
CSE 250: Quicksort (contd); Stacks and Queues

CSE 250: Quicksort (contd); Stacks and Queues
Lecture 15

Oct 4, 2023

© 2023 Oliver Kennedy, Eric Mikida, The University at Buffalo, SUNY



CSE 250: Quicksort (contd); Stacks and Queues

Class Logistics

Reminders

WA3 due Sun, Oct 15 at 11:59 PM

Released Today

© 2023 Oliver Kennedy, Eric Mikida, The University at Buffalo, SUNY



CSE 250: Quicksort (contd); Stacks and Queues

Recap

Quicksort

Merge Sort

Split up the problem (O(1))

Merge the sub-solutions (O(N))

Quicksort

Split up the problem (O(N))

Merge the sub-solutions (O(1))
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CSE 250: Quicksort (contd); Stacks and Queues

Recap

Quicksort

If the list has only 1 element, it’s sorted. Return. O(1)

Find the median value (’pivot’). Tpivot(N)O(N log(N))

Create a list of elements < median. O(N)

Create a list of elements > median. O(N)

Sort each of the two lists 2 · T (N2 )

Concatenate the lists O(N) or O(1)

Tqs(N) =

{
1 if N ≤ 1

O(N) + 2Tqs(
N
2 ) + Tpivot(N)N log(N) otherwise
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CSE 250: Quicksort (contd); Stacks and Queues

Recap

Quicksort

Idea: If we pick a pivot value at random,
in expectation, half of the values will be lower.

© 2023 Oliver Kennedy, Eric Mikida, The University at Buffalo, SUNY



CSE 250: Quicksort (contd); Stacks and Queues

Recap

The Worst-Case Pivot

What is the worst case runtime?
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CSE 250: Quicksort (contd); Stacks and Queues

Recap

The Worst-Case Pivot

What if we always pick the worst pivot?

1 [ 8, 7, 6, 5, 4, 3, 2, 1 ]

2 [ 7, 6, 5, 4, 3, 2, 1 ], 8, []

3 [ 6, 5, 4, 3, 2, 1 ], 7, [], 8, []

4 [ 5, 4, 3, 2, 1 ], 6, [], 7, [], 8, []

...

For each level, O(N)work

At worst, O(N) levels

Total: Tquicksort(N) ∈ O(N2)
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CSE 250: Quicksort (contd); Stacks and Queues

Recap

Quicksort
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Expected Runtime

Is the worst case runtime representative?

No! (in typical cases, it will be faster)

Is there something we can say about the runtime?
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort

If we pick the X ’th largest element as a pivot, what is Tqs(N)?

X = 1: θ(N) + Tqs(0) + Tqs(N − 1)

X = 2: θ(N) + Tqs(1) + Tqs(N − 2)

X = 3: θ(N) + Tqs(2) + Tqs(N − 3)

X = 4: θ(N) + Tqs(3) + Tqs(N − 4)

. . .

X = N − 1: θ(N) + Tqs(N − 2) + Tqs(1)

X = N: θ(N) + Tqs(N − 1) + Tqs(0)

Tqs(N) = θ(N) + Tqs(X − 1) + Tqs(N − X ) (for X ∈ [1,N])
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Expectation

If X is a variable representing a random outcome, we call this
number the expectation of X , or E [X ].

E [X ] =
∑
i

Pi · Xi
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort

Tqs(N) =

{
θ(1) if N ≤ 1

Tqs(X − 1) + Tqs(N − X ) + θ(N) otherwise

... but X is random!
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Expected Runtimes

E [Tqs(N)] =

{
θ(1) if N ≤ 1

E [Tqs(X − 1) + Tqs(N − X ) + θ(N)] otherwise
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Expected Runtimes

E [Tqs(N)] =

{
θ(1) if N ≤ 1

E [Tqs(X − 1)] + E [Tqs(N − X )] + E [θ(N)] otherwise
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Expected Runtimes

E [T (X − 1)]

=
N∑
i=1

Pi · T (Xi − 1)

=
N∑
i=1

1

N
· T (i − 1) (T (0) up to T (n − 1))

=
N∑
i=1

1

N
· T (n − i) (T (n − 1) down to T (0))

= E [T (N − X )]
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Expected Runtimes

E [Tqs(N)] =

{
θ(1) if N ≤ 1

2 · E [Tqs(X − 1)] + E [Tqs(N − X )] + θ(N) otherwise

The X we pick at each step is independent.
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Expected Runtimes

E [Tqs(N)] =

{
θ(1) if N ≤ 1

2 ·
(∑N−1

i=10
1
NE [Tqs(i − 1)]

)
+ θ(N) otherwise

Back to Induction! Inductive Hypothesis:
E [Tqs(N)] ∈ O(N log(N))

E [Tqs(N)] ≤ c · N · log(N)
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Runtime

E [Tqs(N)] =

{
c1 if N ≤ 1

2 ·
(∑N−1

i=0
1
NE [Tqs(i)]

)
+ c2N otherwise

Base Case

E [Tqs(1)]
?
≤ c · 1 · log(1)

E [Tqs(1)]
?
≤ c · 1 · 0

E [Tqs(1)] ̸≤ 0 ... oops
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Expected Runtime

E [Tqs(N)] =

{
c1 if N ≤ 1

2 ·
(∑N−1

i=0
1
NE [Tqs(i)]

)
+ c2N otherwise

Base Case (with N0 = 2)

E [Tqs(2)]
?
≤ c · 2 · log(2)

2 ·

(
1∑

i=0

1

2
E [Tqs(i)]

)
+ 2c2

?
≤ c · 2 · log(2)

(
1∑

i=0

1

2
E [Tqs(i)]

)
+ c2

?
≤ c
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Expected Runtime

(
1∑

i=0

1

2
E [Tqs(i)]

)
+ c2

?
≤ c

1

2
(c1 + c1) + c2

?
≤ c

c1 + c2 ≤ c

(true if we set c ≥ c1 + c2)
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Expected Runtime

E [Tqs(N)] =

{
c1 if N ≤ 1

2 ·
(∑N−1

i=0
1
NE [Tqs(i)]

)
+ c2N otherwise

Inductive Step
Assume: E [Tqs(N

′)] ≤ c · N ′ log(N ′) for all 2 ≤ N ′ ≤ N
Show: E [Tqs(N)] ≤ c · N log(N)

2 ·

(
N−1∑
i=0

1

N
E [Tqs(i)]

)
+ c2

?
≤ c · N log(N)

2 · 1

N

(
N−1∑
i=0

E [Tqs(i)]

)
+ c2

?
≤ c · N log(N)
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Expected Runtime

2 · 1

N

(
N−1∑
i=0

E [Tqs(i)]

)
+ c2

?
≤ c · N log(N)

2 · 1
N

(
E [Tqs(0)] + E [Tqs(1)] +

N−1∑
i=2

E [Tqs(i)]

)
+c2

?
≤ c ·N log(N)

2 · 1

N

(
2 · c1 +

N−1∑
i=2

E [Tqs(i)]

)
+ c2

?
≤ c · N log(N)

2

N

(
N−1∑
i=2

E [Tqs(i)]

)
+

2 · c1
N

+ c2
?
≤ c · N log(N)
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Expected Runtime

2

N

(
N−1∑
i=2

E [Tqs(i)]

)
+

2 · c1
N

+ c2
?
≤ c · N log(N)

2

N

(
N−1∑
i=2

c · i log(i)

)
+

2 · c1
N

+ c2
?
≤ c · N log(N)

2c

N

(
N−1∑
i=2

i log(i)

)
+

2 · c1
N

+ c2
?
≤ c · N log(N)

The following left-hand-side is strictly bigger than the preceding.

2c

N

(
N−1∑
i=1

i log(N)

)
+

2 · c1
N

+ c2
?
≤ c · N log(N)
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Expected Runtime

2c

N

(
N−1∑
i=1

i log(N)

)
+

2 · c1
N

+ c2
?
≤ c · N log(N)

2c log(N)

N

(
N−1∑
i=1

i

)
+

2 · c1
N

+ c2
?
≤ c · N log(N)

2c log(N)

N

(
(N − 1) · N

2

)
+

2 · c1
N

+ c2
?
≤ c · N log(N)

c · N log(N)− c · log(N) +
2 · c1
N

+ c2
?
≤ c · N log(N)

2 · c1
N

+ c2
?
≤ c · log(N)
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Expected Runtime

2 · c1
N

+ c2
?
≤ c · log(N)

The following left-hand-side is strictly bigger than the preceding.

2 · c1 + c2
?
≤ c · log(N)

True for any N ≥ 2 if c ≥ 2 · c1 + c2
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Quicksort’s Expected Runtime

E [Tqs(N)] ∈ O(N log(N))

So is Quicksort O(N log(N))? No!

Quicksort’s Expected runtime is O(N log(N))
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CSE 250: Quicksort (contd); Stacks and Queues

Expected Runtime

Bound Guarantees

f (N) is a Worst-Case Bound (T (N) ∈ O(f (N)))

The algorithm always runs in at most c · f (N) steps.

f (N) is an Amortized Worst-Case Bound
N invocations of the algorithm always run in at most N · c · f (N) steps.

f (N) is an Expected Worst-Case Bound (E [T (N)] ∈ O(f (N)))

The algorithm is statistically likely to run in at most c · f (N) steps.
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