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What is a Tridiagonal Matrix?

» Atridiagonal matrix has nonzero elements on the main
diagonal, the first diagonal below this (sub-diagonal), and the
first diagonal (super-diagonal) above the main diagonal only.

* An example of tridiagonal matrix is as follows:

[[2 8 0 0 0]
[37 5 0 0]
[0 365 0]
[0 0 5 3 8]
(0 0 0 2 8]]
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« Atridiagonal matrix can be used to denote a system of linear
equations of the form AX = b as follows:

[[2:8.0 8.0] 1] 1 ] [[6]
[3 7 500] [ x2"] [9]
@ 3650] '3l = [6]
[0 053 8] ['x4'] [1]
[00:0.2.8]] 1511 [1]]

» The equations for this system can be written as:
* 2X, + 8X;3 —
e 3X;+ /X, +5X; =
e 3X, +6X;+5X, =
e DX;+3X, +8Xs =
o 2X, + 8Xg .
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Possible Solutions

» Such systems of linear equations can be solved using the
traditional techniques such as:
« Cramer’s rule (Ideally feasible for n < 9)

» Gauss Elimination (Okay for n < 300)

» For solving tridiagonal systems of equations, special
techniques exist which utilize the properties of these matrices
to reduce calculations.

* Cyclic Reduction

* Prefix Product
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L, D, U Matrices

» The tridiagonal matrix is interpreted as:
 L:Sub-diagonal (Green)
 D: Main diagonal (Yellow)

« U: Super-diagonal (Blue)

[[2Q0 0 0] [['x1'] [[6]
[3.7 50 0] ['x2'] [9]
[0 Qb6 @2] ['x3'] = [6]
[0 053 8] ['x4'] [1]
[0 0 028]] ['x5']] [1]]

A X b

* Here, L, and Uc are both identity matrices of size 1.
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Prefix Operations

Prefix operations gives us the intermediate results on performing a
particular operation on data.
For example, performing the prefix sum operation on the following

data:

12 3 4 5 6 7 8 9 10
1 3 6 10 15 21 28 36 45 55

This concept comes in handy when solving the problem at hand.
The solution for the nt can be calculated by multiplying the nt" prefix

with the first one.
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Parallel Prefix

» In a parallel setting, the parallel prefix operation takes * Only TP is exchanged by processors in all
O(logn) operations. steps.

 In each step, the processors communicate with other  If processor k receives the TP, value from

processors which are apart from it in powers of two. processor X, then:
* Step 1: 2° apart e If rank(k) < rank(x):
« Step 2: 21 apart
e Step 3: 22 apart and so on. © TP =TP. TP
» Each processor maintains 2 values, its local prefix * If rank(k) > rank(x):
and the total prefix, denoted by SP and TP in this « TP =TP. TP

case. e SP =SP. TP
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Parallel Prefix Example
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Initial Data 2 3 4 Initial Data 5 6 7 8
— N
o o
(7)) 7]
(2] 7p]
(] (D)
[&] [&]
= o
o a
Initial Data 10 11 12 Initial Data 13 14 15 16
™ <
o o
(7] 7]
(2] 7p]
() (D)
(&] [&]
2 =
o a
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Parallel Prefix Example
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Initial Data 2 3 4 Initial Data 5 6 7 8
Ser:f" 3 6 10 Ser:f" 5 11 18 26
- Prefix ~ Prefix
o o
(7)) 7]
(2] 7p]
(] (D)
[&] [&]
= =
o a
Initial Data 10 11 12 Initial Data 13 14 15 16
Serial 19 30 42 Sl 13 27 42 58
. Prefix = Prefix
o o
(7] 7]
(2] 7p]
() (D)
(&] [&]
2 =
o a
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Parallel Prefix Example
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Initial Data 2 3 4 Initial Data 5 6 7 8
Ser:f" 3 6 10 Ser:f" 5 11 18 26
- Prefix o Prefix
é SPy TPy ?, SPy TP,
] n
8 Pal’a”el Initialize Spk and Tpk lo 10 8 Para”el |I’\itia|iZe Spk a.nd Tpk 26 26
o o
x Prefix = Prefix
Initial Data 10 11 12 Initial Data 13 14 15 16
Serial 19 30 42 serial 13 27 42 58
. Prefix = Prefix
o Spk T, 5 <, T,
a n
8 Para”el Initialize Spk and Tpk 42 42 8 Para”el |nitia|iZe Spk and Tpk 58 58
ne_ Prefix Q“C_) Prefix
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Parallel Prefix Example

Initial Data 1 2 3 4 Initial Data 5 6 7 8
Ser:f" 1 3 6 10 Ser:f" 5 11 18 26
- Prefix ~ Prefix
§ Communication With SP TP, é Communication With SP, TP,
(7] [7p]
§ Parallel Initialize SP, and TP, 10 10 § Parallel Initialize SP, and TP, 26 26
a Prefix Processor 2 10 36 a Prefix Processor 1 36 36
Initial Data 9 10 11 12 Initial Data 13 14 15 16
Serial 9 19 30 42 serial 13 27 42 58
. Prefix = Prefix
?, Communication With Spk TP, § Communication With SP, TP,
(%3] (7]
§ Parallel Initialize SP, and TP, 42 42 § Parallel Initialize SP, and TP, 58 58
a Prefix Processor 4 42 100 a Prefix Processor 3 100 100




University at Buffalo

Y8 | School of Engineering and Applied Sciences

Parallel Prefix Example

Initial Data 1 2 3 4 Initial Data 5 6 7 8
Ser:f" 1 3 6 10 Ser:f" 5 11 18 26
- Prefix ~ Prefix
§ Communication With SP TP, ?, Communication With SP, TP,
(%) (%))
g Parallel Initialize SP, and TP, 10 10 § Parallel Initialize SP, and TP, 26 26
a Prefix Processor 2 10 36 o Prefix Processor 1 36 36
Processor 3 10 136 Processor 4 36 136
Initial Data 9 10 11 12 Initial Data 13 14 15 16
Serial 9 19 30 42 serial 13 27 42 58
- Prefix = Prefix
§ Communication With Spk TP, § Communication With SP, TP,
(%) 0
§ Parallel Initialize SP, and TP, 42 42 § Parallel Initialize SP, and TP, 58 58
a Prefix Processor 4 42 100 a Prefix Processor 3 100 100
Processor 1 78 136 Processor 2 136 136
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Parallel Prefix Example
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Initial Data 1 2 3 4 Initial Data 5 6 7 8
Serial 1 3 6 10 Serial 5 11 18 26
. Prefix ~ Prefix
é Communication With SP TP, ‘;g Communication With SP, TP,
(2] (%]
§ Parallel Initialize SP, and TP, 10 10 § Parallel Initialize SP, and TP, 26 26
a Prefix Processor 2 10 36 o Prefix Processor 1 36 36
Processor 3 10 136 Processor 4 36 136
Final Data Final Data
Initial Data 9 10 11 12 Initial Data
Serial 9 19 30 42 serial 13 27 42 58
- Prefix Prefix
§, Communication With Spk TP, Communication With SP, TP,
(7]
§ Parallel Initialize SP, and TP, 42 42 Parallel Initialize SP, and TP, 58 58
a Prefix Processor 4 42 100 Prefix Processor 3 100 100
Processor 1 136 Processor 2 136 136
Final Data Final Data
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Parallel Prefix Example
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Initial Data 1 2 3 4 Initial Data 5 6 7 8
Ser:f" 1 3 6 10 Ser:f" 5 11 18 26
- Prefix ~ Prefix
é Communication With SP TP, § Communication With SP, TP,
(2] 0
§ Parallel Initialize SP, and TP, 10 10 § Parallel Initialize SP, and TP, 26 26
a Prefix Processor 2 10 36 a Prefix Processor 1 36 36
Processor 3 10 136 Processor 4 36 136
Final Data 1 3 6 10 Final Data 15 21 28 36
Initial Data 9 10 11 12 Initial Data 13 14 15 16
Serial 9 19 30 42 serial 13 27 42 58
. Prefix = Prefix
§ Communication With Spk TP, ?, Communication With SP, TP,
(2] 7p]
§ Parallel Initialize SP, and TP, 42 42 § Parallel Initialize SP, and TP, 58 58
a Prefix Processor 4 42 100 a Prefix Processor 3 100 100
Processor 1 78 136 Processor 2 136 136
Final Data 45 55 66 78 Final Data 91 105 120 136
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Sequential Algorithm

 Getl, D, U, X, ymatrices

« Compute U1 f and the following:

D; = —U; 'D;
L =-U"L
bi= U 'b
« Construct B, as ~ _
D; L b
B=|1 0 O
0 0 1

» Perform prefix product operation on the B, matrices and store itin S

where S; which denotes the prefix product of it" B matrix.

16
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Sequential Algorithm

» After computing the prefix of each matrix in S8, the solutions can be
calculated using:
Yit1 = BiYi = BiBi—1Yi-1 = --- = BiBi_1Bi—2> - - - B1Y3
= SfY] where Sf = Bfo_1Bf_2 s B1.

Xi+1
= Xf
1

. Here, Y1is calculated as follows: Y7 = [x1 %o 1]"
where X, is a zero matrix from boUndary conditions and
X, IS
x1 = —[Sy'17'Sy’
17
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06

18
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b
L
D
U

19
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Sequential Example

« Suppose we have the following three equations we want to solve:
le + 1x, = 0
le + Ix2 + 8xy; =9

Ix2 + Ix3 = 06

20



University at Buffalo

Y8 | School of Engineering and Applied Sciences

Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b [6, 9, 6]
L [1, 2, 3]
D [1, 7, o]
U [l/ II I]
1

-1 ; P —
U (1 X 1 matigis value in 1 X 1 matrix

21
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b [6, , 6]
L [1, 2, 3]
D [1, 7, o]
U 1, 8, i
1

-1 ; P —
U [1, -’ I] mv(lX1mat”x)_value inlX1matrix

22
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b [6, 9, 6]
L (1, 2, 3]
D 1, i B
U [1, 8, 1]
U 1, S [
D~ D; = —-U;'D;

23
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b [0, 9, 6]
L [1, 2, 3]
D SV B
U [1, 8, 1]
U (1, 0eS 0
D- -1, EONGES 881 | bi=-u7'D

24
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b [0, 9, 6]
L (1, 2, ]
D [1, 7, 5]
U [1, 8, 1]
v 1, s b
D~ [-1, -0.875, =-5]
L~ L=-U7'L

25
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b [6, 9, 6]
L (1, 2, ]
D [1, 7, 5]
U [1, 8, 1]
Ul 1, s b
D~ (-1, -0.875, -5]
L~ -1, [FON28, B8 L = UL

26
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b 6, B B
L [1, 2, 3]
D [1, 7, 5]
U [1, 8, 1]
U 1, s b
D~ (-1, -0.875, -5]
L~ (-1, -0.25, -3]
b~ bi= U7'b -
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b 6, B B
L [1, 2, 3]
D [1, 7, 5]
U [1, 8, 1]
U 1, S b
D~ [-1, -0.875, -5]
L~ [-1, -0.25, -3]
b~ (6, 1.125, 6] bi= U 'b; o8
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Sequential Example

« Suppose we have the following three equations we want to solve:

1x, + 1x, = 0
2x, + 1x, + 8xy; =9
3x, + 5x5 = 06
X [xX1, Xoy X3]
b 6, B B
L [1, 2, 3]
D [1, 7, 5]
U [1, 8, 1]
U 1, S b
D~ [-1, -0.875, -5]
L~ [-1, -0.25, -3]
b~ (6, 1.125, 6] bi= U 'b; 29
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D~ [-1, -0.875, -5]
Sequential Example L] 1, -0.25, -3
b [6, 1.125, 6]

Lo i=2 i= 3

30
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D~ [-1, -0.875, -5]
Sequential Example L] 1, -0.25, -3
b [6, 1.125, 6]

ol i=2 i=3

—

(e NeNwl

31
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D~ -1, ~0.875, -5]
3 L~ -1, -0.25, -3
Sequential Example | |
b~ [6, 1.125, 6]
i =1 i=2 i =3

-1 -1 6 —-0.875 —0.25 1.125 -5 -3 6

B ID O O] ID 0 0 ] ID 0 O]

0 0 1 0 0 1 0 0 1

(e NeNwl

b
0
1

32
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D™ | [-1, -0.875, -5]
S t lE 1 L~ | [-1, -0.25, -3]
equential Example
b~ | 6, 1.125, 6]
i = i=2 i =3
-1 -1 6 —-0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 0] ID 0 0]
0 0 1 0 0 1 0 0 1
S |

33
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D~ -1, ~0.875, -5]
3 L~ -1, -0.25, -3
Sequential Example | |
b~ [6, 1.125, 6]
i =1 i=2 i =3
-1 -1 6 —0.875 —0.25 1.125] -5 -3 6
B ID O O] ID 0 0 ID 0 O]
0 0 1 0 0 1 0 0 1
-1 -1 6
: H Lo 0],
0 0 1

34
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D~ -1, ~0.875, -5]
3 L~ -1, -0.25, -3
Sequential Example | |
b~ [6, 1.125, 6]
i =1 i=2 i =3
-1 -1 6 —0.875 —0.25 1.125] -5 -3 6
B ID O O] ID 0 0 ID O O]
0 0 1 0 0 1 0 0 1
-1 -1 6
: H Lo o},
0 0 1

35
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D~ -1, ~0.875, -5]
3 L~ -1, -0.25, -3
Sequential Example | |
b~ [6, 1.125, 6]
i =1 i=2 i =3
-1 -1 6 —-0.875 —-0.25 1.125 -5 -3 6
B ID O O] ID 0 0 } ID O O]
0 0 1 0 0 1 0 0 1
-1 -1 6 0.625 0.875 —4.125
: H1 : o}, [_1 s ] ]
0 0 1 0 0 1

36
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D™ | [-1, -0.875, -5]
Sequential Example e, 025, 3
b~ | [6, 1.125, 6]
i=1 i=2 1 =3
-1 -1 6 —-0.875 —0.25 1.125
B ID 0 0] ID 0 0]
0 0 1 0 0 1
-1 -1 6
T -
0 0 1

37
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D~ -1, ~0.875, -5]
3 L” -1, -0.25, -3
Sequential Example | |
b~ [6, 1.125, 6]
i =1 1 =2 i =3
-1 -1 6 —-0.875 —0.25 1.125
B ID O O] ID 0 0 ]
0 0 1 0 0 1
-1 -1 6 —0.125 —-1.375 8.625
S H 1 0 0], ) [ 0.625 0.875 —4.125“
0 0 1 0 0 1

38
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D~ | [-1, ~0.875, -5]
: L~ -1, -0.25, -3]
Sequential Example |
b~ | e, 1.125, 6]
i =1 i=2 i=3
-1 -1 6 ~0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 0] ID 0 0]
0 0 1 0 0 1
- —1 6 0625 0875 —4.125] [-0.125 —1.375 8.625
S H ] [ 6 ] [ 0.625  0.875 —4.125”
1 0 0 1
Yl
Y1 = [x1 % 1]

39
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D~ | [-1, ~0.875, -5]
: L~ -1, -0.25, -3]
Sequential Example |
b | 6, 1.125, 6]
i =1 i=2 i =3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 0] ID 0 0]
0 0 1 0 0 1
- —1 6 0625 0875 —4.125] [-0.125 —1.375 8.625
S H ] [ 6 ] [0.625 0.875 —4.125”
1 0 0 1
X1
Yl
Y1 = [x1 % 1]

_ _[511,1]—15&3

40
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D~ -1, ~0.875, -5]
. L~ (-1, -0.25, -3]
Sequential Example
b~ (6, 1.125, 6]
i=1 i=2 1 =3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 o ID 0 0 ID 0 0
0 0 1 0 0 1
— —1 6 0625 0875 —4.125 —0.125 —1.375 8.625 Si Sy SN
S H ] [ 6 ] 0.625 0.875 —4.125 S8 Sy Sy
1 0 0 1 0. 0.1 5
X9
Yl
Y1 = [x1 % 1]

_ _[511,1]—15&3

41
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D~ -1, ~0.875, -5]
. L~ (-1, -0.25, -3]
Sequential Example
b~ (6, 1.125, 6]
i=1 i=2 1 =3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 o ID 0 0 ID 0 0
0 0 1 0 0 1
— —1 6 0625 0875 —4.125 —0.125 —-1.375 8.625 Si Sy SN
S H ] [ 6 ] 0.625 0.875 —4.125 S8 Sy Sy
1 0 0 1 0. 0.1 5
X9
Yl
Y1 = [x1 % 1]

_ _[511,1]—15&3

42
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D~ -1, ~0.875, -5]
. L~ (-1, -0.25, -3]
Sequential Example
b~ (6, 1.125, 6]
i =1 i =2 i = 3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 o ID 0 0 ID 0 0
0 0 1 0 0 1
— —1 6 0625 0875 —4.125 —0.125 —-1.375 8.625 Si Sy SN
S H ] [ 6 ] 0.625 0.875 —4.125 S8 Sy Sy
1 0 0 1 0. 0.1 5
X, | 69
Yl
Y1 = [x1 % 1]

_ _[511,1]—15&3

43
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D~ | [-1, -0.875, -5]
: L~ [-1, -0.25, =-3]
Sequential Example
b~ | [6, 1.125, 6]
i=1 i=2 i=3
-1 -1 6 —-0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 0] ID 0 0]
0 0 1 0 0 1
- —1 6 0625 0875 —4125] [-0.125 —1.375 8.625
S H ] [ 6 ] [0.625 0.875 —4.125”
1 0 0 {
X, | 69
Y, | [69, 0, 1]
Y1 = [x1 % 1]

44
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D~ | [-1, -0.875, -5]
. - -1, -0.25, -3]
Sequential Example |
b~ | [6, 1.125, 6]
i=1 i=2 i=3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 o] ID 0 0]
0 0 1 0 0 1
— —1 6 0625 0875 —4.125 —0.125 -1.375 8.625
S H ] [ 6 ] [0.625 0.875 —4.125”
1 0 0 1
X, | 69
Y, | [69, 0, 1]°
Y

Yit1 = BiY; = BBi_1Yi_1 = --- = BiB;_

= S;Y; whereS; = BB;_{B;_;--

Xit+1
= | Xj
1

1Bi—2 - - - B1Y;
-B;q.

45
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D~ -1, ~0.875, -5]
3 - -1, -0.25, -3]
Sequential Example |
b~ [6, 1.125, 6]
i =1 1 =2 i =3
-1 -1 6 —-0.875 —0.25 1.125 -5 -3 6
B ID 0 O] ID 0 O] ID 0 O]
0 0 1 0 0 1
— —1 6 0625 0875 —4.125 —0.125 -1.375 8.625
S H ] [ 6 ], [0.625 0.875 —4.125”
1 0 0 1
X, | 69
Y, [69, 0, 1]%
Y

Yit1 = BiY; = BBi_1Yi_1 = --- = BiB;_

= S;Y; whereS; = BB;_{B;_;--

Xit+1
= | Xj
1

1Bi—2 - - - B1Y;
-B;q.

46
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D~ | [-1, -0.875, -5]
. - -1, -0.25, -3
Sequential Example | |
b~ | I[6, 1.125, 6]
i=1 i=2 i =3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 0] ID 0 0]
0 0 1 0 0 1
— —1 6 0625 0875 —4.125 —0.125 -1.375 8.625
S H ] [ 6 ] [0.625 0.875 —4.125”
1 0 0 1
X, | 69
Y, | [69, 0, 1]°
Y [[69, 0, 1]°7

Yit1 = BiY; = BBi_1Yi_1 = --- = BiB;_

= S;Y; whereS; = BB;_{B;_;--

Xit+1
= | Xj
1

1Bi—2 - - - B1Y;
-B;q.

47
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D~ | [-1, -0.875, -5]
. - -1, -0.25, -3
Sequential Example | |
b~ | I[6, 1.125, 6]
i=1 i=2 i =3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 0] ID 0 0]
0 0 1 0 0 1
— —1 6 0625 0875 —4.125 —0.125 -1.375 8.625
S H ] [ 6 ] [0.625 0.875 —4.125”
1 0 0 1
X, | 69
Y, | [69, 0, 1]°
Y [[69, 0, 1]

Yit1 = BiY; = BBi_1Yi_1 = --- = BiB;_

= S;Y; whereS; = BB;_{B;_;--

Xit+1
= | Xj
1

1Bi—2 - - - B1Y;
-B;q.

48
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D~ -1, -0.875, -5]
: L~ [-1, -0.25, =-3]
Sequential Example
b~ [6, 1.125, 6]
i=1 i =2 i =3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 0 ID 0 0
0 0 1 0 0 1 0 0 1
-1 -1 6 0.625 0.875 —4.125 —0.125 -1.375 8.625
S H1 0 0}, [—1 —1 6 ] [0.625 0.875 —4.125”
0 0 1 0 0 1 0 0 1
X, | 69
Y, | [69, 0, 1]°
Y [[69, 0, 1]

Yis1 = BiY; = BiBi_1Yi_1=---=BBi_1Bi_»---B1Y;
= SjY] where 51' = BjBi_1Bi_2 tee Bl.

Xit+1
= | Xj
1

49
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D~ (-1, -0.875, -5]
. L~ (-1, -0.25, -3]
Sequential Example
b~ [6, 1.125, 6]
i=1 i =2 i = 3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 0] ID 0 0 ID 0 0
0 0 1 0 0 1 0 0 1
-1 -1 6 0.625 0.875 —4.125 —0.125 —-1.375 8.625
S H1 0 0}, [—1 -1 6 ] [0.625 0.875 —4.125”
0 0 1 0 0 1 0 0 {
X, | 69
Y, | [69, 0, 1]°
Yy [[69, 0, 1]°

Yis1 = BiY; = BiBi_1Yi_1=---=BBi_1Bi_»---B1Y;
= SjY] where 51' = BjBi_1Bi_2 tee Bl.

Xit+1
= | Xj
1
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D~ | [-1, ~0.875, -5]
5 L~ (-1, -0.25, -3]
Sequential Example
b~ [6, 1.125, 6]
i =1 i =2 i =3
-1 -1 6 —0.875 —-0.25 1.125 -5 -3 6
B ID 0O O ID 0 0 ID 0O O
0 0 1 0 0 1 0 0/ /1
-1 -1 6 0.625 0.875 —4.125 —0.125 -1.375 8.625
S H 1 0 O0f, -1 -1 6 , 0.625 0.875 —4.125
0 0 1 0 0 1 0 0 1
X, | 69
Y, [69, 0, 11T
Y [69, O, 117 [-63, 69, 11T
Yit1 = BiY; = BBi_1Yi_1 = --- = BiBi_1B;_> - - - B1Y}

= SjY] where 51' = BjBi_1Bi_2 tee Bl.

Xit+1
= | Xj
1

o1
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D~ | [-1, ~0.875, -5]
. - (-1, -0.25, -3]
Sequential Example
b~ [6, 1.125, 6]
i =1 i =2 i =3
-1 -1 6 —0.875 —-0.25 1.125 -5 -3 6
B ID 0 O ID 0 0 ID 0O O
0 0 1 0 0/ /1
— —1 6 0625 0875 —4.125 —0.125 -1.375 8.625
S 6 ) 0.625 0.875 —4.125
1 0 0 1
X, | 69
Y, [69, O, 117
Y [69, O, 117 [-63, 69, 11T
Yit1 = BiY; = BBi_1Yi_1 = --- = BiBi_1B;_> - - - B1Y}
=SjY] whereS,-:B,-B,-_lB,-_z---Bl.

Xit+1
= Xi
1

52



University at Buffalo

Y8 | School of Engineering and Applied Sciences

D~ | [-1, ~0.875, -5]
5 L~ (-1, -0.25, -3]
Sequential Example
b~ [6, 1.125, 6]
i =1 i =2 i =3
-1 -1 6 —0.875 —-0.25 1.125 -5 -3 6
B ID 0O O ID 0 0 ID 0O O
0 0 1 0 0 1 0 0/ /1
-1 -1 6 0.625 0.875 —4.125 —0.125 -1.375 8.625
S H 1 0 O0f, —1 -1 6 , 0.625 0.875 —4.125
0 0 1 0 0 1 0 0 1
X, | 69
Y, | [69, 0, 1]°
Y [69, O, 117 [-63, 69, 11T
Yit1 = BiY; = BBi_1Yi_1 = --- = BiBi_1B;_> - - - B1Y}

= SjY] where 51' = BjBi_1Bi_2 tee Bl.

Xit+1
= | Xj
1
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D~ | [-1, ~0.875, -5]
5 L~ (-1, -0.25, -3]
Sequential Example
b~ [6, 1.125, 6]
i =1 i =2 i =3
-1 -1 6 —0.875 —-0.25 1.125 -5 -3 6
B ID 0O O ID 0 0 ID 0O O
0 0 1 0 0 1 0 0/ /1
-1 -1 6 0.625 0.875 —4.125 —0.125 -1.375 8.625
S H 1 0 O0f, —1 -1 6 , 0.625 0.875 —4.125
0 0 1 0 0 1 0 0 1
X, | 69
Y, [69, 0, 11T
Y [69, O, 117 [-63, 69, 11T
Yit1 = BiY; = BBi_1Yi_1 = --- = BiBi_1B;_> - - - B1Y}

= SjY] where 51' = BjBi_1Bi_2 tee Bl.

Xit+1
= | Xj
1
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D~ | [-1, ~0.875, -5]
5 L~ (-1, -0.25, -3]
Sequential Example
b~ [6, 1.125, 6]
i =1 i =2 i =3
-1 -1 6 —0.875 —-0.25 1.125 -5 -3 6
B ID 0O O ID 0 0 ID 0O O
0 0 1 0 0 1 0 0/ /1
-1 -1 6 0.625 0.875 —4.125 —0.125 -1.375 8.625
S H 1 0 O0f, —1 -1 6 , 0.625 0.875 —4.125
0 0 1 0 0 1 0 0 1
X, | 69
Y, [69, 0, 11T
Y [69, O, 117 [-63, 69, 11T [39, -63, 1]°T
Yis1 = BiY; = BiBi_1Yi_1=---=BBi_1Bi_»---B1Y;

= SjY] where 51' = BjBi_1Bi_2 tee Bl.

Xit+1
= | Xj
1
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D™ | [-1, -0.875, -5]
3 - -1, -0.25, -3]
Sequential Example |
b~ | [6, 1.125, 6]
i=1 i=2 i =3
-1 -1 6 —-0.875 —0.25 1.125 -5 -3 6
B ID 0 0 ID 0 0 ID 0 0
0 0 1 0 0 1
- —1 6 0625 0875 —4125] [-0.125 -1.375 8.625
S H ] [ 6 ] [0.625 0.875 —4.125
1 0 0 1
X, | 69
Y, | [69, 0, 1]°
Y [[69, 0, 1]°7 [-63, 69, 11T [39, -63, 1]T
X

Xit1
Yipr = [ X
1
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D™ | [-1, -0.875, -5]
3 - -1, -0.25, -3]
Sequential Example |
b~ | [6, 1.125, 6]
i=1 i=2 i =3
-1 -1 6 —-0.875 —0.25 1.125 -5 -3 6
B ID 0 0 ID 0 0 ID 0 0
0 0 1 0 0 1
- —1 6 0625 0875 —4125] [-0.125 -1.375 8.625
S H ] [ 6 ] [0.625 0.875 —4.125
1 0 0 1
X, | 69
Y, | [69, 0, 1]°
Y |[69, 0, 1]7 [-63, 69, 1]T [39, -63, 1]°T
X

Xit1
Yipr = [ X
1

o7
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D~ -1, -0.875, -5]
: L~ -1, -0.25, -3]
Sequential Example
b~ (6, 1.125, 6]
i=1 i=2 i =3
-1 -1 6 —0.875 —0.25 1.125 -5 -3 6
B ID 0 0 ID 0 0 ID 0 0
0 0 0 0 1 0 0 1
-1 -1 0625 0875 —4.125 —0.125 -1.375 8.625
S H1 0 ] [ 6 |, |0625 0875 —4.125
0 0 1 0 0 1
X, | 69
Y, | [69, 0, 1]°
Y |[69, 0, 1]° [-63, 69, 1]T [39, -63, 1]T
X | x; = 69 X, = —63 x5 = 39

Xit1
Yig1n = | Xi
1
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Parallelizing the Algorithm

» Assign N/P rows to each processor. Then in parallel:

« Compute U1 f and the following:

D; = —U;'D;
L =-U""L
bi = U 'b;.
« Construct B, as ~ _
D; L b
Bb=|1 0 0
0 0 1

» Perform prefix product operation locally on the B, matrices and
store it in SSwhere Ss; which denotes the prefix product of i" B

matrix from the serial step.
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Parallelizing the Algorithm

« The next step is parallel prefix computation.
» After computing the parallel prefix of each matrix in S®, the solutions
can be calculated using:
Yis1 = BiYi = BiBi_1Yi_1 = --- = BiBi_1Bi_» - - - B1Y
= S;Y; whereS; = B;B;_1B;_> - - - B1.

-

» Here, Ylis calculated as follows: Y1 = [%1 Xg 1]T_
where X, is a zero matrix from boundary conditions and
x,is X1 = —[Sy'17'Sy’
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Running Times

Processors >

. 1 2 4 8 16 32 64 128
Equations v
1,024 0.021 0.0261 0.193 1.136 1.209 1.488
1,048,576 12.228 7.587 4.243 2.299 2.153 2.040 2.280 1.144

(in seconds)
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Graphs

MNo. of Processors vs Running Time
2% Equations

1.4

1.2

1.0~

0.8

Running Time
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0.2

0.0
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Number of Processors
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Graphs

MNo. of Processors vs Running Time
2?° Equations

12 ~

10 ~

Running Time

20 21 22 23 24 23 26 27
Number of Processors
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Running Times

(2 tasks per node)

Processes >

Equations v 1 2 4 8 16 32 64 128 256
1,024 0.0209 0.0236 1.5407 1.6852 1.7550 1.8570 2.0251 2.6191 2.6633
1,048,576 10.8038 7.3399 3.7387 2.3350 1.1916 1.0790 1.1787 0.7259 3.7616
33,554,432 118.1773 65.6128 41.2065 35.7604 26.8380 24.7228 20.2991

(in seconds)
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Running Times

Running Time vs Processes (2 Processors per Node)
Number of Equations: 210

2.5

=] wn o
I I I

Running Time of Algorithm

o
Ln
1

0.0

0 1 2 3 4 5 6 i 8
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Running Times

Running Time vs Processes (2 Processors per Node)
Number of Equations: 2720

10 ~

Running Time of Algorithm

0 1 2 3 4 5 6 i 8
Mumber of Processes (Powers of 2) 66
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Running Times

Running Time vs Processes (2 Processors per Node)
Number of Equations: 2725

120 +
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80
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