Normalized Generalized Gamma Processes

In this subsection we briefly introduce a special class of normalized random measures called the normalized
generalized Gamma process (NGG), and list some of its well known properties. A NGG is defined by normalizing
a generalized Gamma process (GGP), whose Lévy measure v(dw,df) is defined on the produce space RT x ©
with the following form?!:

oM

v(dw,db) = =0

w7 e dwH (0)d6 | (6)

where 0 < o < 1 is called the index parameter, M € RT is called the mass parameter, and H(-) is a probability
measure on space O, called the base distribution. We will use NGG(o, M, H(+)) to denote a NGG in the rest of
the paper.

We give the Laplace functional and the marginal posterior of the NGG below. These results can be used in the
following sections.

Lemma 4 (Laplace Functional of a GGP) For a generalized Gamma process iy with Lévy measure defined
in (6), let f: RT — R be a measurable function, the Laplace functional of fig is given by

L(f|fg) LR [e‘ﬁg(f)} = exp {—/WX@ (1 - e_f(w)> u(dw7d9)}

Fw)2uw

———exp{—-M((1+u) -1},
where fig(f) = [p+ o f(W)N(dw,dd), and u > 0 is a real constant.
!The Lévy measure of GGP can be formulated in different ways (Favaro & Teh, 2012), some via two parameters while

some via three parameters, but they can be transformed to each other by using a change of variable formula. We only
consider the form (6) in this paper for simplicity.
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The following posterior result of a NGG is taken from (Corollary 2 Chen et al., 2012a), similar results can also
be found in other references such as (James et al., 2009; Favaro & Teh, 2012).

Lemma 5 (Posterior of a NGG) Let X = (x1,--- ,an) be samples from the NGG(o, M, H(-)) with distinct
values (ties) (x%,- -, %) and the corresponding counts (ny,--- ,nk). Introduce a latent variable u (called latent
relative mass (Chen et al., 2012a)), the marginal posterior is given by:

p(‘)?7u7K|J7M>

— K
uNl

= TN fuFe (M) M—M+w? kl;[l(l — )1 H(zh) |

where (1= 0)p,—1=1—0)--(np—1—0) if ngp > 1, and 1 if ni < 1.

B. Properties of MNRMs and TNRMs
We have the following property for the MNRM.

Proposition 6 (Proposition 1 in the main text) Conditioned on the weights q.’s, each random probability
measure p; defined in (1) is marginally distributed as a NRM with Lévy intensity fol vr(w/qrt,0) )/ qrt-

Proof First, from the definiton we have
#R
fiy = Z Qrtflr -
r=1

Because each fi,’s is a CRM, we have for any collection of disjoint subsets (41, - - , A,) of ©, the random variables
fr(Ay)’s are independent. Moreover, since the [i,’s are independent, we have that {/i;(A4;)}?, are independent.
Thus fi; is a completely random measure. To work out its Lévy measure, we calculate the characteristic functional
of each random measure ¢,¢fi, using Lemma 1:
gpqrtﬂr (u) = ei f]R+ X6 (176““17.“”)V‘I'('wve)d’Wde7
=e I]R+ NG (1_€iuw)’/v‘(w/q¢*t »9)dw/qrtd9 ,

where the last step follows by using a change of variable v’ = ¢.,w. Because ¢.¢fi,’s are independent, we have
that the characteristic functional of fi; is

#R
@ﬂt (u) = H @QTtﬁr(u)
r=1

—e fKJr X@(lieiuw) Z?:Rl VT(w/qT‘tie)dw/qrtde , (7)

The Lévy intensity of ji; is thus ijl ve(W/qre, 0)/ qre.

The following two properties are proved for TNRMs.

Proposition 7 (Proposition 2 in the main text) Conditioned on the set of g.+’s, each random probabil-
ity measure py defined in (2) is marginally distributed as a normalized random measure with Lévy measure

> @revr(dw, d6).

Proof One approach is to follow the proof of Lemma 11 in (Chen et al., 2012a), here we give a simplified proof
using the characteristic function of a CRM (4).

Denote B = {0, 1}##*T from the definition of fi;, the underlying point process can be considered as a Mark-
Poisson process in the product space Rt x © x R x B, where each atom (w, 6) in region R, is associated with a
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Bernoulli variable z with parameter g,;. From the marking theorem of a Poisson process we conclude that fi;’s
are again CRMs. To derive the Lévy measures, denote dz as the infinitesimal of a Bernoulli random variable z,
using the Lévy-Khintchine formula for a CRM as in Lemma 1, the corresponding characteristic functional can

be calculated as
E {ef@ ium(d@} = exp {—/ (1—e"") v(dw,dd,da)d }
Rt xOXxRxB
= exp {—/ (1 —e™") gy v (dw, do, da)} (8)
Rt xOxR

H#R
S R S|

r=1

where (8) follows by integrating out the Bernoulli random variable z with parameter ¢, ¢, (9) follows by inte-
grating out the region space. Again according to the uniqueness property of the characteristic functional, u;’s
are marginally normalized random measure with Lévy measures fol grtvr(dw, d).

Proposition 8 (Proposition 3 in the main text) Denote the Lévy measure in region R, as v,(dw,d#), and
fix the subsampling rates q.;. Given observations associated with a set of weights W, and auziliary variables uy
for each t € T, the remaining weights in region R, are independent of W, and are distributed as a CRM with
Lévy measure
vi(dw,df) = [T (1 = gre + gree™") vy (dw, d6) .
t

Proof The independence of the atoms with and without observations directly follows from the property of the
completely random measures (James et al., 2009). It remains to proof the Lévy measure of the random measure
formed by the random atoms of the corresponding Poisson process.

The way to prove the posterior Lévy measure is to apply Lemma 3, where the idea is to formulate the joint
distribution of the Poisson random measure and the observations into an exponential tilted Poisson random
measure. Note it suffices to consider one region case because the CRM between regions are independent. For
notational simplicity we omit the subscript r in all the statistics related to r, e.g., Nt is simplified as ng,,.

Now denote the base random measure as i, then construct a set of dependent NRMs p;’s by thinning g with
different rates g;. Given observations for p,’s, by the Poisson partition calculus (James, 2005) it follows that the
joint distribution for {y;} and observations with statistics {n,} is

ntw;C

p{new}, {pe}) H PN) .

S ztk/wm“

Now we introduce an auxiliary variable u; for each t via Gamma identity, and the joint becomes
P({new s {pe}, {ue}) = H mr’zw H e 2t Zuewk PNy
k

t

Now integrate out all the z;;’s in the exponential terms we have:

E{Ztk} [H e > Zjikujwk,‘|
k
IO o s
kg

= exp 722710g(1+q]‘(67ujwk71))
E J
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Let f=->, Zj log (14 g; (e=%"* — 1)), g(N) = 1 in Lemma 3, then by applying Lemma 3, we conclude that
the Poisson process has posterior intensity of

e_f(w)u(dw7d9) = H (1 —q; + qje_“fw) v(dw,do) ,
J
which is the conditional Lévy measure of i by the relationship between a Poisson process and the CRM con-
structed from it.

C. Inference
C.1. Mixed Normalized Random Measures

C.1.1. POSTERIOR INFERENCE FOR MIXED NORMALIZED GENERALIZED (GAMMA PROCESSES WITH
MARGINAL SAMPLER

We first derive the posterior of MNRMs. Given observations X , denote p, as the NRM in region R, the
likelihood can be expressed as

T L

H H HT H (grewrr)™ ™ .
P(X| (i} fgre}) = — =b2e=l = wo LT Galtgs) (10)

Ht’:l (Z = 121« 1qr’t’wr’k:) t=11=1

Now introduce auxiliary variables {u;} using Gamma identity, the joint becomes

(X, @l{p}, {are}) (11)

(i) e ()

I
i Il

=1k=1
N,— I oo
( > exp{ ZZ (Z QTtUt> wrk} ( F xtl|99t131l )
t=1 r=1k=1 \t=1 t=11=1

We assume the Lévy measure is factorized as

v(dw,df,da) = v'(dw,dd)Q(da) ,

2

where Q(-) is a measure on A. Now it is easily seen pu,’s are normalized generalized Gamma processes with Lévy
measures

vy (dw, df) = / v(dw, 6, da) = M QE) 1o —wqmr(9)a0
R, I'(l-o)

re-writing @, = Q(R,) and integrating out u,’s by applying Lemma 2 we get:

p(X, o, (M.} {are}) = By [p(X. l{1r} {0} (12)
#

U
#R

X,
T K. /#R )
gt o K, L(n.,r—o)
: <1:[ =1 ) ( (1 N 0)> (rl:ll (QTMT) > 1;[1 k1;[1 (1 + Zt qrtut)nrk_a>
T Ne-1 T L,
(H > <H —Qr My (143, areue)7—1) ) (HHF xtz|9g“8”)> ,
t=1 = t=11=1

since @, and M, always appear together, thus we omit @, and only use M, to represent Q,M,, this applies to
TNRM without further statement.

The variables needed to be sampled are C' = {{sy}, {gu}{ M., }, {u}, {gr} }, based on (12), these can be iteratively
sampled as follows:
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Sampling (s4,94):  The posterior of (sg, gu) is

p(stl =k, gu = T|O — St — gtl)

\tl
gre(n ), —0o) \tl
14320 Qperuy Frk (xtl)’

q'r/thlr’ . .
o (Zw s, q,./t/ut/)la) Jo F(zul0)H(0)dO, if k is new ,

if k already exists,
x

S F(ze|0rk) Ht’z/#z,st,l,:k,gt,l,:r F(zyry710rk) H(0rk)dOrk
S Ht’l’;ﬁtl,st/l/:k,gt/l/:r F(2417107k) H(0rk)d0ry

where F),zl(xtl) = is the conditional density.

Sampling M,: The posterior of M, follows a Gamma distribution:
p(Mr|C - Mr) ~ Gamma <Kr + am, (1 + qutut> + by — 1) )
t

where a,,, b,, are parameters of Gamma prior for M,..

Sampling u;: The posterior distribution of w; is:

uttexp{=3, M, (1+ 32, grvur)’}
Hr (1 —+ Zt/ qrt/ut/)zkr n.p—o K,

b

p(ut|C — uy) o

which is log-concave if we use a change of variables: v, = log(uy).

Sampling ¢,;: Note we should introduce priors for {g,+}’s, here we use a Gamma prior with parameter g, and
qp, then the posterior of g+ has the following posterior:

q?tw}i_qa_l exp {_Mr (1 + Et’ qrt’ut’)a - quw}
(14 Xy )" =75

)

P(grt|C — grt)

which is also log-concave in interval [—oo, 0] with a change of variables: @+ = log(g,t).

Sampling o: From (12), we first instantiate a set of jumps {w,} as

Wy ~ Gamma (n.rk —-o,1+ Z qrtut> )

t

then the posterior of ¢ is proportional to:

- K [(#R K, 7 [#R .
p(o]C — o) x (F(l — a)) (T_l_[l kl;[l wrk> (H e Mr (143, areu) ) (13)

r=1

which is log-concave as well.

C.1.2. POSTERIOR INFERENCE FOR MIXED NORMALIZED GENERALIZED GAMMA PROCESSES WITH SLICE
SAMPLER

The idea of slice sampling MNGG is similar to that of TNGG but with different detailed techniques, readers
unfamiliar with the slice sampler are encouraged to first refer to the slice sampler for TNRM in Appendix C.2.2
for more detailed introduction of the underlying ideas.

Starting from (11), we introduce a slice auxiliary variable vy; for each observation such that

vy ~ Uniform(wy,s,,) -
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Now (11) can be rewritten as

—

p(X, 4@, vk, {sats {gut{pr}s {gre})
AG 1
<HH wgtzsu > Utl)qgtlstl,F(xtl|09tlel ) <H )
l

t t

(oo )

Now the joint distribution of observations, related auxiliary variables and the corresponding Poisson random
measure {N,.} becomes

—

p(X, 4, {vat, {ur}, {su}, {gut{ar})
Ntl
= (HHl(wgtlStl > vtl)QQtlszzF(‘rtlwguSu ) (H )
t 1

t
exp {ZZZQM’%W«I«}) HP(N)
t T k T
slice at .. uyt !
= HH 1(wgtlstl > Utl)qgtzstzF(xtlwguStz H

t o1 t
exp {— Z Z Z (Irtutwrk}
t T k

jumps larger than L,
Hp({(wrl, Or1)}, - {(wrkr, O ) }) (K! is # jumps larger than L,.) (15)

HGXP{ fil\if - /Oﬁ,' (1 —e 2 thutm) p’(da:)} ’ (16)

jumps less than L,

l-0,—x

where p'(dz) = 2717 %¢~® and (15) has the following form based on the fact that {(w,k,6,x)} are points from
a compound Poisson process:

p({(w1,01)} -+ {(worcr Orscs)}) = (F(j]‘f;))mexp{—& o " () }Hw-l 7,

see Appendix C.2.2 for the derivation.

Now the sampling goes as:
Sample (sy,94):  (su,gu) are jointly sampled as a block, it is easily seen the posterior is:
p(su =k, gu =r|C — {su, gu}) o< Wwp, > ve) g F (x0a|0rr) - (17)
Sample vy: vy is uniformly distributed in interval (0, wg,,s,,], S0
vy|C — vy ~ Uniform(0, wg,,s,,) - (18)

Sample w,;: There are two kinds of w;x’s, one is with observations, the other is not, because they are inde-
pendent, we sample these separately:



Dependent Normalized Random Measures

e Sample w,;’s with observations: It can be easily seen that these w,x’s follow Gamma distributions

as
Wy |C — wyp, ~ Gamma (Z Ngrk — 0, 1 + Z QTtut> )
t t

e Sample w,;’s without observations: These w,;’s are Poisson points in a Poisson process with

intensity
v(dw,dd) = p(dw)H () = e~ 2t @4y, (dw, dh) |

where v(dw, df) is the Lévy measure of u,. This is a generalization of the result in (James et al., 2009).
In regard of sampling, we use the adaptive thinning approach used in (Favaro & Teh, 2012) with a
proposal adaptive Poisson process intensity as

oM,

—(1432, grtut)s .—1—0c 19
T1—0)° . (19)

Yz (8) =

See Appendix C.2.2 for the detailed description of this approach and the case for TNGG.

Sample M,: M, follows a Gamma distribution as
(oo}

p'(dz) + /OLT (1 — e 2 th“M) p’(dl‘)) )

where K is the number of jumps larger than the threshold £, and the integrals can be evaluated using
numerical integration or via the incomplete Gamma function as described in (Chen et al., 2012a).

~ M.~ ' _7
M, |C — M, Gamma(Kr—i—l,F(lg)/LT

Sample u;:  From (16), we sample u; using rejection sampling by first sample from the following proposal

Gamma, distribution
ut\C — Ut ~ Gamma (Nt, Z Z qrtwrk> y
T k

then do the rejection step by evaluating it on the posterior (16).

Sample ¢,;: ¢+ can also be rejection sampled by using the following proposal Gamma distribution:

p(¢r¢|C — grt) o<~ Gamma (ntr~ +ag, »_ uwp + bq> ;
k

where a4, by are the hyperparameters of the Gamma prior.

Sample o: Based on (16), the posterior of ¢ is proportional to:
o > K
oM, /OO / £r - /
expl ————— p'(dz) + / (1 —e %t q”“”ﬂ) p'(dz) )
{ Il -o) < . 0

which can be sampled using the slice sampler (Neal, 2003).

—0

C.2. Thinned Normalized Random Measures
C.2.1. MARGINAL POSTERIOR FOR THINNED NORMALIZED GENERALIZED GAMMA PROCESSES

Though Proposition 3 in the main text shows us the posterior intensity of the Poisson process in region R,
unfortunately marginalization over this Poisson random measure usually does not end up a simple form. The
following proposition gives the marginal posterior of the TNRM under a specific class of the normalized random
measure—the normalized generalized Gamma process.
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Proposition 9 Given observations X for all times, introduce a set of auziliary variables {u;}. Using the nota-
tion and statistics defined in Table 1, the marginal posterior for the TNGG is given by

p(Xa i, {Stl}a {gtl}|0—’ {Mr}a {Z'rtk}k:n k>0 {%"t}) (20)

- (%) (HMKT) (i)
(H II e 0) e g) (H wulﬁgustl)> (21)

T kn.,>0 1+th7tkut t

HeXp _MT Z ((H qrﬁ/ QTt’ - ;t/> <(1 + Z Z;‘t’ut')a - 1)) ’

z,€{0,1}
or t=1---T

1

1 1
where in the last line > = > 3. Z
z,.,€{0,1} z.,=0 Z;QZO z,. =0

for i=1..T

roo € rt — = T—=r—0g ,, Irom € property o 01Ss0n process we see at 1t 1S a mn e
Proof Let G | ks, from th ty of Poi that it is a CRM in th

k! Rtrk! Weg!

augmented space RT x © x {0,1}. Given the observed data, the likelihood is given by

p(X, {su} {gu}{Gr})

T T L
= el 1 pg,, )
)

Hz;=1 (Z'r‘/ Zk}' Zr’t/k’wr/k’ t P11 gtlstl

where 2.4 ~ Bernoulli(g,),0 < ¢y < 1.

Now introducing auxiliary variables # via the Gamma identity, we have

p(X, @, {s tz} {90t {Gri})
T

) o) 15

(exp {— Z Z Z 2tk Ut Wl }) (23)
t r k

Denote T = {0,1} ®--- ® {0,1}, dR, = dz,; - - - dz,p, since {G,4}’s are CRMs, now integrate out {G,}’s with

T
Lévy-Khintchine formula (3) and Lemma 2 we have

p(X. i, {su} {gublo. (M }) = Eqay [p(X. i {su}, {9u}{Gii})]

- (s (UMTKT) ( | f;?;vi)

r knrk>0 t=11=1

— —Zt ZrteUtd e—£ 23
l:Iexp{ =0 / / /R+ 1 e ) xHaddedRr} (24)
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Tazlor

expansion
(M m
H exp {
.

T kn.,>0

/// Z y1 thrtxut) fa e
F 1 —O' R+ le+ﬂ

Integrate out

all Zrtax

T kin.,>0 1+th7l~tku)

1
[Jew! -

T

- ()" (HMK)(

(I

T knf}s>0

Hexp — M,

() () (1

z,.,€{0,1}

uivt !
F(M))

T L.
N.rk— a) <HHFxflagtl9tz >

t=11=1

F( N.rk 70’
(T+ 24 2ut)

dzdfdR, }

n=1

(o) () (1, 3)

T(n.,,—o)

(N
T L.
rk— a) (HHF xtlwgtzstz >
1

t=11

oM, )= 1 Zt/ er’ut/)
oy | > S e
z,.,€{0,1} n=1
for t=1...T

(10— [ o)
R+

Nk — U)
(1+ Zt rtlcut)

(25)

T Ly
I1 ) (H F(magt,sn)
t=11[=1

((H qr”/ — qrt') Zi‘“) <(1 + Z Zy ) — 1))

>

for t=1...T

where 2,4, in (24) means a Bernoulli random variable drawn at atom x with parameter g,;. Furthermore, the
last equation follows by applying the following result

o0 n

S A o)

where the summation in (26) is the Taylor expansion of (1 + A)? — 1.

Z(_l)n—l)\nr(nnTU)
1 [~ (=) 1ol (n-0) .,
0@1( ol M)
IMl—0) (ol —-1)---(6—n+1),
- (Z - /\> (26)
D g xy—1)
]

A Marginal Sampler for TNGG We derive a marginal sampler for TNGG based on the posterior (20). To
sample the topic allocation variables (s, g1), we need to further integrated out the Bernoulli random variables



Dependent Normalized Random Measures

zrti's for the fixed jumps in (21). Thus we augment the terms in the first parenthesis of (21) by instantiating a
set of jump size variables w,.;’s distributed as

t

wy, ~ Gamma (n.rk —o,1+ Z zrtkut> . (27)
Further denote u = (uy, - ,ur), and b as a length T binary vector, and denote
11 1
b b=0by=0  br=0

then the first parenthesis in (21) can be rewritten as

’LU sk 0 —Wrk e —ZrtkUtWrk
I | I | rk I |

T kn.,p>0
integrate out z.. Npp—C  — -
[ M1 e g
r kin.,>0 t
_ N.pk—0 § : by b —(14<u,b>)w,k
- H H Wy, g (H qr:5<1 - th) t> € ( Jur
T kin.,>0 b t

mtegrate out w, H H Z <H q’rt th ) (1+ Z(Tllljs ;)O,,:L)_rko' )

r kn., >0 b t

where < -,- > denotes the inner produce. Based on this, the sampling goes as

Sample (sy,gy):  for the current time ¢, the corresponding b; value is equal to 1, thus the conditional probability
for (s, gu) is proportional to

p(su =k, gu =7|C — sy — gu)
by _ 1—b,,
th( —0) (Zb by=1 ese ?tﬁii,g:) t > Fr\1§l<xtl)a if k already exists,

byr —
[Ty f(l=gup)’ e p
o (ZT, Gt My Yoy ﬁfiéu,bj)l:" > Jo Fzul0)H(0)d6, if k is new.

When T = 2 this becomes:

1+u;z 14w +us

1 /E ’V‘,E . .
o (Zr, qrre My <(1+u314 + (1+u1q+u2)1*“)) Jo F(zu|0)H(0)d0, if k is new

qrt(n \r,i —0) (1 et L) Fr\,:l(xtl), if k already exists,
x

f F(x41]0rk) Htll,?é”'stll’:k’gt/l/:r F(xy111107k) H (05 )0k
fHtll/#tl,st/1/=k,gt/l/=r F(xyr1107k) H (0rr)dOr

where £ = 1 when t = 2, and £ = 2 when ¢ = 1. F},:l(actl) =
is the conditional density.

Sample M,: M, has a Gamma distributed posterior as

M,.|C — M, ~ Gamma (KT + am,z (H (1 — th)l_b‘> (I+ <u,b>)7—-1)+ bm> ,
b t
where (an, by,) are parameters of the Gamma prior for M,..

To sample ({u¢}, {g+},0), we first instantiate the fixed jumps w, as in (27), and sample the latent Bernoulli
variables z.q, for (k: n..p > 0) using the following rule

17 if Nirk > 0 s
p(zrtk = 1|C — ZTtk:) = { grie” MWk "

T—qretqree “tOrk ? if Nirg = 0.

With these latent variables, sampling for other parameters goes as
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Sample u;: the posterior of u; has the following form:

b —
N1, (S0 S0 zrewwen Jue = 5, M 3y, (T 0, (000) ™" ) (1 <ub>)7)

p(ut|C — ug) o u e , (28)

this is log-concave after using a change of variable v; = log(us). Another possible way to sample is to
first sample u; from a Gamma distribution Gamma (Nt, > Zk:n-rk>0 zrtkwrk), then use a rejection step
evaluated on the true posterior (28), though the acceptance rate would probably be low.

Sample ¢,;: the posterior of ¢,; follows:

. U(zpun=1)+ag—1 ren=0) by —
P(qr¢|C — gre) qu'”~tk>0 (zrer=1) (1- qrt)Zk:n,tk>0 1(2rtk=0)+bg—1 (29)
bys —byr o
e~ Mr T (e 45 (1=,0)' = ) (A <ub>)7=1) (30)

where (aq,by) are parameters of the Beta prior for ¢,’s. This is again log-concave, and can be
sampled using the slice sampler. Also, similar to sampling u;, we can also first sample ¢,; from a
Beta (Zk:n.tk>0 Wzrte = 1) + ags D50 L(zrte = 0) + by) proposal distribution and do a rejection step
based on the true posterior (29).

Sample o: From (20), o has the following posterior:

K. g
_ 4 —My 34 (1T, a7 (1—gre) =1 ) (14 <u,b>)7)
p(o|C — o) x <F(1 — U)) (H H wrk> 1:[@ (I, arf (1—q ) )

7T kn.,>0

this is log-concave as well and can be sampled with the slice sampler.

We can see from the above marginal sampler for TNGG that it is computationally infeasible even for a moderately
large time 7. The reason being that the marginal posterior contains a 27 summation term, thus computation
complexity grows exponentially with the number of times. Alternatively, based on the recent development of
sampling for normalized random measures (Griffin & Walker, 2011; Favaro & Teh, 2012), we are able to develop
a slice sampler for TNGG that greatly reduces the computational cost. This is described in the next section.

C.2.2. POSTERIOR INFERENCE FOR THE TNGG VIA SLICE SAMPLING

This section describes a slice sampler for a specific class of the NRM, i.e., thinned-spatial normalized generalized
Gamma process (TNGG). The idea behind the slice sampler is to introduce auxiliary slice variables such that
conditioned on these, the realization of normalized random measures only have a finite set of jumps larger than
a threshold, thus turning the inference from infinite parameter spaces to finite parameter spaces.

To derive the slice sampling formula, we first introduce a slice auxiliary variable vy for each observation such
that
vy ~ Uniform(wg,,s,,) -

Based on (23), now the joint posterior of observations and related auxiliary variables becomes

—

p(X,a, {vn}, {su}, {gut{ur}; {zren}; {ar})
uivt*l
= <H H 1 (wgtls“ > ’Utl) F(-Tz’tllegtzsu)) <H F(Nt)>

t l t

(o)

Denote p'(dx) = 2~ 17%e~%, In the slice sampler we want to instantiate the jumps larger than a threshold, say

L., for region R,.. As a result, the joint distribution of the observations, related auxiliary variables and the
Poisson random measure {N,.} becomes

—

p(X, a, {'U?l}’ {MT}’ {Stl}’ {gtl}‘{zﬂfk}v {Qrt})
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- (HHuw > wﬂF(xueM)) ( | ?J(VNJ
(exp {_zz;zmutwrkb [P
slice at . (HH U(wgy sy > vtl)F(xtleg”S”)> <H 1;’{:;\; ;)
1T 1rm,
exp {_ TYY kwk}

jumps larger than L,
Hp({(w,.1, Or1)}, - {(wrkr, 0rkr) }) (K is # jumps larger than £,)

oM, [ Cuey |
Hexp{—r(la)/o (1—1_[(1—%4-%6 ))p(dx)} (32)

t

jumps less than L., according to Proposition 8
Ni—1

1 z. U
Sma‘: L (H H l(wgtzstl > ’Utl)F(ZL’tl ‘egustl )) ( Ft(Nt) >
t t

l
exp {— Z Z Z Zrtkutwrk}
t T k

jumps larger than L,

(%) ool [ oo o @

p({(wik,016)} {(w2k,026) } {(wik,01k)})

Ly
Mooy 1y ), (Cawor+oua | s (39

J

jumps less than L,
Ni—1

(H H 1(wgt18tz > 'Utl)F(!L'tleg“s”)> (H ’l;f( ) exp { Z Z Z Zrtkutwrk}
t l t

jumps larger than £,

()" oot o}

T

Q

p({(w1k,01%) },{ (w2k,028) },- {(wrk,011)})

jumps less than L,

where (33) is the joint density of a finite jumps from the Poisson process, since it is a compound Poisson process,
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so the density is:

p((lea 97’1)7 (wr279r2)7 T (wTKT79TK ))

MT o T
= Poisson (KT; h/ﬁ '(dx) ) K,! H (wrr)

where we assume the Lévy measure is decomposed as v(dw, df) = p(dw)H (d@), Poisson(k; A) means the density
of the Poisson distribution with mean A under value k.

Further integrate out all the {z,4}’s, we have

p()?, i, {vp}, {wri}, {su}, {gu}tlo, {M.})
T L Nf—l
(H H 1(w9t15tl > Utl)F(xtIWgus” ) (H >

t=1[=1 t

H H H 1- qrt + qrte*“twrk) H e WtWrk

T kiMirk=0 kinirk>o

jumps larger than L,

(5 %5) oo i | Ao} e

T

p({(wik,018)}{(war,028) 5 { (wrk,01k)})
05170
o { - St 2] )

jumps less than L,

C.2.3. BOUND ANALYSIS

Note that in the above derivation, we have used a linear approximation for an exponential function in (32) to make
it become (35). Actually, this approximation is quite accurate given u; < 1/L,, and this is easily satisfied by
choosing an appropriate threshold £, in the sampling (we chose £, = min {0.001/max;{u}, min j).g, = {vu}}
in the experiments).

In this section we will give an analysis on the tightness of the bound in the approximation (35) with respect
to L., we analysis the lower bound and upper bound of the true posterior (32). First, we define the following
notation:

" _ : 1— —u Loy
in argt:ggtlgo{qrt( e e
trmaw = arg mtaX{QTtut}-

Also denote the last term in (32) as Q,(L,), i.e.,

Ly
Qu(L,) = exp {—pgﬂf(,) / (1 -1 -a+ w“ﬂ)) p’(dx)}-

t
We use the following inequality:
— U 1—e kb
1 —wr <e ™ §1—Tx, VL > z. (37)

Then we have the upper bound for Qr(ﬁr):

Qr(Ly) < exp {— /OLT T 01]\{0 < 1:[ ( W&:)) (Jc_"_l — x_”) dx}
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£ —Uyr L, T
T oM, Grir . (L —e Mtmin™T) o B
< — - 1 _ 1 _ min P B - d
< exp /0 r'(l1-o) ( . x (z 277) d
—Uyr L, T/2
< exp{ — /‘Cr 0—7%" (2 — Gy (1 _ e_ut:‘nin[’T))T/Q q”%m(l e i )
B 0 F(l — a') Tin N

.1'T/2 (l‘_d_l _ x—o‘) dl’}

. T/2
NN B:2 VO O Gl e ) <2 B (1= " z:,,.)>T/2
R I YT L, It
2 2L, T_,
- LF 774, 38
(T—2o T—2U+2> } (38)

Similarly, we have the lower bound:

~ Ly o1 1 _ e_Lr _
Qr(L;) > exp / -0 1 — ) 1:[ (1 — greup) (:v - @ ) dx
£r 1—e &r

1 — 0') (1 — (1 — qrtT ut;n“x)T) (1'_0_1 — [:T‘T_o-) dx}

L —L,
" 2 o 1—e ™ __
exp{ ) F 1 0) =27/ (Qrﬂ Ut;mm) g <ac - Tx ) dx}

-

T/2 y1/2 2 21 —e™*)\ 24
. 2 — L7 7t 39
F (@) (T—?o T —20 +2 (39)

vV

exp

Y

= exp

C.2.4. SAMPLING

The variables needed to be sampled include the jumps {w,}’s (with or without observations), the Bernoulli
variables {z:}’s, mass parameters {M,}’s, atom assignment {sy}’s, source assignment {gy}’s and auxiliary
variables u;’s as well as the index parameter . We denote the whole set as C, then the sampling goes as follows:

Sample (sy,g1):  (Su,gu) are jointly sampled as a block, it is easily seen the posterior is:
p(su =k, gu = r|C — {su,gu}) o< Wwek > vu) 1 (zper = 1) F(w0lby,,s,,) - (40)
Sample vy: vy is uniformly distributed in interval (0, wyg,,s,,], so

vy|C — vy ~ Uniform(0, wg,,s,,) - (41)

Sample w;;: There are two kinds of w,x’s, one is with observations, the other is not, because they are inde-
pendent, we sample these separately:

e Sample w,;’s with observations: It can easily be seen that these w,;’s follow Gamma distributions

as
Wy |C — wyp, ~ Gamma ( g Ngrk — 0, 1 + g Zrtkut> ,
t t

e Sample w,;’s without observations: We already know that these w,;’s are Poisson points in a
Poisson process, and from Proposition 8 we know the intensity of the Poisson process is

V(dw’de) = p(dw)H(de) = H(l — Grt + QTte_utw)Vr(dwa d@) )

t
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where v,.(dw,d#) is the Lévy measure of p,.. So now sampling w,’s means instantiating a Poisson
process with the above intensity, since such Poisson process has infinite points but we only need those
points with w,, larger than the threshold L,, this is finite and the instantiation can be done. An
efficient way to do this is to use the adaptive thinning approach in (Favaro & Teh, 2012), as it does
not require any numerical integrations but only the evaluation of the intensity p(dw). The idea behind
this approach is to sample the points from a nice Poisson process with intensity pointwise larger than
the intensity needed to be sampled. In another word, we need define a Poisson process with intensity
vz (s) that adaptively bounds p, i.e.:

Vs >z
s) Vo' >

Furthermore, it is expected both 7, (s) and the inversion are analytically tractable with f;o vz (8')ds’ <
00. Then the samples from the Poisson process with intensity p(dw) can be obtained by adaptively
thinning some of the instantiated points in the Poisson process with intensity v, (s). For TNGG, the
following adaptive intensity is found to be a good one:

oM,
713(8) - F

r1l-o) H (1= qre + gree™ ") e 27177 (42)

t

Then the procedure goes similarly as in (Favaro & Teh, 2012).

Sample z,4,:  For those w,;’s with observations from time ¢, clearly the posterior is
p(zrtk = 1|C - zrtk) =1.

For those without observation, according to (22), given all the w,.;’s, the posterior of the Bernoulli random
variable z,¢ is
QTteiuthk

1- Qrt + Qree” Ytk .

p(zrte = 1|/C — zrey) =
Sample M., usy g+ and o: The simplest procedure to sample M,., u; and ¢, is to use an approximated Gibbs
sampler based on the accurate approximated posterior (35) and (36):

e Sample M,: M, has a Gamma distribution as

ee} ‘lea
M,|C — M, ~ K41, 2 / T N,
Al Gamma ( rt I'(l-o) /z:r plde) + (1—-0)(1-0) Xt:q tut) ’

where K is the number of jumps larger than the threshold L,.
e Sample u;: wu; also has a Gamma distribution as

g 1—0o
u|C — uy ~ Gamma (Nu Z Z ZrtkWrk + m 27: qre ML, )

T k

e Sample ¢,;: the posterior of ¢,; is proportional to:

B oMpug £L—7
ParelC = agr) < [ (1= gre + gre™ ") e~ T=mm=a 0 | (43)

k:nirk=0

which is log-concave. Now if we use the construction (??), and we further employ a Beta prior with
parameter a, and b, for each ¢,+, then it can be easily seen that given 2,4, the approximated conditional
posterior of g, is

¢rt|C — ¢+ ~ Beta (Z 1z = 1) + aq, Z 1(zper = 0) + bq>

k k
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e Sample o: based on (35), the posterior of ¢ is proportional to:

o= () el [ e} (M)
exp{ Z Z(thut 1_U§;(1U_U)} )

which can be sampled using the slice sampler (Neal, 2003).

Sample M., u;, g+ using pseudo-marginal Metropolis-Hastings: Note the above sampler for M, u;
and ¢,; is not exact because it is based on an approximated posterior. A possible way for exact sam-
pling is by a Metropolis-Hastings schema. However, note that the integral in (34) is hard to evaluate,
making the general MH sampler infeasible. A strategy to overcome this is to use the pseudo-marginal
Metropolis-Hastings (PMMH) method (Andrieu & Roberts, 2009). The idea behind PMMH is to use an
unbiased estimation of the likelihood which is easy to evaluate instead of the original likelihood.

Formally, assume we have a system with two sets of random variables M and J, in which J is closely related
to M 2, i.e.,
p(M,J) = p(M)p(J|M) .

To sample M, we use the proposal distribution
QIM*, J* M, J) = Q(M*|M)p(J"|M~) ,

the acceptance rate is:

i mm(l,pww Quiaar 1))

(M, J, X)Q(M~, J*|M, J)

— in (3, BT XU )
p(M, 7, X)QUMM)p(J* A7)
- uin (1, HAIQOIN I
P NQUMM)p(X [, )

(44)

Here p(X|M, J) is an approximation to the original likelihood. To make the PMMH correct, p(X|M, J) is
required to be unbiased estimation of the true likelihood p*(X|M, J), that is

E[p(X|M, J)] = cp*(X|M, J),

where ¢ is a constant.

To sample M,., u; and ¢+, we can use the approximation (35), which is unbiased with respective to the ran-
dom points w;x’s, and also according to the bound analysis in Section C.2.3, the approximated likelihood
is accurate if £, is small enough. Note that to sample with the PMMH, we need to evaluate the approx-
imated likelihood p(X|{ut}, {M,},{qrt},{wrr}) on the proposed M}, uf and ¢, which usually has heavy
computationally cost given a large number of simulated atoms. This procedure goes as in Algorithm 1.

We usually use Gamma priors for M,., u; and Beta prior for ¢,¢, e.g.:

paM
MT ~ G b — M ap—1,_—by M,
p(M;) amma(an, bar) Tan) " ,
p(u ) ~ Gamma(a b ) = by wie Lo buu
t wy Yu F(au) t s
F(a +b) a,—1 _
1) ~ Bet b)) = 24 %) jaq=liq o ybe—l
p(q t) € a(aq7 q) F(aq)r(bq)qrt ( q t)

2In our case J corresponds to the random points {wrk} in the Poisson process, and M corresponds to M., us Or gre.
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Algorithm 1 PMMH sampling for M, and u,
1: repeat
2:  Assume the current state as M., us, ¢-¢, use this state to simulate the jumps larger than £, from a Poisson
process, following ideas as in (Favaro & Teh, 2012).
3:  Sample the Bernoulli variables z,4’s
4:  Use these jumps and z.4’s to evaluate the approximated likelihood (35).
5. Propose a move

My~ Qu (M| M,),
up ~ Quluy|us) ,and

@t ~ Qq(arilare) -

6:  Use this state to simulate the jumps larger than £, from a Poisson process, following similar procedure as
in (Favaro & Teh, 2012).
Use these jumps to evaluate the approximated likelihood (35).
Do the accept-reject step using (44).

until converged

Also we would choose a random walk proposal in the log spaces of M., u; and ¢, i.e.,

L[ (og(M) ~ log(M,))?
B V2mon p{ 20%/1 }

-y { o)~ o)

1 (log(gy;) — log(grt))*
Varo, ¥ { 207 } '

Now the acceptance rates are easily seen to be

o (M ) ozt POXIME My Yo, (e} (g} (7))
" M, p(XHMT}’{Ut}v{qrt}a{J}) ’
Ay, = (ur>“u ot —uny POX [ s}, {M } {gre}, {T73)
T\ p(X[{ued, (04} A} A7)
(" (Lo g\ P g () (M) (7))
Aq(qﬁ) (1—%) p(XT{are} {uey (M)

where p(X|{M,},{ut},{J}) is the evaluation of (35) with the current set of parameters

{M:}, {uehs {gre}, {wrr}}-

Q(log(M;")|log(M.))

Q(log(uy )| log(ut))

Q(log(qy,)|log(grt)) =

C.2.5. PREDICTION IN THE SLICE SAMPLER

Note that prediction from the slice sampler for TNRM in Section C.2.2 is not straightforward. To make it be
able to do prediction, we need to introduce an extra slice variable vy(r, 1) for the unseen data, an extra jump
indicator variable sy(r, 1), and an extra region indicator variable gy(p,;1). These auxiliary variables are also
sampled during the inference, sampling for vy(z,41) is the same as the other slice variables as in (41), while
sampling for (sy(z,41), 9¢(r,+1)) is now modified as:

p(su =k, gu =7|C — {su, gu}) o< L{wrr > vy)1(2p = 1) (45)

because its observation xy(r,41) is unknown. Sampling for the other variables is the same as the previous version
except that we need to using L; + 1 observations instead of L;.
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D. Hierarchical Normalized Generalized Gamma Processes

We propose hierarchical normalized generalized Gamma processes (HNGG), a direct generalization of HDP (Teh
et al., 2006), and develop a marginal sampler for it.

First, as in Section A.3, we denote an NGG with Lévy measure F(”llyo)w_l_"e_wde(H)dH as

uw~NGG(o, M, H) .

An HNGG mixture is then defined as

Mo ~ NGG(O’, Mo,H)
M]NNGG(U7MHLL0) ]:17a‘]
Vi ~ g, xj; ~ F(-|1;:) i=1,--,N;.

D.1. Marginal Sampler for the HNGG

When marginalized out an NRM, it can be interpreted as a generalized Chinese process conditioned on an
auxiliary variable (called latent relative mass in (Chen et al., 2012a)). Following the Chinese restaurant process
metaphor, we denote n;j, as the #customer eating dish 6y in restaurant p; (6;’s are distinct values among all
1;i’s), tji as the #tables serving dish ) in restaurant p;, K as the #dishes currently activated. We develop
an analogue of the direct assignment sampler for the HDP (Teh et al., 2006), where we introduce auxiliary
variable 3 served as the predicted distribution of j so that uo and p;’s can be decoupled. We further introduce
auxiliary variables U; for p;(j =0,1,--- ,J), denote the whole set of variables to be sampled as C', based on the
conditional posterior of an NGG in Lemma 5, the sampling for the HNGG now goes as follows:

e Sampling dish index s;; for customer zj;: this follows a similar way as the HDP

(n]/jkZ +o(MOA+U;)Br — 1)) Fr\gl(mﬂ) if k already exists

46
oM +U;)? By [o F(x;:|0)H(0)d0 if k is new , (46)

p(sji = kilC — Sji) 0.8 {

S FE@albr) T zos, ., =k — F(zyr 7 |0rk) H(Ork)d0ry . .
Py =R Sy is the conditional density.
fHt’l’;étl,st/L,:k,gt/l/:r F (2417 10r1)H(0rk)d0k

where Fr\lzl (zy) =

e Sampling the auxiliary variable U;: also based on (Corollary 2 Chen et al., 2012a), the posterior of U;
is
Ny-1
p(U;|C = Uj) j—,,.ge_M(HUj)g )
! ! (1 + Uj)N] K
where K is the #dishes in restaurant p;. This posterior is proved to be log-concave after a change of
variable as V; = log(U;), thus can be efficiently sampled using the adaptive rejection sampler (Gilks &
Wild, 1992) or the slice sampler (Neal, 2003).

e Sampling #tables ;. in restaurant p,: this follows by simulating a generalized Chinese restaurant
process (Chen et al., 2012b). Conditioned on all other statistics, in restaurant p;, the probability of creating
a new table for dish 6 is proportional to (nj; — o), while the probability of creating a new table is
proportional to oM (1+U;)?. At the end of this generating process, we get t;, which is equal to the #tables
created.

e Sampling mass parameters M and M,: Using Gamma priors for M and M, the posterior are simply
a Gammas as

M|C — M ~ Gamma ZKj+aM,Z(1+Uj)U+bM—J ,
J J
My|C — My ~ Gamma (K + ag, (1 +Up)° +bg—1) ,

where (apr,bar) and (ag,bg) are hyperparameters for the Gamma prior of M amd My, respectively.
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e Update §: S can be updated using the prediction probabilities for an NGG as
B x (t.l -0, - ,t.g — O, O’M()(l + Uo)o) s

such that § is a probability vector.

E. Comments on the correctness of the samplers from (Lin et al., 2010) and (Lin
& Fisher, 2012)

As stated in Proposition 8 (Proposition 3 in the main text), given observations in different times, the atoms
without observations form a CRM that is usually not in the same class of the original CRM. This has the
consequence that marginalization using the Lévy measure of the original CRM is incorrect. There have been two
models, e.g., (Lin et al., 2010) and (Lin & Fisher, 2012) ignoring this fact and end up with incorrect marginal
samplers. We will detail their problems in the following (we will use their notation and equation counter as in
the corresponding papers).

E.1. (Lin et al., 2010)’s sampler

In (Lin et al., 2010), the authors construct a DP-valued Markov chain with a transition operator as follows:
given Dy, a DP-distributed RPM at time ¢, the RPM at time ¢ + 1 is constructed by thinning D;, perturbing its
atoms, and mixing it with a new ‘innovation’ DP D,. For simplicity, consider only the last transformation, so
that

Dt+1 = ClDt + CQDV (47)

For D41 to be DP distributed, it must be a convex combination of the other two, with weights drawn from
a Dirichlet distribution whose parameters are determined by the concentration parameters of the 2 DPs, as is
stated in their theorem:

Theorem 1 (Theorem 3 in (Lin et al., 2010)) Let Dy, -, D,, be independent Dirichlet processes on 2
with Dy ~ DP(uk), and (c1,- -+ ,¢m) ~ Dir(pui(Q), -+, um(Q)) be independent of D — 1,--- | Dy, then

1Dy + -+ emDm ~ DP(pa, -+ +pim) -

Now, given n observations {z!} from D;, the posterior is still a DP. In equation 19 of their paper, (Lin et al., 2010)
apply the previous theorem, and claim that the posterior distribution of D, given {x!} is still DP distributed.
This is not true: the concentration parameter of the posterior DP D; is a + n, and no longer matches the
distribution of the mixing parameters. By assuming the posterior of D,y is DP distributed, the authors are
implicitly using a mixture parameter that has a Dir(u1 () + n, u2(Q)) distribution, different from the model
specification (which is Dir(p;(92), p2(£2))).

The result of this is that as n increases, the mixing coefficient tends to 0 (and thus D41 tends to D;). We have
a Markov chain whose innovation depends on the number of observations at earlier times, different from the
model where the transition probability doesn’t depend on the number of observations.

We can see this directly by looking at the cluster assignment rule for observations at time ¢ + 1 (eq (20) in their
paper). This also says that the probability that, say, the first observation at time ¢ + 1 is assigned to a new
cluster decreases to 0 as the number of observations at previous times increases (since the denominator tends
to infinity). This cannot be the marginal cluster assignment rule for the proposed model, since this probability
should remain O(1) independent of the past.

E.2. (Lin & Fisher, 2012)’s sampler

The marginal sampler in (Lin & Fisher, 2012) has the same problem. The consequence of these is that inference
for these models appears to be much more straightforward than it actually is.

Specifically, from Proposition 8 (Proposition 3 in the main text), the conditional Lévy measure of the base CRMs
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(Hy’s in their notation for the DP case) is

vi(dw,dd) = [ (1 = gre + gree™"") vy (dw, ) .
t

This Lévy measure is not in the form of a DP (after marginalizing out u,’s) even if v,.(dw, df) is. As a consequence,
conditioned on observations from other times, the sampling probabilities for the observations in the current time
is not CRP (Chinese restaurant process) distributed, and thus the prediction rules of the CRP can not be used
to resample the current data However, in Lin and Fisher’s paper, they actually used the CRP prediction rules
to do the resampling, e.g. Eq.(10) in their paper. This mis-usage makes their sampling method not consistent
with their model and thus is not correct.
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