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Chapter 6
LIMITS TO LIST DECODING REED-SOLOMON CODES

6.1 Introduction

In Chapters 3 and 4 we were interested in the following question: Can one construct explicit
codes along with efficient list-decoding algorithms that can correct errors up to the list-
decoding capacity ? Note that in the question above, we have the freedom to pick the code.
In this chapter, we will turn around the question by focusing on a fixed code and then asking
what is the best possible tradeoff between rate and fraction of errors (that can be corrected
via efficient list decoding) for the given code.

In this chapter, we will primarily focus on Reed-Solomon codes. Reed-Solomon codes
are an important and extensively studied family of error-correcting codes. The codewords
of a Reed-Solomon code (henceforth, RS code) over a field [F are obtained by evaluating low
degree polynomials at distinct elements of [F. The rate versus distance tradeoff for Reed-
Solomon codes meets the Singleton bound, which along with the code’s nice algebraic
properties, give RS codes a prominent place in coding theory. As a result the problem of
decoding RS codes has received much attention.

As we already saw in Section 3.1, in terms of fraction of errors corrected, the best
known polynomial time list algorithm today can, for Reed-Solomon codes of rate R, correct
uptoal— V'R ([97, 63]) fraction of errors. The performance of the algorithm in [63]
matches the so-called Johnson bound (cf. [64]) which gives a general lower bound on the
number of errors one can correct using small lists in any code, as a function of the distance
of the code. As we saw in Chapter 3, there are explicit codes known that have better
list decodable properties than Reed-Solomon codes. However, Reed-Solomon codes have
been instrumental in all the algorithmic progress in list decoding (see Section 3.1 for more
details on these developments). In addition, Reed-Solomon codes have important practical
applications. Thus, given the significance (both theoretical and practical) of Reed-Solomon
codes, it is an important question to pin down the optimal tradeoff between the rate and list
decodability of Reed-Solomon codes.

This chapter is motivated by the question of whether the Guruswami-Sudan result is
the best possible (i.e., whether the Johnson bound is “tight” for Reed-Solomon codes).
By this we mean whether attempting to decode with a larger error parameter might lead
to super-polynomially large lists as output, which of course will preclude a polynomial
time algorithm. While we don’t quite show this to be the case, we give evidence in this
direction by demonstrating that in the more general setting of list recovery (to which also
the algorithm of Guruswami and Sudan [63] applies) its performance is indeed the best
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possible.
We also present constructions of explicit “bad list-decoding configurations” for Reed-
Solomon codes. The details follow.

6.2 Overview of the Results

6.2.1 Limitations to List Recovery

The algorithm in [63] in fact solves the following more general polynomial reconstruction
problem in polynomial time: Given n’ distinct pairs (3;, ;) € F? output a list of all polyno-
mials p of degree k that satisfy p(53;) = ~; for more than v/kn’ values of i € {1,2,...,n'}
(we stress that the (3;’s need not be distinct). In particular, the algorithm can solve the
list recovery problem (see Definition 2.4). As a special case, it can solve the following
“error-free” or “noiseless” version of the list recovery problem.

Definition 6.1 (Noiseless List Recovery). For a q-ary code C' of block length n, the noise-
less list recovery problem is the following. We are given a set S; C F, of possible symbols
for the i’th symbol for each position i, 1 < © < n, and the goal is to output all codewords
¢ = (c1,...,¢n) such that c; € S; for every i. When each S; has at most { elements, we
refer to the problem as noiseless list recovery with input lists of size £.

Note that if a code C'is (0, ¢, L)-list recoverable then L is the worst case output list size
when one solves the noiseless list recovery problem on C' with input lists of size .

Guruswami and Sudan algorithm [63] can solve the noiseless list recovery problem for
Reed-Solomon codes with input lists of size £ < [7] in polynomial time. That is, Reed-
Solomon codes are (0, [ 7] —1, L(n))-list recoverable for some polynomially bounded func-
tion L(n). In Section 6.3, we demonstrate that this latter performance is the best possible
with surprising accuracy — specifically, we show that when £ = [ 7], there are settings of
parameters for which the list of output polynomials needs to be super-polynomially large
in n (Theorem 6.3). In fact, our result also applies to the model considered by Ar et al. [3],
where the input lists are “mixtures of codewords.” In particular, in their model the lists at
every position take values from a collection of ¢ fixed codewords.

As a corollary, this rules out an efficient solution to the polynomial reconstruction al-
gorithm that works even under the slightly weaker condition on the agreement parameter:
t > VEkn' — k/2." In this respect, the “square root” bound achieved by [63] is optimal,
and any improvement to their list-decoding algorithm which works with agreement frac-
tion t/n < v/R where R = (k 4 1)/n is the rate of the code, or in other words that works
beyond the Johnson bound, must exploit the fact that the evaluation points 3; are distinct
(or “almost distinct”).

I'This in turn rules out, for every € > 0, a solution to the polynomial reconstruction algorithm that works

aslongast > /(1 —e)kn'.
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While this part on tightness of Johnson bound remains speculative at this stage, for the
problem of list recovery itself, our work proves that RS codes are indeed sub-optimal, as
we describe below. By our work Reed-Solomon codes for list recovery with input lists of
size £ must have rate at most 1/¢. On the other hand, Guruswami and Indyk [52] prove that
there exists a fixed R > 0 (in fact R can be close to 1) such that for every integer ¢ there
are codes of rate R which are list recoverable given input lists of size ¢ (the alphabet size
and output list size will necessarily grow with £ but the rate itself is independent of £). Note
that in Chapter 3, we showed that folded Reed-Solomon codes are explicit list recoverable
codes with optimal rate.

6.2.2 Explicit “Bad” List Decoding Configurations

The result mentioned above presents an explicit bad list recovery configuration, i.e., an
input instance to the list recovery problem with a super-polynomial number of solutions.
To prove results on limitations of list decoding, such as the tightness of the Johnson bound,
we need to demonstrate a received word y with super-polynomially many codewords that
agree with y at £ or more places. A simple counting argument establishes the existence
of such received words that have agreement ¢ with (’Z) /=% many codewords [70, 25].
In particular, this implies the following for n = ¢. For k = n’ (in which case we say
that the Reed-Solomon code has low rate), one can get ¢t = % for any § > 0 and for k
in Q(n) (in which case we say that the Reed-Solomon code has high rate), one can get

t=k+0 <$) In Section 6.4.2, we demonstrate an explicit construction of such a

received word with super-polynomial number of codewords with agreement ¢ up to (2—¢)k
(for any & > 0), where k = n° for any § > 0. Note that such a construction is trivial for
t = k since we can interpolate degree k polynomials through any set of £ points. In
Section 6.4.3, we demonstrate an explicit construction of such a received word with super-
polynomial number of codewords with agreement ¢ up to k + log“’+)n’ when £ is in Q(n).

In general, the quest for explicit constructions of this sort (namely small Hamming balls
with several codewords) is well motivated. If achieved with appropriate parameters they
will lead to a derandomization of the inapproximability result for computing the minimum
distance of a linear code [32]. However, for this application it is important to get gn®
codewords in a ball of radius p times the distance of the code for some constant p < 1.
Unfortunately, neither of our explicit constructions achieve p smaller than 1 — o(1).

As another motivation, we point out that the current best trade-off between rate and
relative distance (for a code over constant sized alphabet) is achieved by a non-linear code
comprising of precisely a bad list-decoding configuration in certain algebraic-geometric
codes [107]. Unfortunately the associated received word is only shown to exist by a count-
ing argument and its explicit specification will be required to get explicit codes with these
parameters.
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6.2.3 Proof Approach

We show our result on list recovering Reed-Solomon codes by proving a super-polynomial
(in m = ¢™) bound on the number of polynomials over F,~ of degree £ that take values
in F, at every point in F =, for any prime power ¢ where k is roughly ¢™ . Note that
this implies that there can be a super-polynomial number of solutions to list recovery when
input list sizes are [7]. We establish this bound on the number of such polynomials by
exploiting a folklore connection of such polynomials to a classic family of cyclic codes
called BCH codes, followed by an (exact) estimation of the size of BCH codes with certain
parameters. We also write down an explicit collection of polynomials, obtained by taking
[F,-linear combinations of translated norm functions, all of which take values only in I,.
By the BCH bound, we conclude that this in fact is a precise description of the collection
of all such polynomials.

Our explicit construction of a received word y with several RS codewords (for low rate
RS codes) with non-trivial agreement with y is obtained using ideas from [25] relating to
representations of elements in an extension finite field by products of distinct linear factors.
Our explicit construction for high rate RS codes is obtained by looking at cosets of certain
prime fields.

6.3 BCH Codes and List Recovering Reed-Solomon Codes

6.3.1 Main Result

We will work with polynomials over Fgm of characteristic p where q is a power of p, and
m > 1. Our goal in this section is to prove the following result, and in Section 6.3.2 we
will use it to state corollaries on limits to list decodability of Reed-Solomon codes. (We
will only need a lower bound on the number of polynomials with the stated property but
the result below in fact gives an exact estimation, which in turn is used in Section 6.3.4 to
give a precise characterization of the concerned polynomials.)

Theorem 6.1. Let q be a prime power, and m > 1 be an integer. Then, the number of

univariate polynomials in Fym[2] of degree at most q;n:ll which take values in F, when

evaluated at every point in Fym is exactly ¢*". That is,

m_l m
4 : andVa € Fym, P(a) € F,}| = ¢

{P(2) € Fgm[z] | deg(P) < —
In the rest of this section, we prove Theorem 6.1. The proof is based on a connection of
polynomials with the stated property to a family of cyclic codes called BCH codes, followed
by an estimation of the size (or dimension) of the associated BCH code. Now, the latter
estimation itself uses basic algebra. In particular one can prove Theorem 6.1 using finite
field theory and Fourier transform without resorting to coding terminology. However, the
connection to BCH codes is well known and we use this body of prior work to modularize
our presentation.
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We begin with the definition of BCH codes®. We point the reader to [80], Ch. 7, Sec. 6,
and Ch. 9, Secs. 1-3, for detailed background information on BCH codes.

Definition 6.2. Let o be a primitive element of Fym, and let n = q™ — 1. The BCH code
BCHy .4, of designed distance d is a linear code of block length n over IFy defined as:

BCHym,d,0 = {{co;C1,---,cn1) € Fy lc(a') =0fori=1,2,...,d— 1, where
c(z)=co+ax+ -+ 1zt € Fylz]}.

We will omit one or more the subscripts in BCH , 4 o for notational convenience when
they are clear from the context.

In our proof, we will use the following well-known result. For the sake of completeness,
we present its proof here.

Lemma 6.1 (BCH codes are subfield subcodes of RS codes). Let q be a prime power and
m > 1 an integer. Let n = q¢™ — 1, d be an integer in the range 1 < d < n, and o be a
primitive element of Fym. Then the set of codewords of BCHg 1, 4o maybe written as

{(P(a®),P(a'),...,P(a"")) € F2 | P € Fyn[2],deg(P) < n —d,
and P(y) € F,Vy € Fm }.

Proof. Our goal is to prove that the two sets

S1 = { {co,c1,-..,cn1) lc(af) =0fori=1,2,...,d— 1, where
co(r)=co+ciz+---+cox" t €F ]},

Sy = {(P(a®),P(a'),...,P(a" ")) | P € Fynlz], deg(P) < n—d, and P(y) € F,
Vv € qu} )

are identical. We will do so by showing both the inclusions S C S and S; C Ss.
We begin with showing Sy C S;. Let P(z) = Z;:g a;z? € Fym[2] be a polynomial of

degree at most (n — d) that takes values in F,. Then, forr = 1,2,...,d — 1, we have
n—1 ) ) n—1 n—d - ) n—d n—1 o
ZP(az)(ar)z — Z(Z aja”)a” — a;j (aT+J)Z =0,
i=0 i=0 j=0 j=0 =0

where in the last step we use that 37" v = 0 for every y € Fym \ {1} and o"+7 # 1 since
1 <r+j <n—1and «is primitive. Therefore, (P(a?), P(a!),..., P(a™™')) € S;.

ZWhat we define are actually referred to more specifically as narrow-sense primitive BCH codes, but we
will just use the term BCH codes for them.
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We next proceed to show the inclusion S; C S,. Suppose (cq, ¢1, - - .,¢,—1) € Si. For
0 < j < n — 1, define (this is the “inverse Fourier transform™)

1 n—1
a; = Zc,-a’ﬂ :
=0
where by %, we mean the multiplicative inverse of n - 1 in the field Fgm. Note that a; =

Le(a ) = Le(am?) where ¢(z) = > i ~, ciz’. So, by the definition of Sy, it follows that
aj = 0 for j > n — d. Therefore the polynomial P(z) € F;m defined by

n—1 n—d
— I = . oJ
z) = E a;7’ = E a;z
3=0 J=0

has degree at most (n — d).
We now claim that for P(a®) = ¢, for 0 < s < n — 1. Indeed,

[y

1

n—

28

Q

I
M:

1, nm
P(a®) = (— E c,-of“)oz]
n
n—1 n—1
G
=0 3:0

where in the last step we used the fact that } "~ (@*%)7 = 0 whenever i # s, and equals
n when ¢ = s. Therefore, (co,c1,...,Cn—1) = (P(ao) P(a™1)). We are pretty much
done, except that we have to check also that P(0) € T, (smce we wanted P(y) € F, for
all v € Fym, including v = 0). Note that P(0) = ag = 711 S le;. Sincen = g™ — 1 we
have n + 1 = 0 in Fy= and so % = —1 € F,. This together with the fact that ¢; € I, for
every ¢ implies that P(0) € F, as well, completing the proof. [

In light of the above lemma, in order to prove Theorem 6.1, we have to prove that
IBCHym,d.a| = ¢*" whend = (g™ —1)(1 — _137). We turn to this task next. We begin with
the following bound on the size of BCH codes [15, Ch. 12]. For the sake of completeness,
we also give a proof sketch.

Lemma 6.2 (Dimension of BCH Codes). For integer i, n, let |i],, be a shorthand for i
mod n. Then |BCHy, 40| = ¢7@™ I where

I(gm,d)={i |0<i<n—1,i¢ |, <n—dforall j,0 < j<m—1} (6.1)
for n = q™ — 1. (Note that for this value of n, if i = ig + i1q + *++ipm_1q™ %, then

lig)n = tm_1 +10q + 11G> + -+ + im_2q™ ", and so |iq|, is obtained by a simple cyclic
shift of the q-ary representation of i.)
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Proof. 1t follows from Definition 6.2 that the BCH codewords are simply polynomials ¢(z)
over F,, of degree at most (n — 1) that vanish at o* for 1 < i < d. Note that if ¢(z), ¢ (z) are
two such polynomials, then so is ¢(x)+c'(x). Moreover, since a” = 1, z¢(z) mod (z"—1)
also vanishes at each designated . It follows that if ¢(x) is a codeword, then so is 7(z)c(z)
mod (2™ — 1) for every polynomial 7(z) € F,[z].

In other words BCH, ,, 4 is an ideal in the quotient ring R = F[z]/(z" — 1). It is well
known that R is a principal ideal ring, i.e., a ring in which every ideal is generated by one
element [77, Chap. 1, Sec. 3]. Therefore there is a unique monic polynomial g(z) € F,[z]
such that

BCHymaa = {9(z)h(z) | h(z) € Fylz];deg(h) < n —1—deg(g)}

It follows that |[BCHy 40| = ¢" 989, and so it remains to prove that deg(g) = n —
|1(q, m,d)| where I(q, m,d) is defined as in (6.1).

It is easily argued that the polynomial g(z) is the monic polynomial of lowest degree
over [, that has o' for every ¢, 1 < ¢ < d, as roots. It is well known ([80, Chap. 7, Sec. 5])
that g(x) is then given by

BEM (a)UM (a?)---UM (ad—1)

where M (o) is the cyclotomic cosetr’of of. Further for the ease of notation, define My, =
M(a)U M(a?)---U M(a%t). To complete the proof we will show that

| Mao |=n—[1I(g,m,d)|. (6.2)

To prove (6.2), we claim that for every 0 < i < n — 1, a® € Mg, if and only if

(n — i) & I(m,q,d). To see that this is true note that (n — i) ¢ I(q,m,d) if and only
if there is a 0 < j; < m such that [(n — i)¢’|, = n —* > n — d. In other words,
lig’i|, = i*, where 0 < * < d. This implies that (n — i) &€ I(g,m,d) if and only if
ot € M(a') C M, 4, which proves the claim. O
Let’s now use the above to compute the size of BCHg ,, 4.0 Where d = (g™ —1) — q;n%ll.
We need to compute the quantity | (g, m,d)|, i.e., the number of 4, 0 < i < ¢™ — 1 such
that |ig? | gm 1 < q;n__11 =1+qg+---+¢™ *foreachj=0,1,...,m — 1. This condition
is equivalent to saying that if ¢ = 4g + 41 + - -+ + 4,y _1¢™ " is the g-ary expansion of 1,
then all the m integers whose g-ary representations are cyclic shifts of (ig,41,...,%m 1)
are < 1+ g+ ---+ ¢g™ . Clearly, this condition is satisfied if and only if for each
j=0,1,...,m—1,4; € {0,1}. There are 2™ choices for ¢ with this property, and hence

we conclude |I(g,m,d)| = 2™ whend = (¢™ — 1) — q;n__ll-

3In other words M(af) = {af,alidn, .. alia™"In} where m; is the smallest integer such that
lig™ |n =1.
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Together with Lemma 6.1, we conclude that the number of polynomials of degree at
most #_11 over F,» which take on values only in F, at every point in Fm is precisely ¢*".
This is exactly the claim of Theorem 6.1.

Before moving on to state implications of the above result for Reed-Solomon list de-
coding, we state the following variant of Theorem 6.1.

Theorem 6.2. Let q be a prime power, and m > 1 be an integer. Then, for each s, 1 < s <
m, the number of univariate polynomials in Fym [2] of degree at most Zj.:l q™ 7 which take

values in ¥y, when evaluated at every point in Fgm is at least qu:O (7) And the number

of such polynomials of degree strictly less than ¢™ ' is exactly q (namely just the constant

polynomials, so there are no polynomials with this property for degrees between 1 and
m—1

qm " —1)

Since the proof of the theorem above is similar to the proof of Theorem 6.1, we will
just sketch it here. By Lemmas 6.1 and 6.2, to count the number of univariate polynomials
in Fym[2] of degree at most g™~ ! + - - - 4+ ¢™~* which take values in F,, we need to count
the number of integers i = 4o + 41q + * - - + %,,_1¢™ " such that all integers corresponding
to cyclic shifts of (g, . . ., %, 1) are at most g™ ! + - - - 4+ ¢™*. It is easy to see all integers
i such that i; € {0,1} for all j and ¢; = 1 for at most s values of j, satisfy the required
condition. The number of such integers is Zj’:o (’Jn) which implies the bound claimed in
the theorem. The argument when degree is < ¢™ ! is similar. In this case we have to count
the number of integers g + 71,q + - - - + %,,_1¢™ " such that all integers corresponding to
all cyclic shifts of (g, . ..,%m-1) is < ¢™'. Note that if 7; # 0 for some 0 < j < m — 1,
then the (m — 1 — j)th shift with be at least ¢™~'. Thus, only ¢ = 0 satisfies the required
condition, which implies claimed bound in the theorem.

6.3.2 Implications for Reed-Solomon List Decoding

In the result of Theorem 6.1, if we imagine keeping ¢ > 3 fixed and letting m grow, then for
the choice n = ¢™ and k = (¢™ — 1)/(q — 1) (so that [} ] = @), Theorem 6.1 immediately
gives us the following “negative” result on polynomial reconstruction algorithms and Reed-
Solomon list decoding.*

Theorem 6.3. For every prime power q > 3, there exist infinitely many pairs of integers
k,n such that ] = q for which there are Reed-Solomon codes of dimension (k + 1) and
block length n, such that noiselessly list recovering them with input lists of size [ 7| requires

nl/le

super-polynomial (in fact q *) output list size.

The above result is exactly tight in the following sense. It is easy to argue combinatori-
ally (via the “Johnson type” bounds, cf. [64]) that when £ < [ %], the number of codewords

“We remark that we used the notation n = ¢™ — 1 in the previous subsection, but for this Subsection we
will take n = ¢™.
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is polynomially bounded. Moreover [63] presents a polynomial time algorithm to recover
all the solution codewords in this case. As was mentioned in the introduction, our results
also show the tightness of noiselessly list recovering Reed-Solomon codes in the special
setting of Ar, Lipton, Rubinfeld and Sudan [3]. One of the problems considered in [3] is
that of noiselessly list recovering Reed-Solomon codes with list size ¢, when the set .S; at
every position : is the set of values of fixed ¢ codewords at position 7. Note that our lower
bound also works in this restricted model if one takes the g fixed codewords to be the q
constant codewords.

The algorithm in [63] solves the more general problem of finding all polynomials of
degree at most k which agree with at least ¢ out of n' distinct pairs (5;,y;) whenever ¢ >
Vkn!. The following corollary states that, in light of Theorem 6.3, this is essentially the
best possible trade-off one can hope for from such a general algorithm. We view this as
providing the message that a list-decoding algorithm for Reed-Solomon codes that works
with fractional agreement ¢ /n that is less than /R where R is the rate, must exploit the fact
that the evaluation points (3; are distinct or almost distinct (by which we mean that no j;
is repeated too many times). Note that for small values of R (close to 0), our result covers
even an improvement of the necessary fractional agreement by O(R) which is substantially
smaller than v/R.

Corollary 6.4. Suppose A is an algorithm that takes as input n' distinct pairs (3;,7;) € F?
for an arbitrary field ¥ and outputs a list of all polynomials p of degree at most k for which
p(B;) = i for more than \/kn' — Y pairs. Then, there exist inputs under which A must
output a list of super-polynomial size.

Proof. Note that in the list recovery setting of Theorem 6.3, the total number of pairs n’ =
nf =n[7] <n(} + 1), and the agreement parameter ¢t = n. Then

k n k kE k
r _ [ _
Vkn 2<\/kn(k+1) 5 n\/1+n 5

<n(1+£) —ﬁ—n:t

2n 2

Therefore there can be super-polynomially many candidate polynomials to output even
when the agreement parameter ¢ satisfies ¢t > vVkn' — k /2. U

6.3.3 Implications for List Recovering Folded Reed-Solomon Codes

In this subsection, we will digress a bit and see what the ideas in Section 6.3.1 imply
about list recoverability of folded Reed-Solomon codes. Recall that a folded Reed-Solomon
code with folding parameter m is just a Reed-Solomon code with m consecutive evalua-
tion pointsbundled together (see Chapter 3). In particular, if we start with an [n, k] Reed-
Solomon code, then we get an (N = n/m, K = k/m) folded Reed-Solomon code.
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It is not too hard to check that the one can generalize Theorem 6.1 to show the following.
Let @ > 1 be an integer and ¢ be a prime power. Then there are ¢?* codewords from an

(%, %) folded Reed-Solomon code such that every symbol of such a codeword takes

a value in (IF,)™. The set of ¢** folded Reed-Solomon codewords are just the ¢>* BCH
codewords from Theorem 6.1, with m consecutive positions in the BCH codeword “folded”
into one symbol. Thus, this shows that an (IV, K') folded Reed-Solomon code (with folding
parameter m) cannot be noiselessly list recovered with input lists of size (%)m

Let us now recall the algorithmic results for (noiselessly) list recovering folded Reed-
Solomon codes. From (3.6) it follows that an (N, K) folded Reed-Solomon code (with

folding parameter m) can be noiselessly list recovered with input lists of size ¢ if

s m s
N> (1+ —) ™) NK,
T m—s—+1
where 1 < s < m, and r > s are parameters that we can choose. Thus for any € > 0 if
r= g then we can satisfy the above condition if

s s+1
0<(1—e)pt (%) (m_—m) . 6.3)

m

The bound above unfortunately is much smaller than the bound of (N/K)™, unlike the
case of Reed-Solomon codes where the two bounds were (surprisingly) tight. For the case
when K = o(NN), however one can show that for any ¢ > 0, the bound in (6.3) is at least
(N/K)™179) Indeed, one can choose s = m(1 — §/2), in which case the bound in (6.3)
is (N/K)™(1=9) . (N/K)™/2(§/2)m(1-8/2+1(1 — g)m(1=8/2)+1 The claimed expression
follows by noting that N/K = w(1) while §, ¢ and m are all O(1).

6.3.4 A Precise Description of Polynomials with Values in Base Field

We proved in Section 6.3.1, for ) = %, there are exactly ¢>” polynomials over Fym
of degree () or less that evaluate to a value in I, at every point in Fgm. The proof of this
obtains the coefficients of such polynomials using a “Fourier transform” of codewords of an
associated BCH code, and as such gives little insight into the structure of these polynomials.
One of the natural questions to ask is: Can we say something more concrete about the
structure of these " polynomials? In this section, we answer this question by giving an
exact description of the set of all these ¢>” polynomials.

We begin with the following well-known fact which simply states that the “Norm”
function of Fgm over I, takes only values in [F,.

Lemma 6.3. Forall z € Fyn, z'1 € F,.

Theorem 6.5. Let q be a prime power, and let m > 1. Let o be a primitive element of Fym.

Then, there are exactly ¢*" univariate polynomials in Fm 2] of degree at most Q = ‘1;”__11
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that take values in Iy when evaluated at every point in Fgm, and these are precisely the
polynomials in the set

2m_1
N = {Z Bi(z+ ") | Bo,B1,...,Pam_1 €F,}.

i=0
Proof. By Lemma 6.3, clearly every polynomial P in the set NV satisfies P(y) € I, for
all 7 € Fym. The claim that there are exactly g2 polynomials over F = of degree @ or
less that take values only in [F, was already established in Theorem 6.1. So the claimed
result that [V precisely describes the set of all these polynomials follows if we show that
IN|=¢*".

Note that by definition, | N| < ¢?”. To show that |[N| > ¢2", it clearly suffices to show

(by linearity) that if
2m 1
> Bilz+a)? =0 (6.4)
=0

as polynomials in Fym [2], then By = 1 = --- = fam_1 = 0. We will prove this by setting

up a full rank homogeneous linear system of equations that the 3;’s must satisfy. For this
we need Lucas’ theorem, stated below.

Lemma 6.4 (Lucas’ Theorem, cf. [47]). Let p be a prime. Let a and b be positive integers
with p-ary expansions ag + a1p + « -+ + a,p" and by + byp + - - - + b,p" respectively. Then
(Z) = (‘;3) (‘Z;) “e (‘;:) mod p, which gives us (‘;) # 0 mod p if and only if a; > b; for
all j € {0,1,--- ,r}.

Define the set
T:{ qu | Sg{ov am_l}}'
jeS
Applying Lemma 6.4 with p being the characteristic of the field F,, we note that when
operating in the field F =, the binomial coefficient of 27 in the expansion of (z + af)? is 1
if 7 € T and 0 otherwise. It follows that (6.4) holds if and only if 3> ' (a?)?78; = 0 for
all j € T, which by the definition of 7 and the fact that Q = 1+ ¢+ ¢*>+ --- + ¢™ ' is
equivalent to

2m_1
> (0?)B; =0 forallj €T. (6.5)
i=0
Let us label the 2™ elements {a? | j € T'} as ag, as, - . ., gm_1 (note that these are distinct
elements of Fym since « is primitive in Fgm ). The coefficient matrix of the homogeneous
system of equations (6.5) with unknowns fy, . .., Bam 1 is then the Vandermonde matrix
1 a2 oo ot
1 o a2 ... oot

2 2m—1
1 Qom_1 Qogm 1 *** Qom_ 1
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which has full rank. Therefore, the only solution to the system (6.5)is g = 1 = -+ =
Bom_1 = 0, as desired. O

6.3.5 Some Further Facts on BCH Codes

The results in the previous subsections show that a large number (g2™) of polynomials over
F,m take on values in IF, at every evaluation point, and this proved the tightness of the
“square-root” bound for agreement ¢ = n = ¢™ and total number of points n’ = ngq (recall
Corollary 6.4). It is a natural question whether similarly large list size can be shown at other
points (t,n'), specifically for slightly smaller n’ and ¢. For example, what if n’ = n(q — 1)
and we consider list recovery from lists of size ¢ — 1. In particular, how many polynomials
of degree at most @ = (¢™ — 1)/(q — 1) take on values in I, \ {0} at ¢ points in Fym. It
is easily seen that when ¢t = n = ¢™, there are precisely (¢ — 1) such polynomials, namely
the constant polynomials that equal an element of ;. Indeed, by the Johnson bound, since
t > /Qn’ for the choice t = n and n’ = n(q — 1), we should not expect a large list size.
However, even for the slightly smaller amount of agreement t = n — 1 = |/Qn’], there
are only about a linear in n number of codewords, as Lemma 6.5 below shows. Hence
obtaining super-polynomial number of codewords at other points on the square-root bound
when the agreement ¢ is less than the block length remains an interesting question, which
perhaps the BCH code connection just by itself cannot resolve.

Lemma 6.5. Let q be a prime power and let m > 1. For any polynomial P(z) over Fym 2],

let its Hamming weight be defined as |{f € Fm|P(8) # 0}|. Then, there are exactly
)

(g — 1)¢™ univariate polynomials in Fym 2] of degree at most Q = (q;n%ll that take values
in B, when evaluated at every point in Fgm and that have Hamming weight (¢™ — 1).
Furthermore, these are precisely the polynomials in the set W = {\(z + B)? | B €

Fym, A € F2}.

Proof. 1t is obvious that all the polynomials in W satisfy the required property and are
distinct polynomials. We next show that any polynomial of degree at most () that satisfies
the required properties belongs to W completing the proof.

Let P(z) be a polynomial of degree at most () that satisfies the required properties.
We must show that P(z) € W. Let v € F,m be such that P(y) = 0. Clearly, for each
B € (Fa \{7}), P(8)/(8 —~)? € F;. By a pigeonhole argument, there must exist some
A € F; such that P(8) = A(8 — )@ for at least qqm__—11 = @ values of § in Fym \ {7}

Since P(vy) = 0, we have that the degree @ polynomials P(z) and A\(z — v)? agree on at
least ) + 1 field elements, which means that they must be equal to each other. Thus the
polynomial P(z) belongs to W and the proof is complete. [J
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6.4 Explicit Hamming Balls with Several Reed-Solomon Codewords

Throughout this section, we will be concerned with an [¢,k 4+ 1] Reed-Solomon code
RS[g, k + 1] over IF;. We will be interested in a received word y € ¢ such that a super-
polynomial number of codewords of RS[q, k + 1] agree with y on ¢ or more positions, and
the aim would be to prove such a result for ¢ non-trivially larger than k. We start with the
existential result.

6.4.1 Existence of Bad List Decoding Configurations

It is easy to prove the existence of a received word y with at least (‘g) /q*~* codewords with
agreement at least ¢ with y. One way to see this is that this quantity is the expected number
of such codewords for a received word that is the evaluation of a random polynomial of
degree t [70].°

We have the following lower bound on (%) /¢"~*:

(3) > qt — ﬁ — 2klogq—tlogt
qtfk = ttqtfk t :

Now when k = ¢° for some § > 0 and t = %, then klogq — tlogt is Q(¢°logq),

which implies that the number of RS codewords with agreement ¢ with the received word
is ¢2(d°)
risq .

On the other hand, if & = Q(q) lett = k + A, where A = 21§gq (we also assume
t < q/2). Now, klogq —tlogt > klogg — (k+ A)(logg—1) = k+ A — Alogq > k/2.
Thus, we get 2%(9) RS codewords with agreement ¢ = k + O (@) with the received word

r.

In the remainder of the chapter, we will try to match these parameters with explicit
received words. We will refer to Reed-Solomon codes with constant rate as high rate Reed-
Solomon codes and to Reed-Solomon codes with inverse polynomial rate as low rate Reed-
Solomon codes.

6.4.2 Low Rate Reed-Solomon Codes

Another argument for the existence of a bad list-decoding configuration (from the previous
subsection), as suggested in [25], is based on an element 3 in Ith = ]Fq(a), for some
positive integer h, that can be written as a product [], (o + a) for at least (¢) /¢" subsets
T C F, with |T| = t — the existence of such a § again follows by a trivial counting
argument. Here we use the result due to Cheng and Wan [25] that for certain settings of
parameters and fields such a 8 can be explicitly specified with only a slight loss in the
number of subsets 7', and thereby get an explicit received word y with several close-by
codewords from RS|q, k + 1].

>The bound can be improved slightly to (‘g) / ¢'~1~* by using a random monic polynomial.
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Theorem 6.6 ([25]). Let € > 0 be arbitrary. Let q be a prime power, h be a positive integer
and o be such that Fg(at) = Fon. Forany B € 7, let N,(B) denote the number of t-tuples

(a1, aq,...,a:) of distinct a; € F, such that B = [[i_i(e+a;). Ift > (2 +2)(h + 1),
e < t—2andq > max(£?, (h— 1)=07), then for all B € Fo, Ni(8) > (t —1)g" "1,

Proof. From the proof of Theorem 3 in [25], we obtain N;(8) > E; — E», where E; =
q_q(,f—zfi_ and Ey = (1+ (%)) (h—1)!q2. Observe that from the choice of ¢, (£) = & — ¢

2 2
q—t
5 -

We first give a lower bound on F. Indeed, using (;) < qT_t and ¢" — 1 < ¢", we have

2¢'=(a=t)a""! _ ¢'~" | t t—h—1
By > F = — =" 34
Note that from our ch01ce of t, we have t > (2 + 2)h, thatis, t — h > ( 44;5 )t. Further,

-1

from our choice of ¢, (h — 1) < qﬁ . We now bound F, from above. From our
bounds on (%) and (h — 1), we have E, < (1 + ‘%t)q(4+25)t V< 1+ Ghgtht =

2
—h . ,
th — (£ —1)¢"~"~!, where the second inequality comes from our bound on ¢t — h.

Combining the bounds on £; and E, proves the theorem. [

N

We now state the main result of this section concerning Reed-Solomon codes:

Theorem 6.7. Let € > 0 be arbitrary real, q a prime power and h any positive integer.

Ift> (2+2)(h+1)and ¢ > max(t?, (h — 1)’ (2+6)) then for every k in the range
t—h < k <t—1, there exists an explicit received word y € I such that there are at least

% codewords of RS[q, k + 1] that agree with 'y in at least t positions.

We will prove the above theorem at the end of this section. As ¢ — 0, and g, k, h — o0
in the above, we can get super-polynomially many codewords with agreement (1 + §)k for
some § = 6(¢) > 0 for a Reed-Solomon code of dimension tending to ¢'/2. As e — oo, we
can get super-polynomially many codewords with agreement tending to 2k with dimension
still being ¢V, We record these as two corollaries below (for the sake of completeness, we
sketch the proofs). We note that the non-explicit bound (‘g) /q*=* gives a super-polynomial
number of codewords for agreement ¢ > k/§ for dimension about k = q5*°(1), where as
our explicit construction can give agreement at most 2k (or dimension at most ,/q).

Corollary 6.8. For all 0 < v < 1, and primes p, there exists > 0 such that for any
power of p (call it q) that is large enough there exists an explicit'y € K% such that the
Reed-Solomon code RS|q,k + 1 = ¢° + 1] contains a super-polynomial (in q) number of
codewords with agreement at least (2 — v)k with y.

Proof. For any integer h, choose ¢, ¢ and k such that ¢ = (24 2)(h+1),k =t —h+1and
t = (2 — 7)k. These relations imply that
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4(1-7)

Note that in the limit as h goes to infinity, ¢ = . Further, choose ¢ to be a prime

power such that pgy > ¢ > qo, where ¢g = (h — 1)1422126)#. Finally note that as ¢ goes
2(2—7)
to infinity, go = (h — 1) 7. For the rest of the proof we will assume that h is large
2(2—7) )
20 o~ (R —1) 7 and (h — 1) " > t2. Note that now § =

log,(h—1)—log,(1—7) > @ —log,p—log,(1—7) > 0. As all conditions of Theorem

enough so that ¢ ~

6.7 are satisfied, we have that the relevant number of codewords is at least B = - Now

—

t+1
ast ~ <2;7) (h 4+ 1) and h is large enough, we can assume that ¢ < (2_—7) (2h) Thus,

(2h)( +)(2h) (32 z)( 7)CM To finish the proof we will show that B > Ly » where c

and d are constants which depend on . Indeed as (t + 1)! < ¢!, and k > h, we have

¢ q"

= P :
(t+1)! (2h) =2)(h) . - (2=2) 12)(2h)

-

(2=7)
Since h is large enough, g > (h/2) 3 , which along with the above inequality implies

that o 2o
RR(252) 1 N pR(25) (1-1%)

pEDER) 2@2@— e (2 (G g 2dh

= Y

v)h

21 )(2}‘)(% :’/)(f 1M Note that such d exists

and it only depends on . Finally, if v < 1/2, then there exists a value c that depends only
2(2—7)

on 7y such that hh( »)(1—+25) > ¢°". Thus, we have proved the theorem for 0 < vy < 1/2.

Since having an agreement of 2 — =y implies an agreement of 2 — ' for any ' > ~, the
proof of the theorem for 0 < v < 1 follows. O]

where d is chosen such that 29% > 9%

Corollary 6.9. Forall0 < v < % and primes p, there exists 6 > 0, such that for any power
of p (call it q) that is large enough, there is an explicity € ¥l such that the Reed-Solomon
code RS[q,k + 1 = ¢"/>77 + 1] contains a super-polynomial (in q) number of codewords
with agreement at least (1 + &)k withy.

Proof. The proof is similar to the proof of Corollary 6.8 and hence, most details are
skipped. Choose t and k such that t = (£ + 3)(h — 1) and k = t — h + 1. Note that
forh > 2 +5,¢t> (2+2)(h+1). Also let ¢ be a prime power such that go < ¢ < pgo,
where go = (h — 1)% As in Corollary 6.8, we consider h to be very large and we
have ¢g ~ (h — 1)ﬁ, t o~ leT”(h —1)and k ~ % Recalling that ¢ = (1 + §)k, we have
0 ~ 7. Again using arguments as in the proof of Corollary 6.8, we have a lower bound of
Q(;T’;) where d is a constant which depends on 7. O

(Proof of Theorem 6.7). In what follows, we fix E(z) to be a polynomial of degree h that
is irreducible over IF,. For the rest of this proof we will denote I, [z]/(E(z)) by F,n. Also

note that for any root o of E, Fy(a) = Fyn.
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Pick any £ where 0 < ¢ < h — 1 and note that ¢ and ¢ satisfy the conditions of Theo-
rem 6.6. For any B = (b, by, - - , b;), where b; € [F, with at least one non zero b;; define

Lp(x) o Zf:o b;z'. Fix r(x) to be an arbitrary non-zero polynomial of degree at most
h — 1. By their definitions, 7(a) and Lg () are elements of Iy, .

We will set the received word y to be (%)GEEI. Note that since E(z) is an irreducible

polynomial, E(a) # 0 for all a € T, and y is a well-defined element of F{.
We now proceed to bound from below the number of polynomials of degree k L4
¢ — h that agree with y on ¢ positions. For each non-zero tuple B € IFf;“, define Qp ()

_L’”;’(”i). Clearly, Qp(a) € ]F;h. For notational convenience we will use Np to denote

Ny(Qp(a)). Then, for j = 1,--- , Np there exist A g j) where A jy C I, and |Ap ;)| =t
such that PY) () & [laca, (@ +a) = @p(a). By Theorem 6.6, we have Np > (¢ —
1)gt "1 for every B — let us denote by N this latter quantity. Recalling the definition of
Q. we have that for any (B, j), —2- = —Pg) (c), or equivalently r(a)-i—Pg) () Lp(ar) =

> Lp(a)
0. Since FE is the irreducible polynomial of « over FF,, this implies that F(z) divides

PY(z)Lp(z) + r(x) in F,[z].
Finally we define T](; ) (x) to be a polynomial of degree k = ¢ + £ — h such that

I+

T3 (2)E(z) = PY (z)Lp(z) + r(z). (6.6)

Clearly T]gj)(—a) equals r(—a)/E(—a) for each a € A(p ;) and thus the polynomial Tg)
agrees with y on at least ¢ positions. To complete the proof we will give a lower bound
on the number of distinct polynomials in the collection {Tg )}. For a fixed B, out of the

Npg choices for Pg ) , t! choices of j would lead to the same® polynomial of degree ¢. Since

1_1)

Np > N, there are at least (qf-i-ti!]v choices of pairs (B, j). Clearly for j; # jo the

polynomials Pgl) (z) and PgZ) (x) are distinct, however we could have ng)(m)L B, (z) =
Plgj;)(ac)LB2 (z) (both are equal to say S(z)) leading to Tgll)(x) = Tjgf)(:n). However the
degree of S is at most t+¢ = k+ h, and hence S can have at most £+ h roots, and therefore

at most (**"*) factors of the form [],_(z +a) with |T| = ¢. It follows that no single degree

t
k polynomial is counted more than (thrh

must be at least

) times in the collection {Tg )}, and hence there

(¢ - 1)N q*

>
IO IREIGY

distinct polynomials among them, where we used N = (t—1)g* "1 and (¢*"1-1)(t—1) >
¢t =g since k=t + £ — h. O

SIf {a1,--- ,a;) is a solution of the equation 8 = []i_,(a + a;) then so is (@g(1)s*** > @o(r)) for any
permutation o on {1,--- , t}.
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6.4.3 High Rate Reed-Solomon Codes

We now consider the case of constant rate Reed-Solomon codes. We start with the main
result of this subsection.

Theorem 6.10. Let L > 2 be an integer. Let p = aL + 1 be a prime and define t = bL
forany 1 < b < a— 1. Let the received word r be the evaluation of R(X) = X* over .
Then there are () many codewords in RS[n = p,k = (b— 1)L + 1]s, that agree withr in
at least t places.

To get some interesting numbers, let’s instantiate the parameters in the above theorem.
First we need the following result (we will prove this later in the subsection):

Lemma 6.6. For every0 < e < 1/(c, — 1), where 1 < ¢y, < 6, there exists infinitely many
L with prime p = aL + 1 such that a is ©(L*).

Corollary 6.11. Let p be a prime that satisfies Lemma 6.6 for some €. Then there exists
at least 220" codewords in RS[n = p,k = Q(n),d = n — k + 1]r, with agreement
t =k + ©(nt/(+e),

Proof. Setb = |(1 — d)a] + 1 for some 6 > 0. Thus, k = (b— 1)L > [(1 —d)al] =
O(aL) = ©(n). Further, t = bL. = k + L = k + ©(n'/(1*9)). The last part follows from
the fact that n = ©(L'*¢). Finally, the number of codewords is at least (b%l) 1= 900 =
2010+, =

If one is satisfied with super polynomially many codewords, say 2*(® for some w(n) =
w(logn), then choosing ¢ = —<28%(")__ (for some suitable constant c), gives an agree-

log n—clogw(n)
mentt =k + © ((w(n)) )

Proof of Theorem 6.10. The basic idea is to find a “lot” of ¢-tuples (y1,¥2, .. .,¥:) € I},
(where for every i # j, y; # y;) such that the polynomial Py, .. 4,)(X) = [[i, (X —v;) is
actually of the form

t—L
X' 4D X
j=1
where ¢;_;, can be 0.7 The above is equivalent to showing that (yi,...,%;) satisfy the
following equations
yi+ys+-y;, =0 s=1,2,...L—-1 (6.7)

We give an “explicit” description of at least ( ) distinct (y1, - .., y:) such tuples.

"Then R(X) — Py, ... y,)(X) is of degree t — L = k — 1 as needed.
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a

Let I, be generated by v and set & = 7“. Note that the order of « is exactly L.
Now consider the “orbits” in IF; under the action of «. It is not too hard to see that for
0 < i < a, the i*" orbit is the set 7*A, where A = {1,a,0?,...,al"1}. We will call ¢
the “representative” of the i*® orbit. Consider all subsets {7, ...,4_1} € {0,1,...,a—1}
of size b. Each such subset corresponds to a tuple (yi,...,%;) in the following manner
(recall that ¢ = bL). For subset {ig, . ..,4_1}, define y4r. 4, = y*¢a”, where 0 < d < b and
0 < r < L. Note that each such subset {7, ..., 41} implies a distinct tuple (y1, - .., y;)-
Thus, there are (‘;) such distinct tuples.

To complete the proof, we will now verify that (6.7) holds for every such tuple (y1, . .., ¥:).

Indeed by construction, fors =1,...,L — 1:
t b—1 ols — 1
S-S (L) - X (55 o
j=1 d=0

where the last inequality follows from the the fact that the order of v is L. [
We now turn to the proof of Lemma 6.6. First we need the following result, which is a
special case of Linnik’s theorem:

Theorem 6.12 ([78]). There exists a constant cp, 1 < cy, < 6, such that for all sufficiently
large d, there exists a prime p such that p < d°“ and p =1 mod d.

Proof of Lemma 6.6. Fix any 0 < ¢ < CL%l
distribute” the product bd as aL, where a = O(L?).
Let d = 2" be sufficiently large so that it satisfies the condition of Theorem 6.12. Thus,
by Theorem 6.12, p = bd + 1 is prime for some 1 < b < 27¢2=1 Let 2! < b < 2¢*! for
some i € [0,7(c,—1)—1]. Now we consider two cases depending on whether i < i = |re|
or not.
First consider the case when i < 4. Here define z; = [ 55 zJ Finally, let a = 2% and

L = 2"7%_ First note that 0 < z; < r and thus, @ and L are well defined. Also note that
e _ b L
Le o 9¢e(r—z;) 2
where the inequality follows from the fact that for all positive reals |y| > y—1and b > 2
Similarly, one can show that a/L¢ < 4 and thus, a = ©(L?) as required.
Now we consider the case when 7 > 4. In this case define z; = | ——~ fi’;’l)J Finally, let
a =2""% and L = b2%. Note that z; < r. Also note thatas i + 1 < r(c;, — 1), z; > 0 and
thus, a and L are well defined. As before, we first lower bound
a or—; or—z;
-— = > -
Le beewi 92¢e(i+1)+ez;

The basic idea of the proof is to “re-

— b2(1+e)ml re > 212(1—1—5)(” 1) —re—1 __ 1

Y

_ 2r7(1+6)mi75(i+1) > 1’

where the first inequality follows from b < 2¢*! and the second follows from the fact
that for all positive y, [y] < y. Similarly one can show that 7+ < 4, which implies that
= O(L?) as required. O
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Smooth Variation of the Agreement

In this section, we will see how to get rid of the “restriction” that ¢ has to be a multiple of
L in Theorem 6.10.

Theorem 6.13. Let L > 2and 0 < e < L be integers. Let p = aL+1 be a prime and define
t =bL+eforanyl < b < a—1. Let the received word r be the evaluation of R(X) = X*
over B, Then there are (") many codewords in RS[n = p,k = (b— 1)L + 1 + €], that
agree with r in at least t places.

Since the proof is very similar to that of Theorem 6.10, we will just sketch the main
ideas here. The basic argument used earlier was that every ¢-tuple (y1, o, - . ., y;) Was cho-
sen such that the polynomials P, .,)(X) and R(X) agreed on the first t — k co-efficients
and the RS codewords were simply the polynomials R(X) — Py, ...)(X). Now the simple
observation is that for any fixed polynomial D(X) of degree e we can get RS codewords of
dimension k' = k + e by considering the polynomials D(X) (R(X) — P,...,,)(X)). The
new agreement ¢’ is with the new received word R'(X) = R(X)D(X). Now t' — ¢ is the
number of roots of D(X) that are not in the set {y1, ..., y:}.

Thus, we can now vary the values of k by picking the polynomial D(X) of differ-
ent degrees. However, the difference ¢ — k&’ might go down (as an arbitrary polynomial
D(X) of degree e might not have e roots and even then, some of them might be in the set
{y1,..-,y:}). To get around this, while choosing the tuples (y1,...,y:), we will not pick
any elements from one of the a cosets (recall that the tuples (y1, . . ., y;) are just a collection
of b out of the a cosets formed by the orbits of « = 7, where y generates Fy). This reduces
the number of tuples from () to (*,'). Now we pick an arbitrary subset of that coset of
size 0 < e < L—say the subset is {z1, . .., z }. Finally, pick D(X) = [];_,(X — z). Note
that this implies that t' = ¢ + e as desired.

6.5 Bibliographic Notes and Open Questions

Results in Section 6.3 and Section 6.4.2 appeared in [59] while those in Section 6.4.3 are
from [62].

Our work, specifically the part that deals with precisely describing the collection of
polynomials that take values only in [, bears some similarity to [51] which also exhibited
limits to list recoverability of codes. One of the simple yet powerful ideas used in [51],
and also in the work on extractor codes [101], is that polynomials which are r’th powers
of a lower degree polynomial take only values in a multiplicative subgroup consisting of
the r’th powers in the field. Specifically, the construction in [101, 51] yields roughly ns
codewords for list recovery where / is the size of the S;’s in Definition 6.1. Note that this
gives super-polynomially many codewords only when the input lists are asymptotically
bigger than n/k.

In our work, we also use r’th powers, but the value of r is such that the r’th powers
form a subfield of the field. Therefore, one can also freely add polynomials which are r’th
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powers and the sum still takes on values in the subfield. This lets us demonstrate a much
larger collection of polynomials which take on only a small possible number of values at
every point in the field. Proving bounds on the size of this collection of polynomials used
techniques that were new to this line of study.

The technique behind our results in Section 6.4.2 is closely related to that of the result of
Cheng and Wan [25] on connections between Reed-Solomon list decoding and the discrete
logarithm problem over finite fields. However, our aim is slightly different compared to
theirs in that we want to get a large collection of codewords close by to a received word. In
particular in Theorem 6.6, we get an estimate on N;(3) while Cheng and Wan only require
N;(B) > 0. Also Cheng and Wan consider equation (6.6) only with the choice Lg(z) = 1.

Ben-Sasson, Kopparty and Radhakrishnan in [12], exploiting the sparsity of linearized
polynomials, have shown the following. For every 6 € (0,1) there exits Reed-Solomon
code of block length n and dimension n° + 1, which contains super-polynomial many code-
words that agree with a received word in at least nVe positions. Also they show for constant
rate Reed-Solomon codes (where the rate is R > 0), there exists a received word that has
agreement R'N (where R’ > R) with roughly N?(°8(1/E) codewords. The received word
in the above constructions, however, is not explicit. Ben-Sasson et al. also construct an ex-
plicit received word that agrees with super-polynomially many Reed-Solomon codewords
in w(k) many places, where k = n® + 1 is the dimension of the code. However, their results
do not give an explicit bad list decoding configurations for constant rate Reed-Solomon
codes. The results in [12] do not work for prime fields while the results on explicit received
words in this chapter do work for prime fields.

We conclude with some open questions.

Open Question 6.1. We have shown that RS codes of rate 1/ cannot be list recovered with
input lists of size £ in polynomial time when { is a prime power. Can one show a similar
result for other values of {?

Using the density of primes and our work, we can bound the rate by O(1/¢), but if it is
true it will be nice to show it is at most 1/¢ for every ¢.

We have shown that the v/kn’ bound for polynomial reconstruction is the best possible
given n' general pairs (3;,7;) € F? as input. It remains a big challenge to determine
whether this is the case also when the £3;’s are all distinct, or equivalently

Open Question 6.2. Is the Johnson bound is the true list decoding radius of RS codes?

We conjecture this to be the case in the following sense: there exists a field [ and a
subset of evaluations points .S such that for the Reed-Solomon code defined over [F and S,
the answer to the question above is yes. One approach that might give at least partial results
would be to use some of our ideas (in particular those using the norm function, possibly
extended to other symmetric functions of the automorphisms of Fy~ over IF;) together with
ideas in the work of Justesen and Hoholdt [70] who used the Trace function to demonstrate
that a linear number of codewords could occur at the Johnson bound. Further, the work of
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Ben-Sasson et al. [12] gives evidence for this for RS codes of rate n~° for constant € close
to 0.

Open Question 6.3. Can one show an analog of Theorem 6.6 on products of linear factors
for the case when t is linear in the field size q (the currently known results work only for t
up to q'/?)?

This is an interesting field theory question in itself, and furthermore might help to-
wards showing the existence of super-polynomial number of Reed-Solomon codewords
with agreement ¢t > (1+ ¢)k for some ¢ > 0 for constant rate (i.e. when k is linear in n)? It
is important for the latter, however, that we show that N;(f3) is very large for some special
field element 3 in an extension field, since by a trivial counting argument it follows that
there exist 8 € T, for which N,(8) < (%) /(¢" — 1).

t



