Parallel Matrix
Multiplication

Presented By: Prasad Shirvandkar

CSE 708

-[ﬁ University at Buffalo The state University of New York




% University at Buffalo The state University of New York

Problem Statement

® Given two matrices of with matrix A being size m x n

and another matrix B being of n x k

® Return Product matrix C with size mxki.e. Ax B

n
C = AilBlj + AiZBZj b s s + Aman - m2=1'4,-k3k,-

wherei=1..m,j=1... k

® Applications:

O Image processing/filtering operations

O Encryption

O Machine Learning operations, etc.
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Sequential Approach

® Simple algorithm of Iterating over B1.1 B1,2 B1,3
each matrices 3 times B2.1 B22 | B2 3
for i from 1 to m:
for j from 1 to n: X
// Iterating over rows/columns for
Sumr;véky of product in grid[i][]] A1,1 A1,2 __——*
for p from 1 to k:
sum <- sum + (A[i]1[p] * BIpl[jl) A2,1 A2,2 ¢
X
C[il[j] = sum
A31  A32 >
return C
® Expensive operation. Takes O(n°) PERY

® Not suitable for large matrices
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Sequential Approach 2

® Strassen Algorithm - Divide and

Conquer Approach A= A Ap . B= By B
. . | Ay A Bs1 Bao
® Divide matrix into 4 sub-matrices of
: : : P, = Ay, - (Byy — B O+ Py — Py, + Pg=C
n/2 dimensions recursively 1= A (B 22) e
. Py = (A1 + A12) - By P, + Py = Ch
® Calculate product using formulas P3 = (As1 + Ass) - By Py + Py = Cy
® Limitations: Py = Agy - (Bnn — Bn) Ps+ P, — Py — P; = Cyp
_ _ Py = (A + Ag) - (Byy + Byy)
O Matrix Size: nxn Bl = (do—di) (B + Bo)
O n power of 2 P; = (Al — A1) - (Bu + Bi)

Runtime: O (n?%)
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Parallel Approach for k=0 to n— 1

Cl:,:] + = A[;, k] - Blk, 1]

® Based on SUMMA algorithm

® Distributed data across processors with p

being Vp and matrix size n X n

® Process of row K broadcasts matrix A row to

the i-th row K i /BK,)
® Process of column K broadcasts matrix B M k
column to the j-th colum L | * 1 -
. o A =S RN Ci)
® Perform matrix multiplication over small set / «
of data locally on each processor Alk) “

Source: http://www.cs.csi.cuny.edu/~gu/teaching/courses/csc76010/slides/Matrix%20Multiplication%20by%20Nur.pdf



http://www.cs.csi.cuny.edu/~gu/teaching/courses/csc76010/slides/Matrix%20Multiplication%20by%20Nur.pdf
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Example

# Initial Data Distribution
P(i,j) contains A(1i,j) and B(1i,j)

for k <- 0 to Vp:
for 1 <- 0 to Vp:
P(1, k) broadcasts A(i,k) to i1-th row
for j <- 0 to Vp:
P(k, j) broadcasts B(k,j) to j-th column

P(l)J) ComDUteS C(17J) == C(l)]) 5 [A(L)k) x B(k)J)]
end

Matrix A
Processor 1 Processor 2
1 2 3 1
1 2 3 1
1 2 3 1
1 2 3 1
Processor 3 Processor 4

Matrix B
Processor 1 Processor 2
1 2 3 1
1 2 3 1
1 2 3 1
1 2 3 1
Processor 3 Processor 4
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Example

Step 1:
Step2  Broadcast A(i,k) i.e. P2 block in this case
Processor 1 Processor 2 Processor 1 Processor 2 Processor 1 Processor 2 Processor 1 Processor 2
1 2 3 1 1 2 3 1 3 2 1 1 1 2 3 1
Broadcast
! 2 g ! ! 2 8 ! 3 2 1 1 Bk, i.e. P3 1 2 3 1
block in this
1 2 3 1 1 2 3 1 1 2 3 1 case 1 2 3 1
1 2 3 1 1 2 3 1 1 2 3 1 1 2 3 1
Processor 3 Processor 4 Processor 3 Processor 4
Processor 3 Processor 4 Processor 3 Processor 4
1 1 2
% 1 2 - 2 2 4 1 2 3 6
1 1 2 X 1 2 = Tk =
2 2 4 1 2 3 6

Repeat above for 'p' times From previous iteration
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Example

Step 3:
P Step 4: No broadcasts since p/2 iterations are done i

P2 broadcasts its blocks in row communicator

| Processor 1 Processor 2 Processor 1 Processor 2
3 1 1 2 1 2 3 1
Processor 1 Processor 2 Processor 1 Processor 2
3 1 1 2 1 2 3 1 3 1 1 2 i | 2 3 1
3 4} 1 2 1 2 3 1 1 2 3 1 1 2 3 1
P3 broadcasts its
blocks in
1 2 3 1 i 1 2 3 1 i 2 3 1 i 2 3 1
communicator
1 2 3 1 ik 2 3 1 Processor 3 Processor 4 Processor 3 Processor 4
Processor 3 Processor 4 Processor 3 Processor 4
1 1 2 6 12 7 14
3 3 6 3 6 6 12 X 1 2 = * =
X 1 2 = + = 1 1 2 6 12 7 14
3 3 6 3 6 6 12
From previous iteration Final P1

From previous iteration Submatrix
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1 0 1 2 1 2
+ = -
1 0 0 0 1 2
Matrix A outer Matrix B outer Initial Matrix C[i,j]
rows rows at P[i,j] +
P(0,0) P(0,1) P(0,0) P(0,1) 2 o 1 2 2 4 3 6
1 2 3 4 1 2 3 4 + = =
2 0 0 0 2 4 3 6
1 2 3 4 1 2 3 4 . = N
Matrix A outer Matrix B outer Initial Matrix Cfi,j] Y
at P[i,j after =
1 2 3 4 1 2 3 4 rows rows P[i.j] op
1 2 3 4 1 2 3 4
+
P00 PUA) P(1.0) P(11) Similar to above Loop K = 2. Processor [0,1] broadcasts along row iin
A and Processor [1, 0] broadcasts along columniin B
Matrix A Matrix B
3 4 1 B 7 14 10 20
+ I = -
3 4 1 2 7 14 10 20
Matrix A outer Matrix B outer Result C of Loop 2 Result C of P[0,0]

rows rows
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Results (Runtime)

Runtims - 120 % 120 Matnx Size Runtime - 600 x 600 Matrix Size
Dan 0.25
0.20411 0.21239
0.20 0.177976 0.176481 0.20 0.185612

0.165647 0.169773

0.156509

0.15 0.122098 0.15
0.108783

£ 2
F 0.0 NM F 010 e

Di05 (iRt 0.05

0.00 0.00

4(2Nx2T) 9(3Nx3T) 16(4Nx 25(5Nx 36(3Nx 64 (4Nx 100 (4N x 4(2Nx2T) 9(3Nx3T) 16(4Nx 25(5Nx 36(3Nx 64 (4Nx 100 (4N x
4T) 5T) 12T) 16T) 25T) 4T7) 5T) 12T) 16T) 25T)

Processors Processors
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Results (Runtime)

Runtime - 1200 x 1200 Matrix Size Runtime - 2400 x 2400 Matrix Size
3.2 9
8 7.43282
24 7
6 48814
5
o 16 2
E E 4 3,27253
-+ 3
0.8 0.499664
+ 0.288879 0.330125 0.285556 0.216449 2 1,23233 0.882044 0.95206
] ' 0.06494 1 \\__‘\0.4:341
= 4(2Nx2T) 9(3Nx3T) 16 (4N 25 (5N 36 (3N 64 (4Nx 100 (4N i
X X X X X X X 4(2Nx2T) 9(3Nx3T) 16 (4N 25 (5N 36 (3N 64 (4Nx 100 (4N
4T) 5T) 12T) 16T) 25T) (2Nx2T) 9 (3N x3T) ,;‘T) X éT) X 1(2T)" 1gT)" 25(T) X

Processors Processors
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Results (Runtime)

Runtime - 5400 x 5400 Matrix Size Runtime - 7200 x 7200 Matrix Size
143 1 108.004 400 T 355383
100
300 +
75 63.4908
200 - 174.078
a§> 1 %9.3245 e
= 50 =
o 100 -+ 68.2303 62.0831
25 197736 13.1132 12.1586
30.3568
— w% e 10.8373
0
4(2Nx2T) 9(3Nx3T) 16(4Nx 25(5Nx 36(3Nx 64 (4Nx 100 (4N x 4(2Nx2T) 9(3Nx3T) 16(4Nx 25(5Nx 36(3Nx 64 (4Nx 100 (4N x
47) 5T) 12T) 16T) 25T) 4T7) 5T) 12T) 16T) 25T)

Processors Processors
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Results (Runtime)

Runtime - 10800 x 10800 Matrix Size

Time

1600 -

1400 -

1200

1000

800 ~

600

400

200 -

~  1234.36

798,133

573.62

0

98.4056
76.6481 36.2244

4 (2Nx2T) 9(3Nx3T) 16 (4N x
4T)

25 (5N x
5T)

Processors

36(3Nx 64 (4Nx 100 (4N x
12T) 16T) 257T)



% University at Buffalo The state University of New York

Results (Speedup)

Speedup Comparison

B 1200x1200 [ 2400x2400 [ 5400x5400 [ 7200x7200 [} 10800 x 10800

40 =
35 - - 34,07

30 4

Time
N
o

1

|

°

15

12,54
11.61

10 —— 815 8.28.43 24
713 8
6.04 5.67

7.82

222120215

9 (3N x 3T) 16 (4N x4T)  25(5Nx5T) 36 (3Nx12T) 64 (4Nx 16T) 100 (4N x 25T)

Matrix Sizes
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Results (Distributed Comparison)

Node/Tasks Comparison - 4 Processors
B 1Node x4 Tasks [l 2 Nodes x 2 Tasks

0.151169
600X 600 456500
0.701255
12001200 | ' geeaa
5.4644
2400 2400 | 595°0,

89.1852
108.094

5400 x 5400

Matrix Sizes

170.966
7200 x 7200 352.383

10800 x 10800 751.402

0 120 240 360 480 600 720 840 960 1080

Time

Node/Tasks Comparison - 9 Processors
B 1 Nodex9Tasks [ 3 Nodes x 3 Tasks

0.0676275

600X 600 | 'y erceis

0.462848

1200 X 1200 [ "s006ea

) 3.8574
g 2400 x 2400 | 3.27253
N

% 48.9996
-§ 5400 x 5400 b

168.272

7200 x 7200 174.078

577.936

10800 x 10800 573.62

0 70 140 210 280 350 420 490 560 630

Time
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Results (Distributed Comparison)

Node/Tasks Comparison - 16 Processors
B 1 Nodex 16 Tasks [ 2 Nodes x 8 Tasks ! 4 Nodes x 4 Tasks

0.0576461
600 x 600 | 0.133943

0.266382
1200 x 1200 | 0.387415

1.61587
2400 x 2400 } 542351

33,6273
34.2172
63.490

5400 x 5400

Matrix Sizes

57.5326

7200 x 7200 168.624

193.495
10800 x 10800

Node/Tasks Comparison - 25 Processors

600 x 600

1200 x 1200

2400 x 2400

5400 x 5400

Matrix Sizes

7200 x 7200

10800 x 10800

B 1 Node x 25 Tasks [ 5 Nodes x 5 Tasks
0.0466486
0.185612

0.177546
0.330125

1.03773
1.23233

17.6203
15.7736

421918

142.278
427.017

0 58 116 174 232 290 348 406 464

Time
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Results (Distributed Comparison)

Node/Tasks Comparison - 36 Processors
B 1Node x36 Tasks [ 2 Nodes x 18 Tasks [I! 3 Nodes x 12 Tasks

0,0344289
600 x 600 | 0.0268217

0.156883

1200 x 1200 | 0225597

p 0.79
2400 x 2400 p 0948
B 3182044

11.5156
11.9459
311

5400 x 5400

Matrix Sizes

26.5865

7200 x 7200 27 135

90.993

10800 x 10800 87.2328

Time

Node/Tasks Comparison - 64 Processors
B 2Nodes x 32 Tasks [} 4 Nodes x 16 Tasks

0.0514002
600x 600 ) 169773
0112979
1200x 1200 | 0216440
0.432384
2400 x 2400 & 447
9.8255

5400 x 5400 12.1586

Matrix Sizes

7200 x 7200 15.3884

10800 x 10800 66.9452

76.6481

Time
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Results (Distributed Comparison)

Node/Tasks Comparison - 100 Processors
B 2 Nodes x50 Tasks [} 4 Nodes x 25 Tasks

0.1287298
600 x 600 0.08658
0.1741525
1200 x 1200 0.06494
0.3201335
2400 x 2400 0.415341
4.93342

5400 x 5400 3.63595

Matrix Sizes

12.05575

7200 x 7200 10.8373

30.5321

10800 x 10800 36.2244

Time
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Results (Memory)

e Comparing memory utilization of Summa vs Cannon’s Algorithm
e Summa uses broadcast of blocks vs Cannon’s circular shift

Runtime - Summa vs Cannon Memory Utilization % - Summa vs Cannon
B Summa [ Cannon ® Summa @ Cannon
, -
4 (2N x 2T) 853.004 20 - 18.06
18 +
110.819
9 (3N x 3T) b
16 (4N x 4T) 14
o 52 12 -
? 25 (5N x 5T) & 10—+
§ T e
£ 36(3Nx12T) s 2 +
64 (4N x 16T) 24
100 (4N x 25T) 0
A

0 43 86 129 172 215 258 301 344 387

Time in seconds Matrix Sizes
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Takeaways

e The higher number of distributed nodes, the more the effect is
on program runtime and speedup.

e Understanding of MPlI Communicators and Carts for processor
grids.

e Learned a lot about processor communication.
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Thank You



