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Chapter 3

Probability as Fancy Counting and the g-ary
Entropy Function

In the first half of this chapter, we will develop techniques that will allow us to answer questions
such as

Question 3.0.1. Does there exist a 2,2,1], code?

We note that the answer to the above question is trivially yes: just pick the generator matrix
to be the 2 x 2 identity matrix. However, we will use the above as a simple example to illustrate
a powerful technique called the probabilistic method.

As the name suggests, the method uses probability. Before we talk more about the proba-
bilistic method, we do a quick review of the basics of probability that we will need in this book.

3.1 A Crash Course on Probability

In this book, we will only consider probability distributions defined over finite spaces. In par-
ticular, given a finite domain D, a probability distribution is defined as a function

p:D—[0,1] such that ) p(x) =1,

xeD

where [0, 1] is shorthand for the interval of all real numbers between 0 and 1. In this book, we
will primarily deal with the following special distribution:

Definition 3.1.1 (Uniform Distribution). The uniform distribution over D, denoted by %/p, is
given by

1
Up(x) = DI for every x € D.

D

Typically we will drop the subscript when the domain D is clear from the context.
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?1 &= o211 ii = o 2]2/ 0

Table 3.1: Uniform distribution over [F%X2 along with values of four random variables.

For example, consider the domain D = F%XZ, i.e. the set of all 2 x 2 matrices over F,. (Note
that each such matrix is a generator matrix of some [2,2], code.) The first two columns of Ta-
ble 3.1 list the elements of this D along with the corresponding probabilities for the uniform
distribution.

Typically, we will be interested in a real-valued function defined on D and how it behaves
under a probability distribution defined over D. This is captured by the notion of a random
variable:

Definition 3.1.2 (Random Variable). Let D be a finite domain and I c R be a finite! subset. Let
p be a probability distribution defined over D. A random variableis a function:

V:D-— I
The expectation of V is defined as

E[V]=) pl)-V(x).

xeD

For example, given (i, j) € {0,1}?, let V;; denote the random variable V;;(G) = wt((i, j)- G),
for any G € F5*. The last four columns of Table 3.1 list the values of these four random variables.
In this book, we will mainly consider binary random variables, i.e., with I = {0, 1}. In partic-
ular, given a predicate or event E over D, we will define its indicator variable Tg to be 1 if E is

n general, I need not be finite. However, for this book this definition suffices.
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true and 0 if E is false. Sometimes, we will abuse notation and use E instead of 1g. For example,
consider the expectations of the four indicator variables:

1

E[Tvg=0] = 16- - b
1 1

E[Tvy,=0] = 4= T 3.1)
1 1

E[ﬂvlozo] = 41_6 = A_L (32)
1 1

E[Tv,=0] = o= (3.3)

3.1.1 Some Useful Results

Before we proceed, we record a simple property of indicator variables that will be useful. (See
Exercise 3.1.)

Lemma 3.1.1. Let E be any event. Then
E[1g] =Pr[E is true].
Next, we state a simple yet useful property of expectation of a sum of random variables:

Proposition 3.1.2 (Linearity of Expectation). Given random variables V1,...,V,, defined over the
same domain D and with the same probability distribution p, we have

m m
E[) Vi|=) ElVil.
i=1 i=1

Proof. For notational convenience, define V = V; +---+ V},,. Thus, we have

E[V] = Z Vi(x)-p(x) (3.4)
xeD
m
=) [ X Vi | pw) (3.5)
xeD \i=1
m
=Y ) Vitx)-p) (3.6)
i=1xeD
=) E[V;l. (3.7)
i=1

In the equalities above, (3.4) and (3.7) follow from the definition of expectation of a random
variable. (3.5) follows from the definition of V and (3.6) follows by switching the order of the
two summations. O
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As an example, we have

3
E [Tvg,=0 + Tvig=0 + Ty, =0] = Z (3.8)

Frequently, we will need to deal with the probability of the “union” of events. We will use
the following result to upper bound such probabilities:

Proposition 3.1.3 (Union Bound). Given m binary random variables Ay, ..., Ay, we have
m
\V Ai|=1
i=1

S;i={xeD|A;(x) =1}.

m
Pr <) Pr(4;=1].
i=1

Proof. For every i€ [m], define

Then we have

m
Pri[\ A= 1} = ) pW (3.9)
i=1 xeu;?llsi
<) ) pW (3.10)
i=1xeS;
m
=) Pr[4; =1]. (3.11)

In the above, (3.9) and (3.11) follow from the definition of S;. (3.10) follows from the fact that
some of the x € U;S; get counted more than once. O

We remark that the union bound is tight when the events are disjoint. (In other words, using
the notation in the proof above, when S; N S; = @ for every i # j.)

As an example, let A; = Ty, =0, A2 = Ty,y=0 and Az = 1y;,=o. Note that in this case the event
AV A,V As is the same as the event that there exists a non-zero m € {0, 1}? such that wt(m-G) =
0. Thus, the union bound implies (that under the uniform distribution over [F%xz)

3
Pr|There exists an m € {0, 1}*\ {(0,0)}, such that w¢(mG) = 0] < e (3.12)

Finally, we present two bounds on the probability of a random variable deviating signifi-
cantly from its expectation. The first bound holds for any random variable:

Lemma 3.1.4 (Markov Bound). Let V' be a non-zero random variable. Then for any t > 0,

E[V]
Pr[V=t¢] < T
In particular, forany a =1,

Pr[V=a-E[V]] < %.
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Proof. The second bound follows from the first bound by substituting ¢ = a-E[V]. Thus, to
complete the proof, we argue the first bound. Consider the following sequence of relations:

ElVI= ) i-PrlV=il+ Y i-Pr[V=i] (3.13)
i€[0,1) i€(t,00)
=Y i-Pr[V=i] (3.14)
ixt
>r-) Pr[V =i (3.15)
i=t
=t-Pr[V=1]. (3.16)

In the above relations, (3.13) follows from the definition of expectation of a random variable and

the fact that V is positive. (3.14) follows as we have dropped some non-negative terms. (3.15)

follows by noting that in the summands i = ¢. (3.16) follows from the definition of Pr[V = 1].
The proof is complete by noting that (3.16) implies the claimed bound. O

The second bound works only for sums of independent random variables. We begin by
defining independent random variables:

Definition 3.1.3 (Independence). Two random variables A and B are called independent if for
every a and b in the ranges of A and B, we have

Pr[A=aAB=Db]=Pr[A=a]-Pr[B=Db].

For example, for the uniform distribution in Table 3.1, let A denote the bit Gy o and B denote
the bit Gy ;. It can be verified that these two random variables are independent. In fact, it can be
verified all the random variables corresponding to the four bits in G are independent random
variables. (We'll come to a related comment shortly.)

Another related concept that we will use is that of probability of an event happening condi-
tioned on another event happening:

Definition 3.1.4 (Conditional Probability). Given two events A and B defined over the same
domain and probability distribution, we define the probability of A conditioned on B as

Pr[A and B]

Pr[A|B] = PriB]

For example, note that
4/16 1
Pr[ﬂVm:ﬂGO,O =0]= 1—/2 = E
The above definition implies that two events A and B are independent if and only if Pr[A] =
Pr[A|B]. We will also use the following result later on in the book (see Exercise 3.2):

Lemma 3.1.5. For any two events A and B defined on the same domain and the probability
distribution:
Pr[A] = Pr[A|B] - Pr[B] + Pr[A|~B] - Pr[—B].
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Next, we state the deviation bound. (We only state it for sums of binary random variables,
which is the form that will be needed in the book.)

Theorem 3.1.6 (Chernoff Bound). Let X, ..., X;, be independent binary random variables and
define X =} X;. Then themultiplicative Chernoff bound sates

Pr{|X —E(X)| > eE(X)] < e € EX/3)
and the additive Chernoff bound states that
Pri|X —E(X)|>em] < e & ™2,

We omit the proof, which can be found in any standard textbook on randomized algorithms.

Finally, we present an alternate view of uniform distribution over “product spaces" and then
use that view to prove a result that we will use later in the book. Given probability distributions
p1 and p, over domains D; and D, respectively, we define the product distribution p; x p» over
D; x D, as follows: every element (x, y) € D; x D, under p; x p; is picked by choosing x from
D, according to p; and y is picked independently from D, under p,. This leads to the following
observation (see Exercise 3.3).

Lemma3.1.7. Forany m = 1, the distribution %p, xn, x...xp,, IS identical to the distribution %p, x
Up, x - x Up, .

For example, the uniform distribution in Table 3.1 can be described equivalently as follows:
pick each of the four bits in G independently and uniformly at random from {0, 1}.
We conclude this section by proving the following result:

Lemma 3.1.8. Given a non-zero vectorm € [F'; and a uniformly random k x n matrix G over[F,
the vectorm- G is uniformly distributed over F.

Proof. Letthe (j,i)thentryin G (1 < j <k,1<i<n)be denoted by g;;. Note that as G is a ran-
dom k x n matrix over 4, by Lemma 3.1.7, each of the g;; is an independent uniformly random
element from F,. Now, note that we would be done if we can show that for every 1 < i < n, the
ith entry in m- G (call it b;) is an independent uniformly random element from F,. To finish
the proof, we prove this latter fact. If we denote m = (my,..., my), then b; = Zle m;gji. Note
that the disjoint entries of G participate in the sums for b; and b; for i # j. Given our choice of
G, this implies that the random variables b; and b; are independent. Hence, to complete the
proof we need to prove that b; is a uniformly independent element of ;. The rest of the proof
is a generalization of the argument we used in the proof of Proposition 2.7.1.

Note that to show that b; is uniformly distributed over F, it is sufficient to prove that b;
takes every value in F, equally often over all the choices of values that can be assigned to
&1i,&i,---» 8ki- NOw, as m is non-zero, at least one of the its element is non-zero: without loss of
generality assume that m; # 0. Thus, we can write b; = m; g1; +Z§:2 m;gji. Now, for every fixed

assignment of values to g;, g3, ..., ki (note that there are ¢! such assignments), b; takes a
different value for each of the g distinct possible assignments to g;; (this is where we use the
assumption that m; # 0). Thus, over all the possible assignments of g1;,..., i, b; takes each of
the values in [, exactly g*~! times, which proves our claim. O
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3.2 The Probabilistic Method

The probabilistic method is a very powerful method in combinatorics which can be used to
show the existence of objects that satisfy certain properties. In this course, we will use the prob-
abilistic method to prove existence of a code € with certain property £2. Towards that end, we
define a distribution 2 over all possible codes and prove that when € is chosen according to 2:

Pr [ has property 22| > 0 or equivalently Pr [¢ doesn’t have property 2] < 1.

Note that the above inequality proves the existence of € with property £2.

As an example consider Question 3.0.1. To answer this in the affirmative, we note that the
set of all [2,2], linear codes is covered by the set of all 2 x 2 matrices over F,. Then, we let 2 be
the uniform distribution over F5*2. Then by Proposition 2.3.4 and (3.12), we get that

. 3
Pr [Thereisno [2,2,1], code] = - <1,
OZZ[szz 4

2
which by the probabilistic method answers the Question 3.0.1 in the affirmative.
For the more general case, when we apply the probabilistic method, the typical approach
will be to define (sub-)properties Py, ..., P, such that & = Py A P, A Ps... A P, and show that for
everyl <i<m:

Pr [ doesn't have property P;] = Pr [P_,] < %

Finally, by the union bound, the above will prove that* Pr[% doesn’t have property 2] < 1, as
desired.

As an example, an alternate way to answer Question 3.0.1 in the affirmative is the following.
Define P; = Ty, 1, P2 = ly,=1 and P53 = 1y;,>1. (Note that we want a [2,2], code that satisfies
Py A Py A P3.) Then, by (3.1), (3.2) and (3.3), we have for i € [3],

Pr % doesn’t have property P;] = Pr [E] =

NI
A
W =~

as desired.

Finally, we mention a special case of the general probabilistic method that we outlined
above. In particular, let 2 denote the property that the randomly chosen %€ satisfies f(€) < b.
Then we claim (see Exercise 3.4) that E[f(C)] < b implies that Pr[€6 has property £2] > 0. Note
that this implies that E[ f(C)] < b implies that there exists a code % such that f(C) < b.

3.3 The g-ary Entropy Function

We begin with the definition of a function that will play a central role in many of our combina-
torial results.

2Note that P= PV Py V-V Py,.
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Definition 3.3.1 (g-ary Entropy Function). Let g be an integer and x be a real number such that
g =2and 0 < x < 1. Then the g-ary entropy function is defined as follows:

Hg(x) = xlog,(q—1) — xlog,(x) - (1 - x)log, (1 - x).

Figure 3.1 presents a pictorial representation of the H, function for the first few values of g.
For the special case of g = 2, we will drop the subscript from the entropy function and denote
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Figure 3.1: A plot of H,(x) for g = 2,3 and 4. The maximum value of 1 is achieved at x =1-1/q.

H>(x) by just H(x), thatis, H(x) = —xlogx — (1 — x)log(1 — x), where log x is defined as log, (x)
(we are going to follow this convention for the rest of the book).

Under the lens of Shannon’s entropy function, H(x) denotes the entropy of the distribution
over {0, 1} that selects 1 with probability x and 0 with probability 1 — x. However, there is no
similar analogue for the more general H,(x). The reason why this quantity will turn out to be
so central in this book is that it is very closely related to the “volume" of a Hamming ball. We
make this connection precise in the next subsection.

3.3.1 Volume of Hamming Balls

It turns out that in many of our combinatorial results, we will need good upper and lower
bounds on the volume of a Hamming ball. Next we formalize the notion of the volume of a
Hamming ball:

Definition 3.3.2 (Volume of a Hamming Ball). Let ¢ =2 and n = r = 1 be integers. Then the
volume of a Hamming ball of radius r is given by

Voly(r,n) =|Bg(0,r)| =) (7)@— D’

i=0
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The choice of 0 as the center for the Hamming ball above was arbitrary: since the volume
of a Hamming ball is independent of its center (as is evident from the last equality above), we
could have picked any center.

We will prove the following result:

Proposition 3.3.1. Let q =2 be an integerand0<p <1 - % be a real. Then for large enough n:
(i) Volg(pn,n) < qH‘i(p)"; and
(i) Volg(pn,n) = gHalp)n-otm,

Proof. We start with the proof of (i). Consider the following sequence of relations:

1 = (p+Q-p)”*

= (n] n—i
= p1-p) (3.17)
i=0\!
pn ; . n , ,
= Y|'pa-priv Y (r.l)p’(l—p)"_’
i=0\! i=pn+l

pia-pnt (3.18)

v
I3
3

~
1l
o
~

I
I3
S

~
1l
o
~

il P i i
(-1 (—q—l) 1-p)

i
. (q—l)’(l—p)”(+)

I
D3
=

izo\! (g—-1)A-p)
pn () , p pn
> -D'a-pt|—— 3.19
= | [@-na-p ((q—l)(l—p)) (3.19)
pn . pn
=y ?(q—l)’(%) (1—p)-pn (3.20)
=0 -
= Voly(pn,n)g~"aP", (3.21)

In the above, (3.17) follows from the binomial expansion. (3.18) follows by dropping the second
sum and (3.19) follows from that facts that m <1(as® p<1-1/q) and pn =1 (for large
enough n). Rest of the steps except (3.21) follow from rearranging the terms. (3.21) follows as
g arn = (2)" - py e,
(3.21) implies that
1> Vol,(pn,n)g """,

which proves (i).

3Indeed, note that (# <listrueif £ < qT_l, which in turn is true if p < qT_l, where the last step follows

qg-1)(1-p) — 1-p
from Lemma B.2.1.



We now turn to the proof of part (ii). For this part, we will need Stirling’s approximation for
n! (Lemma B.1.2).
By the Stirling’s approximation, we have the following inequality:

ny_ n!
pn|  (pm!(1-p)n)!

S (n/e)” , 1 MW= (pr)-Aa(1-p)n)
(pn/e)P"(1-p)nle)t=Pn . HDap(l—p)n
-l (n), (3.22)

= ppn(l _ p)(l—p)n

M (M=A2(pn)=2A2((1-p)n)

Verp(l-p)n
Now consider the following sequence of relations that complete the proof:

where ¢(n) =

Vols(pn,n) = (pnn)(q— Dp" (3.23)
(g—-1P"

pPr(1—p)d-pn ) (3.24)

> qu(p)n—o(n)' (3.25)

In the above (3.23) follows by only looking at one term. (3.24) follows from (3.22) while (3.25)
follows from the definition of H,(-) and the fact that for large enough n, £(n) is q_"(”). O

Next, we consider how the g-ary entropy function behaves for various ranges of its parame-
ters.

3.3.2 Other Properties of the g-ary Entropy function

We begin by recording the behavior of g-ary entropy function for large g.

Proposition 3.3.2. For small enoughe,1—- Hy(p) 21— p—¢ forevery0<p <1-1/q if and only
ifq is 22079

Proof. We first note that by definition of H,p) and H(p),
Hy(p) = plog,(q—1)—plog,p—(1-p)log,(1-p)
= plog,(g-1)+ H(p)/log, q.

Now if g = 21/¢, we get that
Hq4(p) =p+e.

aslog,(q—1) =1 and H(p) < 1. Thus, we have argued that for g = 21¢ we have 1 — Hy(p) =
1—p —¢, as desired.
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Next, we consider the case when g = 2°(/¢). We begin by claiming that for small enough ¢,

if g =1/€* then log,(g-1)=1-e.

Indeed, log,(g~1) = 1+ (1/Ing)In(1 - 1/¢) = 1 - o(ql}lq),4 which is at least 1 — ¢ for g = 1/¢2

(and small enough ¢).
Finally, if g = 2°(¢), then for fixed 0,

H(p)/logqg =¢-w(1).
Then for g = 2°(2) (but q = 1/£?) we have
plogq(q—l) +H(p)/logg=p—e+e-w(l)>p+e,

which implies that
1-Hg4(p)<1-p—g,

as desired. For g < 1/&?, Lemma 3.3.3 shows that 1 — Hy(p) <1-Hy2(p) <1-p—g,asdesired.
O

We will also be interested in how H,;(x) behaves for fixed x and increasing g:
Lemma 3.3.3. Let g =2 be an integer and let0 < p <1—1/q, then for any real m = 1 such that
17!
g" > (1+—) , (3.26)
q-1

we have
Hy(p) = Hym(p).

Proof. Note that H;(0) = Hym(0) = 0. Thus, for the rest of the proof we will assume that p €
0,1-1/q.
As observed in the proof of Proposition 3.3.2, we have

_ log(g—1) + H(o)

H. = . .
10 =P " logq ? logq
Using this, we obtain
log(g—1) log(q™ - 1)) ( 1 1 )
H, —H m = — H _ .
a(p) =~ Hym(p)=p logq mlogq +Hip) logg mlogq
The above in turn implies that
1 H(p)
’ -mlogq - (Hy(p) — Hym(p)) =log(qg—1)" —log(g™ — 1) + p (m-1)

4The last equality follows from the fact that by Lemma B.2.2, for 0 < x < 1, In(1 — x) = -O(x).
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H1-1/
>log(g—1)" —log(g™ - 1) + (—q)(m -1) (3.27)
1-1/q
q logg
=1 -1N"-1 m_1 -1D{log———+ ——
oglg—1) oglqg )+ (m )(qu—l+q—l
—].m m=1 m—1
q"-1 \g-1

m—1
—1-g™l.ga1

qm-1
>0 (3.28)

In the above (3.27) follows from the fact that H(p)/p is decreasing’ in p and that p <1-1/q.
(3.28) follows from the the claim that

(g-1)-qa' =q.

Indeed the above follows from (3.26).
Finally, note that (3.28) completes the proof. O

Since (1 +1/x)* < e (by Lemma B.2.3), we also have that (3.26) is also satisfied for m = 1 +
ﬁ. Further, we note that (3.26) is satisfied for every m = 2 (for any g = 3), which leads to the
following (also see Exercise 3.5):

Corollary 3.3.4. Let q =3 be an integer and let0 < p <1—1/q, then for any m = 2, we have

Hy(p) = Hym(p).

Next, we look at the entropy function when its input is very close to 1.

Proposition 3.3.5. For small enough € >0,
1 2
Hgy 1—5—8 < 1-c4¢€7,

where cy is a constant that only depends on q.

Proof. The intuition behind the proof is the following. Since the derivative of H;(x) is zero at
x=1-1/g, in the Taylor expansion of H;(1 — 1/q — ¢) the € term will vanish. We will now make
this intuition more concrete. We will think of g as fixed and 1/¢ as growing. In particular, we
will assume that € < 1/¢q. Consider the following equalities:

H,(1-1/g-¢) = —(l—l—a)log (M)—(l+£)log (l+£)
! q i\ g-1 q “\q

SIndeed, H(p)/p =log(1/p) — (1/p —1)log(1l — p). Note that the first term is deceasing in p. We claim that the
second term is also decreasing in p- this e.g. follows from the observation that —(1/p—1)In(1-p) = (1—-p)(1 +
p/2'+p?/3!+--)=1-p/2—p?(1/2-1/3!) —--- is also decreasing in p.

70



_ 1( &g 1 1—(£q)/(q—1))
= logq(q(l q_l))+(q+8)logq( 1+2q

1 — —
=1-— ln(l— £q )— (l+£)ln(1 ea)/(q 1))]
Ing qg-1 q l1+eq
) £q e2q® 1 £q
= 1+o0(e%) - - - 2—(—+€)(—
qg-1 2(g-1) q q-1
2,2 2,2
_i_gq+ﬂ)] (3.29)
Z(q 1)? 2
1
= 1+o0(e?) - £q eq
Ing| g-1 2(q- 1)2
1 2.3 _
o35S )
q g-1  2(qg-1?
2 204 _ 2
= 1+0(?) - [— a4 _gal )] (3.30)
Ing| 2(g-12%2 g-1 2(g-1)>?
2.2
=1- L — +0(e?)
2lng(g-1)
__eq
4lng(g-1)
(3.31)
(3.29) follows from the fact that for |x| < 1, In(1 + x) = x — x2/2 + x3/3 —... (Lemma B.2.2) and
by collecting the £* and smaller terms in o(e?). (3.30) follows by rearranging the terms and by
absorbing the €2 terms in o(£?). The last step is true assuming ¢ is small enough. O
Next, we look at the entropy function when its input is very close to 0.
Proposition 3.3.6. For small enough € >0,
1 0=0 g <es[ )
€)= -elog|—1|.
a logq © 8¢
Proof. By definition
Hg(e) = elog, (g —1) +elog,(1/€) + (1 -¢)log,(1/(1 - &)).
Since all the terms in the RHS are positive we have
Hg,(e) = elog(1/€)/logq. 3.32)

Further, by Lemma B.2.2, (1 —¢) 1ogq(1/(1 —¢)) < 2¢/In g for small enough €. Thus, this implies
that

2+In(g-1) 1 1
Hy(e) < €+ -eln|—|. (3.33)
Ing Ing €
(3.32) and (3.33) proves the claimed bound.
O
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We will also work with the inverse of the g-ary entropy function. Note that H,(-) on the
domain [0,1-1/4] is an bijective map into [0, 1]. Thus, we define H, 1(y) = x such that Hy(x)=y
and 0 < x <1 -1/q. Finally, we will need the following lower bound.

Lemma 3.3.7. Forevery0<y<1-1/q and for every small enough € >0,
H'(y-¢*/c)) = H' (y) ¢,
where C;, > 1 is a constant that depends only on q.

Proof. 1t is easy to check that H;l(y) is a strictly increasing convex function in the range y €
[0,1]. This implies that the derivative of H[; 1(y) increases with y. In particular, (H(; hra =
(H[;l)’(y) for every 0 < y < 1. In other words, for every 0 < y < 1, and (small enough) 6 > 0,

H'yn-H;'(y-6 H'(W-H'(1-6
g V) = U0 Hg @ = Sy Proposition 3.3.5 along with the facts that H;l(l) =1-1/q

and H, !is increasing completes the proof if one picks c; =max(1,1/¢c4) and 6 = e/ c;. O

3.4 Exercises

Exercise 3.1. Prove Lemma 3.1.1.
Exercise 3.2. Prove Lemma 3.1.5.
Exercise 3.3. Prove Lemma 3.1.7.

Exercise 3.4. Let 22 denote the property that the randomly chosen ¥ satisfies f(¥¢) < b. Then
E[f(C)] < b implies that Pr[€¢ has property £2] > 0.

Exercise 3.5. Show that forany Q=g >=2and p <1-1/g, we have Hp(p) < Hy(p).

3.5 Bibliographic Notes

Shannon was one of the very early adopters of probabilistic method (and we will see one such
use in Chapter 6). Later, the probabilistic method was popularized Erdds. For more on proba-
bilistic method, see the book by Alon and Spencer [1].

Proofs of various concentration bounds can e.g. be found in [13].
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