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Chapter 2

A Look at Some Nicely Behaved Codes:
Linear Codes

Let us now pause for a bit and think about how we can represent a code. In general, a code
C:[q]* — [g]" can be stored using ng* symbols from [g] (n symbols for each of the g* code-
words) or nqk log g bits. For constant rate codes, this is exponential space, which is prohibitive
even for modest values of k like k = 100. A natural question is whether we can do better. Intu-
itively, the code must have some extra structure that would facilitate a succinct representation
of the code. We will now look at a class of codes called linear codes that have more structure
than general codes which leads to some other nice properties. We have already seen binary lin-
ear codes in Section 1.5, that is, C < {0, 1}" is linear code if for all ¢;, ¢ € C, ¢; + ¢, € C, where the
“+" denotes bit-wise EXOR.

Definition 2.0.1 (Linear Codes). Let g be a prime power (i.e. g = p° for some prime p and
integer s = 1). C<{0,1,...,g — 1}" is a linear code if it is a linear subspace of {0,1,...,q - 1}". If C
has dimension k and distance d then it will be referred to as an [n, k, d] 4 or just an [n, k], code.

Of course the above definition is not complete because we have not defined a linear sub-
space yet. We do that next.

2.1 Finite Fields

To define linear subspaces, we will need to work with (finite) fields. At a high level we need
finite fields as when we talk about codes, we deal with finite symbols/numbers and we want to
endow these symbols with the same math that makes arithmetic over reals work. Finite fields
accomplish this precise task. We begin with a quick overview of fields.

Informally speaking, a field is a set of elements on which one can do addition, subtraction,
multiplication and division and still stay in the set. More formally,

Definition 2.1.1. A field [F is given by a triple (S, +, ), where S is the set of elements containing
special elements 0 and 1 and +, - are functions F x F — F with the following properties:
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* Closure: Forevery a,be S, we havebotha+be Sanda-beS.

* Associativity: + and - are associative, that is, for every a,b,c€ S, a+ (b+c) = (a+ b) + c and
a-(b-c)=(a-b)-c.

e Commutativity: + and - are commutative, that is, for every a,b € S, a+ b = b+ a and
a-b=>b-a.

* Distributivity: - distributes over +, that is for every a,b,c€ S, a-(b+c)=a-b+a-c.
e |dentities: Foreveryae S,a+0=aand a-1=a.

* Inverses: For every a € S, there exists its unique additive inverse —a such that a + (-a) =
0. Also for every a € S\ {0}, there exists its unique multiplicative inverse a~! such that
-1
a-a =1.

With the usual semantics for + and -, R (set of real number) is a field but Z (set of integers)
is not a field as division of two integers can give rise to a rational number (the set of rational
numbers itself is a field though- see Exercise 2.1). In this course, we will exclusively deal with
finite fields. As the name suggests these are fields with a finite size set of elements. (We will
overload notation and denote the size of a field |F| = |S|.) The following is a well known result.

Theorem 2.1.1 (Size of Finite Fields). The size of any finite field is p* for prime p and integer
s=1.

One example of finite fields that we have seen is the field of two elements {0, 1}, which we
will denote by [, (we have seen this field in the context of binary linear codes). For [, addition
is the XOR operation, while multiplication is the AND operation. The additive inverse of an
element in [, is the number itself while the multiplicative inverse of 1 is 1 itself.

Let p be a prime number. Then the integers modulo p form a field, denoted by F;, (and also
by Z,), where the addition and multiplication are carried out mod p. For example, consider
F,, where the elements are {0,1,2,3,4,5,6}. So we have 4+3 mod7 =0and 4-4 mod7 = 2.
Further, the additive inverse of 4 is 3 as 3+4 mod 7 = 0 and the multiplicative inverse of 4 is 2
as4-2 mod7=1.

More formally, we prove the following result.

Lemma 2.1.2. Let p be a prime. ThenF, = ({0,1,...,p— 1}, +p,+p) is a field, where +, and -, are
addition and multiplication mod p.

Proof. The properties of associativity, commutativity, distributivity and identities hold for in-
tegers and hence, they hold for [F,. The closure property follows since both the “addition" and
“multiplication” are done mod p, which implies that for any a,b € {0,...,p—1},a+,b,a-, b€
{0,..., p—1}. Thus, to complete the proof, we need to prove the existence of unique additive and
multiplicative inverses.

Fix an arbitrary a € {0,..., p — 1}. Then we claim that its additive inverse is p—a mod p. Itis
easy to check that a+ p—a =0 mod p. Next we argue that this is the unique additive inverse.
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To see this note that the sequence a,a+1,a+2,...,a+ p —1 are p consecutive numbers and
thus, exactly one of them is a multiple of p, which happens for b= p—a mod p, as desired.
Now fixan a € {1,..., p — 1}. Next we argue for the existence of a unique multiplicative uni-

.....

unique. To see this, note that if this is not the case, then there exist b; # b, € {0,1,..., p—1} such
thata- by = a-b, mod p, which in turn implies that a- (b; — b,) =0 mod p. Since a and b; — b,
are non-zero numbers, this implies that p divides a- (b; — b»). Further, since a and |b; — b»| are
both at most p — 1, this implies that factors of a and (b; — b2) mod p when multiplied together
results in p, which is a contradiction since p is prime. Thus, this implies that there exists a
unique element b such that a-b=1 mod p and thus, b is the required a™'. O

One might think that there could be different fields with the same number of elements.
However, this is not the case:

Theorem 2.1.3. For every prime power q there is a unique finite field with q elements (up to
isomorphism!).

Thus, we are justified in just using [, to denote a finite field on g elements.

2.2 Linear Subspaces

We are finally ready to define the notion of linear subspace.
Definition 2.2.1 (Linear Subspace). S € F," is alinear subspace if the following properties hold:

1. Foreveryx,y€ S, x+y€ S, where the addition is vector addition over F, (that is, do addi-
tion component wise over [F).

2. Forevery aeFgandx€ S, a-x€ S, where the multiplication is over F.

Here is a (trivial) example of a linear subspace of [Fg:
§1=1{(0,0,0),(1,1,1),(2,2,2),(3,3,3),(4,4,4)}. 2.1

Note that for example (1,1,1) + (3,3,3) = (4,4,4) € S; and 2 (4,4,4) = (3,3,3) € S; as required
by the definition. Here is another somewhat less trivial example of a linear subspace over [ng

S2 =1(0,0,0),(1,0,1),(2,0,2),(0,1,1),(0,2,2),(1,1,2),(1,2,0), (2,1,0), (2,2,1). (2.2)

Note that (1,0,1) +(0,2,2) = (1,2,0) € S, and 2- (2,0,2) = (1,0,1) € S as required.

Remark 2.2.1. Note that the second property implies that 0 is contained in every linear sub-
space. Further for any subspace over [F», the second property is redundant: see Exercise 2.4.

Before we state some properties of linear subspaces, we state some relevant definitions.

! An isomorphism ¢ : S — S’ is amap (such that F = (S, +,-) and F' = (S', ®, o) are fields) where for every a;, a; € S,
we have ¢(a; + az) = ¢p(ar) ® Pp(az) and ¢(a; - az) = Pp(ay) o Pp(ay).
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Definition 2.2.2 (Span). Given a set B = {vy,...,v/}. The span of B is the set of vectors

¢
{Z a;-vila; €F,foreveryie [ﬁ]}.
i=1

Definition 2.2.3 (Linear independence of vectors). We say that vy, vy, ... v are linearly indepen-
dentif for every 1 <i < k and for every k — 1-tuple (ay, ap, ..., a;-1,ai+1,...,ax) € [F’g‘l,
Vi ZAVi+...+a;-1Vi—-1+ Aj+1Vi+1 + ...+ Qi V.
In other words, v; is not in the span of the set {vy,...,vi_1,Vii1,...,Vn}.
For example the vectors (1,0,1),(1,1,1) € S, are linearly independent.

Definition 2.2.4 (Rank of a matrix). The rank of matrix in [F’;xic is the maximum number of

linearly independent rows (or columns). A matrix in [F'c;X " with rank min(k, n) is said to have full
rank.

One can define the row (column) rank of a matrix as the maximum number of linearly in-
dependent rows (columns). However, it is a well-known theorem that the row rank of a matrix
is the same as its column rank. For example, the matrix below over [F3 has full rank (see Exer-
cise 2.5):

(2.3)

ng(l 0 1).

011

Any linear subspace satisfies the following properties (the full proof can be found in any
standard linear algebra textbook).

Theorem 2.2.1. IfScF," is a linear subspace then
1. |S| = q* for some k = 0. The parameter k is called the dimension of S.

2. There exists vy, ..., Vi € S called basis elements (which need not be unique) such that every
X € S can be expressed as X = ajvy + azVvz + ... + ayvy, where a; € F4 for1 < i < k. In other
words, there exists a full rank k x n matrix G (also known as a generator matrix) with entries
fromF, such that everyx € S, x = (ay, ay, ...ax) - G where

<—V1—>

G=

<—Vk—>

3. There exists a full rank (n — k) x n matrix H (called a parity check matrix) such that for
everyxe S, Hx = 0.

4. G and H areorthogonal, that is, G- H = 0.
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Proof Sketch.

Property 1. We begin with the proof of the first property. For the sake of contradiction, let
us assume that qk <|S| < qk“, for some k = 0. Iteratively, we will construct a set of linearly
independent vectors B < S such that |B| = k + 1. Note that by the definition of a linear subspace
the span of B should be contained in S. However, this is a contradiction as the size of the span
of Bis at least® gk*! > |S].

To complete the proof, we show how to construct the set B in a greedy fashion. In the first
step pick v; to be any non-zero vector in S and set B — {v;} (we can find such a vector as |S| >
qk = 1). Now say after the step ¢ (for some ¢ < k), |B| = . Now the size of the span of the current
Bis q' < g* < |S|. Thus there exists a vector v;4; € S\ B that is linearly independent of vectors
in B. Set B — BU {v;1}. Thus, we can continue building B till | B| = k+ 1, as desired.

Property 2. We first note that we can pick B = {vy,...,v¢} to be any set of k linearly indepen-
dent vectors- this just follows from the argument above for Property 1.1. This is because the
span of B is contained in S. However, since |S| = qk and the span of B has qk vectors, the two
have to be the same.

Property 3. Property 3 above follows from another fact that every linear subspace S has a null
space N < [FZ such that for everyx e Sand y € N, (x,y) = 0. Further, it is known that N itself is
a linear subspace of dimension n — k. (The claim that N is also a linear subspace follows from
the following two facts: for every x,y,z € [FZ, (i) x,y+2z) = X,y) +(x,2z) and (ii) for any a € [,
x, ay) = a-(x,y).) In other words, there exists a generator matrix H for it. This matrix H is called
the parity check matrix of S.

Property 4. See Exercise 2.8. O
As examples, the linear subspace S; in (2.1) has as one of its generator matrices
Gi=(11 1)
and as one of its parity check matrices

le(l 2 2).

2 21

Further, the linear subspace S, in (2.2) has G, as one of its generator matrices and has the fol-
lowing as one of its parity check matrices

Hy=(1 1 2).

Finally, we state another property of linear subspaces that is useful.

2See Exercise 2.7.

45



Lemma 2.2.2. Given matrix G of dimension k x n that is a generator matrix of subspace S, and
matrix H of dimension (n— k) x n that is a parity check matrix of subspace S, such that GH" =0,
then S; = So.

Proof. We first prove that S; < S,. Given any c € S;, there exists x € [F’j, such that ¢ =xG. Then,
cH' =xGH" =0,

which implies that c € S,, as desired.

To complete the proof note that as H has full rank, its null space (or S») has dimension
n— (n— k) = k (this follows from a well known fact from linear algebra). Now as G has full rank,
the dimension of S; is also k. Thus, as S; € S», it has to be the case that S; = S,.3 O

2.3 Properties of Linear Codes

The above theorem gives two alternate characterizations of an [n, k], linear code C:

* Cis generated by its k x n generator matrix G. As an example that we have already seen,
the [7,4,3], Hamming code has the following generator matrix:

0

o~ O O
— - O

1
0
1
1

O O O -
o O = O
— O =

0
0
1

* Cisalso characterized by an (n— k) x n parity check matrix H. We claim that the following
matrix is a parity check matrix of the (7,4, 3], Hamming code:

0001111
H=|{0 1 10 011
1 01 01 01

Indeed, it can be easily verified that G- H T = 0. Then Lemma 2.2.2 proves that H is indeed
a parity check matrix of the [7,4, 3], Hamming code.

We now look at some consequences of the above characterizations of an [n, k], linear code
C. We started this chapter with a quest for succinct representation of a code. Note that both the
generator matrix and the parity check matrix can be represented using O(n?) symbols from Fq
(which is much smaller than the exponential representation of a general code). More precisely
(see Exercise 2.10),

Proposition 2.3.1. Any [n, k], linear code can be represented with min(nk,n(n — k)) symbols
fromF,.

31fnot, S; S, which implies that that |Sz| = |S1] + 1. The latter is not possible if both S; and S, have the same
dimension.
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There is an encoding algorithm for C that runs in O(n?) (in particular O(kn)) time- given a
message m € X, the corresponding codeword C(m) = m- G, where G is the generator matrix of
C. (See Exercise 2.11.)

Proposition 2.3.2. For any [n, k], linear code, given its generator matrix, encoding can be done
with O(nk) operations over[F.

There is an error-detecting algorithm for C that runs in O(n?). This is a big improvement
over the naive brute force exponential time algorithm (that goes through all possible codewords
ce C and checks ify = ¢). (See Exercise 2.12.)

Proposition 2.3.3. For any [n, k], linear code, given its parity check matrix, error detection can
be performed in O(n(n - k)) operations over[.

Next, we look at some alternate characterizations of the distance of a linear code.

2.3.1 On the Distance of a Linear Code

We start with the following property, which we have seen for the special case of binary linear
codes (Proposition 1.5.3).

Proposition 2.3.4. Fora|n,k,d], codeC,

d =minwt(c).
ceC,
c#0

Proof. To show that d is the same as the minimum weight we show that d is no more than the
minimum weight and d is no less than the minimum weight.

First, we show that d is no more than the minimum weight. We can see this by considering
A(0,c’) where ¢’ is the non-zero codeword in C with minimum weight; its distance from 0 is
equal to its weight. Thus, we have d < wt(c'), as desired.

Now, to show that d is no less than the minimum weight, consider ¢; # ¢z € C such that
A(cy,¢2) = d. Note that ¢; — ¢ € C (this is because —cp = —1-¢p € C, where —1 is the additive
inverse of 1 in F; and ¢, — ¢z = ¢; + (=¢3), which by the definition of linear codes is in C). Now
note that wt(c; — c2) = A(cy, €2) = d, since the non-zero symbols in ¢; — ¢, occur exactly in the
positions where the two codewords differ. Further, since ¢; # ¢, ¢; — ¢z # 0, which implies that
the minimum Hamming weight of any non-zero codeword in C is at most d. O

Next, we look at another property implied by the parity check matrix of a linear code.

Proposition 2.3.5. Forany [n, k,d], code C with parity check matrix H, d is the minimum num-
ber of linearly dependent columns in H.

Proof. By Proposition 2.3.4, we need to show that the minimum weight of a non-zero codeword
in C is the minimum number of linearly dependent columns. Let ¢ be the minimum number of
linearly dependent columns in H. To prove the claim we will show that t <d and ¢ = d.
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For the first direction, Let ¢ # 0 € C be a codeword with w(c) = d. Now note that, by the
definition of the parity check matrix, H-c” = 0. Working through the matrix multiplication, this
gives us that 3.7 | ¢; H', where

Tt T 1
H=| H' H*> ... H' ... H"
I | |

and ¢ = (cy, ..., cy). Note that we can skip multiplication for those columns for which the corre-
sponding bit ¢; is zero, so for this to be zero, those H' with ¢; # 0 are linearly dependent. This
means that d = ¢, as the columns corresponding to non-zero entries in ¢ are one instance of
linearly dependent columns.

For the other direction, consider the minimum set of columns from H, H1, H, ..., H that
are linearly dependent. This implies that there exists non-zero elements cgl,...,cgt € F4 such

that c;i Hiv+ ..+ c;.tH it =, (Note that all the c;j are non-zero as no set of less than ¢ columns
are linearly dependent.) Now extend c:.l, ) c;.[ to the vector ¢’ such that c}. =0for j&{iy,..., iz}

Note that ¢’ € C and thus, d < wt(c') = t (where recall ¢ is the minimum number of linearly
independent columns in H). O

2.4 Hamming Codes

We now change gears and look at the general family of linear codes, which were discovered by
Hamming. So far we have seen the [7,4, 3], Hamming code (in Section 1.5). In fact for any r = 2,
there is a [2" — 1,2" — r — 1,3], Hamming code. Thus in Section 1.5, we have seen this code for
r=3.

Consider the r x (2" — 1) matrix H, over F», where the ith column Hi, 1<i=<2"-1,isthe
binary representation of i (note that such a representation is a vector in {0,1}"). For example,
for the case we have seen (r = 3),

0001111
H;=|0 1 1 0 0 1 1}{.
1010101
Note that by its definition, the code that has H, as its parity check matrix has block length 2" — 1

and dimension 2" — r — 1. This leads to the formal definition of the general Hamming code.

Definition 2.4.1. The [2"—-1,2" —r—1], Hamming code, denoted by Cy » has parity check matrix
Hr .

In other words, the general [2"—1,2" —r—1], Hamming code is the code {c € {0,1}*" ! |H,-¢! =
0}.

Next we argue that the above Hamming code has distance 3 (in Proposition 1.5.1 we argued
this for r = 3).
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Proposition 2.4.1. The Hamming code [2" —1,2" — r —1,3], has distance 3.

Proof. No two columns in H, are linearly dependent. If they were, we would have H. + HJ. =
0, but this is impossible since they differ in at least one bit (being binary representations of
integers, i # j). Thus, by Proposition 2.3.5, the distance is at least 3. It is at most 3, since (e.g.)
Hl+H2+H3 =0. O

Now note that under the Hamming bound for d = 3 (Theorem 1.6.1), k < n—log,(n+1), so
forn=2" -1, k<2" —r—1. Hence, the Hamming code is a perfect code. (See Definition 1.7.2.)

In Question 1.7.1, we asked which codes are perfect codes. Interestingly, the only perfect
binary codes are the following:

* The Hamming codes which we just studied.

* The trivial [n, 1, n], codes for odd n (which have 0" and 1" as the only codewords): see
Exercise 2.22.

* Two codes due to Golay [24].

2.5 Family of codes

Till now, we have mostly studied specific codes, that is, codes with fixed block lengths and di-
mension. The only exception was the “family" of [2" —1,2" —r —1, 3], Hamming codes (for r = 2)
that we studied in the last section. We will see shortly that when we do an asymptotic study of
codes (which is what we will do), it makes more sense to talk about a family of codes. First, we
define the notion of family of codes:

Definition 2.5.1 (Family of codes). C = {C;};>1 is a family of codes where C; is a (n;, k;, d;) 4 code
for each i (and we assume 7n;,1 > n;). The rate of C is defined as

RC) = Jim {1},

i—oo ( I

The relative distance of C is defined as

8= tim { 1.

1—00

n;

For example, Cy; the family of Hamming code is a family of codes with n; =2/ — 1, k; = 2/ -
i—1,d; =3 and thus,

R(Cp) = liml—z.l =1,

i—o0 -1
and

3
o0(Chy) =1i - =0.
(Cm) il»r?oZ’—l

49



We will mostly work with family of codes from now on. This is necessary as we will study the
asymptotic behavior of algorithms for codes, which does not make sense for a fixed code. For
example, when we say that a decoding algorithm for a code C takes O(n?) time, we would be
implicitly assuming that C is a family of codes and that the algorithm has an O(n?) running time
when the block length is large enough. From now on, unless mentioned otherwise, whenever
we talk about a code, we will be implicitly assuming that we are talking about a family of codes.

Given that we can only formally talk about asymptotic run time of algorithms, we now also
state our formal notion of efficient algorithms:

We'll call an algorithm related to a code of block length 7 to be efficient, if it runs in time
polynomial in 7.

For all the specific codes that we will study in this book, the corresponding family of codes
will be a “family" in a more natural sense. In other words, all the specific codes in a family of
codes will be the “same" code except with different parameters. A bit more formally, we will con-
sider families {C;};, where given i, one can compute a sufficient description of C; efficiently.®

Finally, the definition of a family of code allows us to present the final version of the the
big motivating question for the book. The last formal version of the main question we consid-
ered was Question 1.4.1, where we were interested in the tradeoff of rate R and distance d. The
comparison was somewhat unfair because R was a ratio while d was an integer. A more appro-
priate comparison should be between rate R and the relative distance 6. Further, we would be
interested in tackling in the main motivating question for families of codes, which results in the
following final version:

Question 2.5.1. What is the optimal tradeoff between R(C) and 6 (C) that can be achieved by
some code family C?

2.6 Efficient Decoding of Hamming codes

We have shown that Hamming code has distance of 3 and thus, by Proposition 1.4.1, can correct
one error. However, this is a combinatorial result and does not give us an efficient algorithm.
One obvious candidate for decoding is the MLD function. Unfortunately, the only implemen-
tation of MLD that we know is the one in Algorithm 1, which will take time 22, where 7 is the
block length of the Hamming code. However, we can do much better. Consider the following
simple algorithm: given the received word vy, first check if it is indeed a valid codeword. If it is,
we are done. Otherwise, flip each of the n bits and check if the resulting vector is a valid code-
word. If so, we have successfully decoded from one error. (If none of the checks are successful,

“We stress that this is not always going to be the case. In particular, we will consider “random" codes where this
efficient constructibility will not be true.

50



then we declare a decoding failure.) Algorithm 2 formally presents this algorithm (where Cp, ,
is the [2” — 1,2" — r — 1,3], Hamming code).’

Algorithm 2 Naive Decoder for Hamming Code
INPUT: Received word y
OuTPUT: cifA(y,c) <1lelseFail

1: IFy€ Cy,r THEN

2 RETURN Y

3: FORIi=1...nDO

4y <—y+e; > e; is the ith standard vector
5 IFy € Cy,r THEN

6 RETURN Yy’

7: RETURN Fail

It is easy to check that Algorithm 2 can correct up to 1 error. If each of the checksy’ € Cy ,
can be done in T'(n) time, then the time complexity of the proposed algorithm will be O(n T (n)).
Note that since Cp,, is a linear code (and dimension k = n — O(log n)) by Proposition 2.3.3, we
have T(n) = O(nlog n). Thus, the proposed algorithm has running time O(n?logn).

Note that Algorithm 2 can be generalized to work for any linear code C with distance 2¢ +
1 (and hence, can correct up to ¢ errors): go through all possible error vectors z € [g]” (with
wt(z) < t) and check if y—z is in the code or not. Algorithm 3 presents the formal algorithm
(where C is an [n, k,2t + 1]4 code). The number of error patterns z considered by Algorithm 3

Algorithm 3 Decoder for Any Linear Code
INPUT: Received word y
OuTPUT: ce Cif A(y,c) < telseFail

1: FORi=0...tDO

2 FOR S < [n] such that |S| =i DO

3 FORZE [FZ such that wt(zs) = wt(z) =i DO
4: IFy—ze€ C THEN

5 RETURN Yy —Z

6: RETURN Fail

is® Zfzo (’l.l)(q ~1)! < 0((ng)"). Further by Proposition 2.3.3, Step 4 can be performed with O(n?)
operations over F,. Thus, Algorithm 3 runs in with O(n”zqt) operations over [, which for
g being polynomial small in n, is n° operations. In other words, the algorithm will have

SFormally speaking, a decoding algorithm should return the transmitted message x but Algorithm 2 actually
returns Cy - (x). However, since Cp, is a linear code, it is not too hard to see that one can obtain x from Cp, (x) in
O(n®) time- see Exercise 2.23. Further, for Cp,r one can do this in O(n) time- see Exercise 2.24.

6Recall (1.14).
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polynomial running time for codes with constant distance (though the running time would not
be practical even for moderate values of 7).

However, it turns out that for Hamming codes there exists a decoding algorithm with an
O(n?) running time. To see this first note that if the received word y has no errors then H, -y’ = 0.
If not, y = ¢+ e;, where c € C and e; which is the unit vector with the only nonzero element at
the i-th position. Thus, if Hﬁ stands for the i-th column of H,,

Hr'yT: Hr'CT+Hr'(ei)T = Hr'(ei)T_

where the second equality follows as H; .¢T =0, which in turn follows from the fact that c € C.
In other words, H, -y’ gives the location of the error. This leads to Algorithm 4.

Algorithm 4 Efficient Decoder for Hamming Code
INPUT: Received word y
OUTPUT: cifA(y,c) <1lelseFail

1: b—H, -y’

2: Let i € [n] be the number whose binary representation is b
3: IFy—e; € Cy THEN

4 RETURN y — €;

5: RETURN Fail

Since Step 1 in Algorithm 4 is a matrix vector multiplication (which can be done in O(nlogn)
time as the matrix is O(log n) x n) and Step 3 by Proposition 2.3.3 can be performed in O(nlogn)
time, Algorithm 4 runs in O(nlogn) time. Thus,

Theorem 2.6.1. The [n=2"-1,2" —r —1,3], Hamming code is 1-error correctable. Further, de-
coding can be performed in time O(nlogn).

2.7 Dual of a Linear Code

Till now, we have thought of parity check matrix as defining a code via its null space. However,
we are not beholden to think of the parity check matrix in this way. A natural alternative is to use
the parity check matrix as a generator matrix. The following definition addresses this question.

Definition 2.7.1 (Dual of a code). Let H be a parity check matrix of a code C, then the code
generated by H is called the dual of C. For any code C, its dual is denoted by C*.

It is obvious from the definition that if C is an [n, k]; code then Ctisan [n,n— k14 code.
The first example that might come to mind is Cl .» which is also known as the Slmplex code
(we will denote it by Cs;,,). Adding an all 0’s column to H, and using the resulting matrix as
a generating matrix, we get the Hadamard code (we will denote it by Cg,4,7). We claim that
Csim,r and Cpqq,, are [27 — 1,7,2"71, and [27,1,2""!], codes respectively. The claimed block
length and dimension follow from the definition of the codes, while the distance follows from
the following result.
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Proposition 2.7.1. Cs;;,,r and Craq,r both have a distance of2" L.

Proof. We first show the result for Cp,4 . In fact, we will show something stronger: every non-
zero codeword in Cp,q4 » has weight exactly equal to 271 (the claimed distance follows from
Proposition 2.3.4). Consider a message x # 0. Let its ith entry be x; = 1. x is encoded as

C—(X1,x2,...,xr)( rrdlpyeeey L1y )y

where HJ is the binary representation of 0 < j < 2" —1 (that is, it contains all the vectors in
{0,1}"). Further note that the jth bit of the codeword c is (x, H;’). Group all the columns of the
generator matrix into pairs (u,v) such that v=u+e; (i.e. vand u are the same except in the ith
position). Notice that this partitions all the columns into 2" ! disjoint pairs. Then,

X, v)=&u+e;)=&uw+Xxe;)=&u+x;=xu+1.

Thus we have that exactly one of (x,v) and (x,u) is 1. As the choice of the pair (u, v) was arbitrary,
we have proved that for any non-zero codeword ¢ such that ¢ € C,q, wt(c) =271,

For the simplex code, we observe that all codewords of C,44 3 are obtained by padding a 0 to
the beginning of the codewords in Cg;,,, which implies that all non-zero codewords in Cs;
also have a weight of 21, which completes the proof. O

We remark that the family of Hamming code has a rate of 1 and a (relative) distance of 0
while the families of Simplex/Hadamard codes have a rate of 0 and a relative distance of 1/2.
Notice that both code families either have rate or relative distance equal to 0. Given this, the
following question is natural special case of Question 2.5.1:

Question 2.7.1. Does there exist a family of codes C such that R(C) > 0 and 6(C) > 0 hold
simultaneously?

Codes that have the above property are called asymptotically good.

2.8 Exercises

Exercise 2.1. Prove that the set of rationals (i.e. the set of reals of the form %, where both a and
b # 0 are integers), denoted by @, is a field.

Exercise 2.2. Let g be a prime power. Let x € [, such that x ¢ {0,1}. Then prove that for any
n<qg-1:

i xi _ xn+1 -1 .
Exercise 2.3. The main aim of this exercise is to prove the following identity that is true for any
acly:
a?=qa (2.4)
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To make progress towards the above we will prove a sequence of properties of groups. A group G
is a pair (S, o) where the operator o : Gx G — G such that o is commutative’ and the elements of S
are closed under o. Further, there is a special element: € S that is the identity element and every
element a € S has an inverse element b € S such that ao b = 1. Note that a finite field [, consists
of an additive group with the + operator (and 0 as additive identity) and a multiplicative group
on the non-zero elements of [, (which is also denoted by [Ff]) with the - operator (and 1 as the
multiplicative identity) 8

For the rest of the problem let G = (S,-) be a multiplicative group with |G| = m. Prove the
following statements.

1. Forany f € G, let o(B) be the smallest integer o such that f° = 1. Prove that suchan o< m
always exists. Further, argue that T = {1,,...,8°"!} also forms a group. (T,-) is called a
sub-group of G and o(p) is called the order of B.

2. For any g € G, define the coset (w.r.t. T) as

gT={g-PBIBeT}.

Prove thatif g-h™! € Tthen gT = hT and gTnhT = @ otherwise. Further argue that these
cosets partition the group G into disjoint sets.

3. Argue that for any g€ G, we have |gT| =|T]|.

4. Using the above results or otherwise, argue that for any f € G, we have
g =1.

5. Prove (2.4).

Exercise 2.4. Prove that for g = 2, the second condition in Definition 2.2.1 is implied by the first
condition.
Exercise 2.5. Prove that G, from (2.3) has full rank.

Exercise 2.6. In this problem we will look at the problem of solving a system of linear equa-
tions over [,. That is, one needs to solve for unknowns x,..., x, given the following m linear
equations (where a; j,b; €Fyforl1<i<mand1<j<n):

ajnxyt+aypXxg+ -+ appXn = bl.

az1X1+azoXp+ -+ azpnXn = bz.

am,lxl + dmyng + .-+ blm,nxn = bm.

"Technically, G is an abelian group.
8Recall Definition 2.1.1.
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1. (Warm-up) Convince yourself that the above problem can be stated as A -xI =bT, where
Ais an m x n matrix over Fg4, x € [FZ andbe [FZ?.

2. (Upper Triangular Matrix) Assume n = m and that A is upper triangular, i.e. all diagonal
elements (a;,;) are non-zero and all lower triangular elements (a; ;, i > j) are 0. Then
present an 0(n?) time? algorithm to compute the unknown vector x.

3. (Gaussian Elimination) Assume that A has full rank (or equivalently a rank of n.)

(a) Prove that the following algorithm due to Gauss converts A into an upper triangular
matrix. By permuting the columns if necessary make sure that a;,; # 0. (Why can
one assume w.l.o.g. that this can be done?) Multiply allrows 1 <i<n w1th m and
then subtract a, ; from the (i, j)th entry 1 < j < n. Recurse with the same algorlthm
on the (n—1) x (n—1) matrix A’ obtained by removing the first row and column from
A. (Stopwhenn=1.)

(b) What happens if A does not have full rank? Show how one can modify the algorithm
above to either upper triangulate a matrix or report that it does not have full rank.
(Convince yourself that your modification works.)

(c) Call a system of equations A -xT =b? consistent if there exists a solution to x € [FZ.

Show that there exists an O(n®) algorithm that finds the solution if the system of
equations is consistent and A has full rank (and report “fail" otherwise).

4. (m < n case) Assume that A has full rank, i.e. has a rank of m. In this scenario either the
system of equations is inconsistent or there are g~ solutions to x. Modify the algorithm
from above to design an O(m?n) time algorithm to output the solutions (or report that the
system is inconsistent).

* Note that in case the system is consistent there will be g~ solutions, which might
be much bigger than O(m?n). Show that this is not a problem as one can represent
the solutions as system of linear equations. (I.e. one can have n— m “free" variables
and m “bound" variables.)

5. (m > n case) Assume that A has full rank, i.e. a rank of n. In this scenario either the
system of equations is inconsistent or there is a unique solution to x. Modify the algorithm
from above to design an O(m?n) time algorithm to output the solution (or report that the
system is inconsistent).

6. (Non-full rank case) Give an O(m?n) algorithm for the general case, i.e. the m x n matrix A
need not have full rank. (The algorithm should either report that the system of equations
is inconsistent or output the solution(s) to x.)

Exercise 2.7. Prove that the span of k linearly independent vectors over F has size exactly q~.

9For this problem, any basic operation over [, takes unit time.
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Exercise 2.8. Let G and H be a generator and parity check matrix of the same linear code of
dimension k and block length n. Then G- HT = 0.

Exercise 2.9. Let C be an [n, k] 4 linear code with a generator matrix with no all zeros columns.
Then for every position i € [n] and «a € [, the number of codewords ¢ € C such that ¢; = a is
exactly gF 1.

Exercise 2.10. Prove Proposition 2.3.1.
Exercise2.11. Prove Proposition 2.3.2.
Exercise 2.12. Prove Proposition 2.3.3.

Exercise 2.13. A set of vector S < F is called r-wise independent if for every set of positions
I with |I| = ¢, the set S projected to I has each of the vectors in [Ff7 appear the same number
of times. (In other words, if one picks a vector (sy,...,s,) from S at random then any of the ¢
random variables are uniformly and independently random over ).

Prove that any linear code C whose dual C* has distance d* is (d* — 1)-wise independent.

Exercise 2.14. A set of vectors S < [FéC is called e-biased sample space if the following property
holds. Pick a vector X = (xy,..., x;) uniformly at random from S. Then X has bias at most ¢, that
is, for every I < [k],

<E.

Pr(in:O)—Pr(in:I)

iel iel

We will look at some connections of such sets to codes.

1. Let C be an [n, k], code such that all non-zero codewords have Hamming weight in the

range [(3 —€) n, (3 + £) n]. Then there exists an ¢-biased space of size n.

2. Let C be an [n, k], code such that all non-zero codewords have Hamming weight in the
range [(3 — ) n, (3 +7) n] for some constant 0 <y < 1/2. Then there exists an &-biased
space of size n00™ " logl/e)

Exercise 2.15. Let C be an [n, k,d], code. Lety = (y1,...,yn) € (F4U {2)" be a received word!?

such that y; =2 for at most d — 1 values of i. Present an O(n®) time algorithm that outputs a

codeword ¢ = (cy,...,c,) € C that agrees with y in all un-erased positions (i.e., c; = y; if y; #?) or

states that no such c exists. (Recall that if such a ¢ exists then it is unique.)

Exercise 2.16. In the chapter, we did not talk about how to obtain the parity check matrix of a
linear code from its generator matrix. In this problem, we will look at this “conversion" proce-
dure.

(a) Prove that any generator matrix G of an [n, k]; code C (recall that G is a k x n matrix) can
be converted into another equivalent generator matrix of the form G’ = [I;|A], where I is
the k x k identity matrix and A is some k x (n — k) matrix. By “equivalent," we mean that
the code generated by G’ has a linear bijective map to C.

10A ? denotes an erasure.
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Note that the code generated by G’ has the message symbols as its first k symbols in the
corresponding codeword. Such codes are called systematic codes. In other words, every
linear code can be converted into a systematic code. Systematic codes are popular in
practice as they allow for immediate access to the message symbols.

(b) Given an k x n generator matrix of the form [I;|A], give a corresponding (n — k) x n par-
ity check matrix. Briefly justify why your construction of the parity check matrix is correct.

Hint: Try to think of a parity check matrix that can be decomposed into two submatri-
ces: one will be closely related to A and the other will be an identity matrix, though the
latter might not be a k x k matrix).

(c) Use part (b) to present a generator matrix for the [2" —1,2" — r — 1,3], Hamming code.

Exercise 2.17. So far in this book we have seen that one can modify one code to get another
code with interesting properties (for example, the construction of the Hadamard code from the
Simplex code from Section 2.7 and Exercise 1.7). In this problem you will need to come up with
more ways of constructing new codes from existing ones.

Prove the following statements (recall that the notation (n, k, d), code is used for general
codes with qk codewords where k need not be an integer, whereas the notation [n, k, d]; code
stands for a linear code of dimension k):

1. If there exists an (n, k, d)»>m code, then there also exists an (nm, km,d’' = d)» code.
2. If there exists an [n, k, d],» code, then there also exists an [nm, km,d’ = d], code.
3. If there exists an [n, k, d] ; code, then there also existsan [n—d, k-1, d = [d/q1]4 code.

4. Ifthere exists an [n, k, 1] ; code, then for every m = 1, there also exists an (n™, k/m, (1 — (1 —8)") - n"
code.

5. Ifthere exists an [n, k, § n], code, then for every odd m = 1, there also exists an [nm, k, % . (1 -(1- 26)’":
code.

Note: In all the parts, the only things that you can assume about the original code are only the
parameters given by its definition— nothing else!

Exercise 2.18. Let C; be an [n, k1, d;], code and C; be an [n, kp, d>]; code. Then define a new
code as follows:
CreCy={(c1,c1 +c2)lc1 € Cp,c0 € Co}.

Next we will prove interesting properties of this operations on codes:

1. If G; is the generator matrix for C; for i € [2], what is a generator matrix for C; © C,?
2. Arguethat C;eCyisan [2n,k; + ko, d d:efmin(zdl, dp)]4 code.
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3. Assume there exists algorithms «/; for code C; for i € [2] such that: (i) «/; can decode from
e errors and s erasures such that 2e+ s < dj and (ii) &/ can decode from [(d>—1)/2] errors.
Then argue that one can correct [(d —1)/2] errors for C; © Cs.

Hint: Given a received word (y;,y2) € [FZ X [FZ, first apply <% on y, —y;. Then create an
intermediate received word for ;.

4. We will now consider a recursive construction of a binary linear code that uses the & op-
erator. For integers 0 < r < m, we define the code C(r, m) as follows:

e C(r,r) = [Fg and C(0,r) is the code with only two codewords: the all ones and all
zeroes vector in [F),.

e Forl<r<m,C(rm)=C(rrm—-1)eC(r—-1,m-1).
Determine the parameters of the code C(r, m).

Exercise 2.19. Let C; be an [ny, k1,d;]» binary linear code, and C» an [ny, k2, d>] binary linear
code. Let C < [F;11 *"2 be the subset of n; x ny matrices whose columns belong to C; and whose
rows belong to C,. C is called the tensor of C; and C, and is denoted by C; ® C,.

Prove that C is an [nny, k1 k2, d d>], binary linear code.

Exercise 2.20. In Section 2.4 we considered the binary Hamming code. In this problem we will
consider the more general g-ary Hamming code. In particular, let g be a prime power and r = 1
be an integer. Define the following r x n matrix H, ,, where each column is an non-zero vector
from [F; such that the first non-zero entry is 1. For example,

0111
HS’Z_(I 0 1 2)

In this problem we will derive the parameters of the code. Define the generalized Hamming
code Cp,r,4 to be the linear code whose parity check matrix is H ;. Argue that

1. The block length of Cy, ;4 is n = c;__ll.

2. Cp,q,r has dimension n—r.
3. Cp,q,r has distance 3.

Exercise 2.21. Design the best 6-ary code (family) with distance 3 that you can.

Hint: Start with a 7-ary Hamming code.

Exercise 2.22. Prove that the [n, 1, n], code for odd n (i.e. the code with the all zeros and all ones
vector as it only two codewords) attains the Hamming bound (Theorem 1.7.1).

Exercise 2.23. Let C be an [n, k]4 code with generator matrix G. Then given a codeword c€ C
one can compute the corresponding message in time O(kn?).

Exercise 2.24. Given a c € Cy r, one can compute the corresponding message in time O(n).
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Exercise 2.25. Let C be an (n, k), code. Prove that if C can be decoded from e errors in time
T (n), then it can be decoded from n + ¢ errors in time O((ng)¢ - T(n)).

Exercise 2.26. Show that the bound of kd of the number of ones in the generator matrix of any
binary linear code (see Exercise 1.12) cannot be improved for every code.

Exercise2.27. Let C be a linear code. Then prove that (Ci)L =C.

Exercise 2.28. Note that for any linear code C, the codewords 0 is in both C and C L. Show that
there exists a linear code C such that it shares a non-zero codeword with C*.

Exercise2.29. We go into a bit of diversion and look at how finite fields are different from infinite
fields (e.g. R). Most of the properties of linear subspaces that we have used for linear codes (e.g.
notion of dimension, the existence of generator and parity check matrices, notion of duals) also
hold for linear subspaces over R.!' One trivial property that holds for linear subspaces over
finite fields that does not hold over R is that linear subspaces over [, with dimension k has size
g* (though this is a trivial consequence that F are finite field while R is an infinite field). Next,
we consider a more subtle distinction.
Let S € R" be a linear subspace over R and let S* is the dual of S. Then show that

SnSt=1{o}.

By contrast, linear subspaces over finite fields can have non-trivial intersection with their duals
(see e.g. Exercise 2.28).

Exercise 2.30. Alinear code C is called self-orthogonal if C < C*. Show that
1. The binary repetition code with even number of repetitions is self-orthogonal.
2. The Hadamard code Cg,q,; is self-orthogonal.

Exercise 2.31. Alinear code C is called self dual if C = C*. Show that for
1. Any self dual code has dimension n/2.

2. Prove that the following code is self-dual

{(x,x)|x € F£}.

Exercise 2.32. Given a code C a puncturing of C is another code C’ where the same set of po-
sitions are dropped in all codewords of C. More precisely, if C < X" and the set of punctured
positions is P < [n], then the punctured code is {(c;);¢pl(cy,...,cy) € C}.

Prove that a linear code with no repetitions (i.e. there are no two positions i # j such that for
every codeword c € C, ¢; = ¢;) is a puncturing of the Hadamard code. Hence, Hadamard code is
the “longest" linear code that does not repeat.

1A linear subspace S € R" is the same as in Definition 2.2.1 where all occurrences of the finite field 4 is replaced
by R.
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Exercise 2.33. In this problem we will consider the long code. For the definition, we will use the
functional way of looking at the ambient space as mentioned in Remark 1.2.1. A long code of
dimension k is a binary code such that the codeword corresponding to x = F¥X, is the function
f:10, l}zk — {0,1} defined as follows. For any m € {0, 1}[F§, we have f((mq) ,¢px) = mx. Derive the
parameters of the long code. ’

Finally, argue that the long code is the code with the longest block length such that the
codewords do not have a repeated coordinate (i.e. there does not exists i # j such that for every
codeword ¢, ¢; = ¢;). (Contrast this with the property of Hadamard code above.)

2.9 Bibliographic Notes
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refer to any standard text on algebra or the book on finite fields by Lidl and Niederreiter [52].
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