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Abstract

We introduce asymptotically optimal algorithms for gathering and scattering a small-to-moderate sized set of data on a coarse grained
parallel computer. We use these operations to obtain efficient to optimal solutions to several fundamental problems in image processing
and string matching (exact or approximate) for coarse grained parallel computers.
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1. Introduction practical models of parallel computing. However, real ma-
chines are generally not constrained to sort-based data com-

Many recent papers use coarse grained models of paral-munications, which are often non-optimal. Recent papers,
lel computation. The coarse grained multicomputer (CGM) including[FKRU99,M0S001,SaSo99have used the CGM
model was introduced ifDFR93]. Computational ge- mModel, allowing communication among processors not
ometry algorithms for the CGM have been presented based on sorting. In the current paper, we will not require
in  [BxHr01,BMR98,BMR99,DFR93,FRU95,DDDFK95]  interprocessor communications to be based on sorting.
also segDehn99] Other computational models for coarse ~ We show how gather and scatter operations can be im-
grained parallel computers includp/ali9o,CKPSSSSE,  plemented to compress a small set of data to one proces-
HaK93] sor, and, respectively, reverse such a compression, both in

Some papers using the CGM model[BFR93] assume  Worst-case optimal time. These operations are often useful
that data is communicated among processors only via sort-when key steps of an algorithm require processing a reduced
ing operations. This has the advantage that sorting can beset of data. Our applications of gather and scatter include
treated as a general “black box” operation; running times the fundamental operations of semigroup computation and
may be expressed in terms of sorting time, so that anal- parallel prefix, and solutions to several problems in image
ysis is not dependent on the architecture of the parallel Processing and string matching (exact and approximate).
computer. For many problems, this is a reasonable ap- Our solutions, as far as we know, are the most efficient to
proach, as sorting has been implemented efficiently on all appear in the literature. Many are adapted from well-known

solution strategies to the CGM model. In a few cases, our

running times yield domains of optimality that are proper
Trresponding author. Department of Computer and Information Sci- subsets of t.he. range of pl’OCESS_Ol’S ConSIdere(.j' This .IIIUS-
ences, Niagara University, NY 14109, USA. Fax: +1-716-286-8445. trates the principle, so often met in the study of fine-grained

E-mail addressboxer@niagara.ed(L. Boxer). parallel algorithms, that architecture matters (notice also that
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running times expressed éX Tsort(n, p)); asymptotic anal-  then the parallel algorithm is optimal, to within a constant
ysis of ©(Tson(n, p)) depends on architecture). We show factor. In practice, we often must add &) the time
that the mesh architecture is particularly useful for these necessary for interprocessor communications and/or data ex-
problems. changes (e.g., in global sorting operations) in order to eval-
uateTpar.
We denote byTson(n, p) the time required by the most
efficient algorithm to sor® (n) data on aCGM (n, p). Sort-
ing is a fundamental operation that has been implemented
efficiently on all models of parallel machines (theoretical
and existing). Sorting is important not only in its own right,
but also as a basis for a variety of parallel communications
operations, such as the following (§8MR98,DFR93]for
efficient CGM implementations of these and others).
e Multinode broadcastEvery processor sends a copy of the
same unit of data to every other processor. That is, every
processorP; sends a copy of a locally stored data value

2. Preliminaries
2.1. Model of computation

Thecoarse grained multicomputeor CGM (n, p), is de-
scribed in[DFR93] A CGM (n, p) has a set op proces-
sors that operate ofd(n) data items. Every processor is as-
sumed to havé?(%) local memory cells, each @ (log n)
bits. The term “coarse grained” means the M%) of each
local memory is “considerably larger” thai(1). It has be-

come customary to interpret “considerably larger” to mean
that % > p, a convention we use in the current paper. Thus, e
each processor has at least enough local memory to store
a unique ID for every other processor. The processors may
share memory or may be arranged in some interconnection
network.

In [DFR93], it is assumed that all communications among e
processors are handled by sorting operations. However, this
restriction appears to be a barrier to optimal performance, so
some recent papers do not assume this restriction. We assume
that processors may communicate data without sorting. Any
directly connected pair of processors may exchange a unit
of data in®(1) time. Similarly, in a shared memory system,
any pair of processors may exchange a unit of dat& (i) °
time.

We regard & GM (n, p) as a connected grajihin which
the vertex set is the set of processors and the edge set is the
set of communications links that join pairs of processors (if
the CGM (n, p) is a shared memory machine, we regard it

d; 10 every processoP;, j #i.

Total exchangeEvery processor sends a (not necessarily
the same) unit of data to every other processor. That is,
there is a set of valuegl; ;}7_, stored in processop;,

j {1, ..., p},suchthatP; sendsi; ; to P; foralli, j €
{1,..., p}.

Semigroup operatiarLet X {x1,...,x,} be a set of
data distributed evenly among the processors and et

a binary operation oX that is associative and that may be
computed i@ (1) serial time. Compute;oxzo- - -ox, and
make the result known to all processors. Examples of such
operations includeotal, product minimum maximum
and andor.

Parallel prefix Let X {x1,...,x,) be a set of data
distributed evenly among the processors andlée a
binary operation oiX that is associative and that may be
computed in@ (1) serial time. Compute alt members of
{x1,x10x2,...,Xx10x20---0Xx,}.

Another fundamental sort-based operation we use in this

as a complete graph, i.e., every pair of processors is regardegaper isconcurrent readMiBo00,MiSt96], in which a set

as joined by an edge).

of processors requires, for each memkerf a setX, a set

Algorithms for coarse-grained parallel computers are of- of @(1) keys associated witk, without a priori knowledge
ten designed to bscaleablei.e., they are described so that of which processor stores the data associated with any key.
they may be implemented over the full range of processors, Below, we present a somewhat simplified version of concur-
1< p<n'/?, in terms of which the coarse grained models rent read.

are described, except as noted otherwise (among our algo-
rithms is one that calls fop <n1/3).

Proposition 2.1. Let X and Y be sets of n data apiedés-

tributed evenly throughout the processors of & M (n, p)

2.2. Fundamental operations

G. Suppose for each € X, there isa unique € Y such that

X must be associated with a valég currently associated
We say a listxq, xo, ..., x, is evenly distributecamong with y. Then a concurrent read operation that forms the pairs

the processors of &G M (n, p) if its members are parti- (¥, k) for everyx € X can be performed i® (Tsort(, p))
tioned among the processors such that each processor stord§ne
O(%) of the members.

or a given problem, suppos&eq and Ty, are, respec-

tively, the running times of the problem’s best sequential Proof: ~We give the following algorithm, which fol-
and best parallel solutions. If lows the outlines of concurrent read operations given in

[MiBo00,MiSt96].
I — Tseq 1. In parallel, every processor creates, for each of
par = ) its membersy of Y, a master recordof the form

1)
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[key, returnaddress, data, “Mastel], where key is We show in this section that a CGM can gather and scatter
the value of the key field of to be used to find its corre- a small setS of data in time linear in the size d& To
sponding member oX, returnaddress is the processor  direct the flow of data in our gather/scatter algorithms, the
in which y is stored, anddata is the value associated following is useful.

with y that serves a%, for somex € X. SinceY is

evenly distributed, this take®(n/p) time. Lemma 3.2. Let G be aCGM (n, p). Let R be any proces-

2. In parallel, every processor creates, for each of sorof GIn O(p)time aspanningtree T for G with R as the
its membersx of X, a request recordof the form root node of T can be determined such that all processors
[key, returnaddress, data, “Reques], where key is of G know their parent and child nodes in Ih the worst
the value of the key associated withto be used to case the running time®(p) is optimal
match a member of, returnaddress is the processor
in whichx is stored, andlatais uninitialized (eventually
to be used for the desired valég). SinceX is evenly Proof. The algorithm given below essentially consists of a
distributed, this take®(n/p) time. scatter operation to identify parents, followed by a gather

3. Sort the union of the Master and Request records by operation to identify children. Subsequent scatter and gather
the key field. Where there are ties, place a Master Operations may be more efficient, as a processor in the cur-
record before its (unique) Request record. This takes rent algorithm will communicate with all of its neighbors

O (Tsor(n, p)) time. (not only parent and children) in order to determine these
4. In the sorted list, every Request record now gets for its relationships. However, in the worst case, this loss of effi-

data field the desiredk, value from thedata field of ciency causes an increase of running time of only a constant

the preceding record, which is the corresponding Master factor.

record. This take® (n/p) time. The worst case assumes that a processor must communi-
5. Return all the records to their original processors by cate sequentially with its neighboring processors. We note

sorting on thereturnaddress field in O (Tsor(n, p)) that some parallel architectures permit a processor to send

time. a unit of information to all neighboring processors@l)

The algorithm use@(% + Tsort(n, p)) time. This sim- time. Were we to use such an assumption, steps of the algo-

rithm given below run faster than claimed. However, we will
show that the running time of the algorithm would remain
O(p) in the worst case.

In previous papers on CGM algorithms (cfBMR98, We give the following algorithm: _
BMR99,DFR93,DDDFK95), it was often found that algo- 1. In parallel, each processor creates an ID record contain-
rithms were dominated by operations requiring global com- ing its processor ID and its parent processor ID; the lat-
munication of data. so that if communications are Sort- ter is initialized tonull. Also, each processor initializes
based, then a problem wii(n) input or output is solved alistof its children inT as empty. This take® (1) time.
in ©(Tson(n, p)) time. In the current paper, we show how 2. R sends its ID record to all its neighbors. This takes
not requiring communications to be sort-based enablesusto O (P) time.

obtain coarse grained algorithms that are efficient to optimal 3-[N parallel, each processBrdoes the following.
for the problems we discuss. (a) If P # R, do the following. _
i. Receive a neighbor’s ID record. This tak@s$1)

time, after the time during which waited for the

plifies as @ (Tsort(n, p)) time, since we have, for sorting,

% = 0(%‘) = O(Tsort(n, p)). 0

3. Gather and scatter operations message to arrive. The waiting time is analyzed
below.

In this section, we defingatherandscatteroperations and ii. SetP.parent (second component of the record)
develop efficient implementations for coarse grained parallel equal to the received processor ID (first com-
computers. The definitions of gather and scatter operations ponent of the received record). This tak@sl)
given below are related to, but somewhat different from, time.
those of[MiSt96]. iii. Send the processor’s own ID record to all neigh-

boring processors. The time for this ste@iép).
Definition 3.1. Let Sbe a nonempty set of data distributed End if.
among the processors of a parallel comp@etet Py be (b) From each neighboring processQ such that
one of the processors @f. Q # P.parent, receive the ID record of. If
o We saySis gathered intd by a data movement operation Q.parent = P, addQ to the list of children ofP
that sends copies of all the membersib Py. in the spanning tree. This step takegp) time,
e We saySis scattered fronPy by a data movement oper- plus waiting time. We discuss the waiting time
ation that sends all members 8ffrom Py back to their below.

original processors. End in parallel
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To analyze the time a processor waits for messages fromcase,P is then the last neighbor d to receive the ID

its neighbors in the algorithm above, we separately analyze
the time spent waiting for its parent’s ID record, and the
time spent waiting for the ID records of its non-parental
neighbors.

To analyze the time a processor waits until receiving its
parent’'s ID record, we observe thatRfand Q are neigh-
boring processors i, then the respective distanaés and
do of these processors froRin G satisfy

ldp —do| < 1. )

The time spent waiting by a processor for its parent's
message may be analyzed as follows. Wgt;x be the
maximum distance of a processor frorRiin G. Fori €
{—2,-1,0,...,dmax+ 1}, let

A; = {P|PeV(G), d(P,R) = i},

where the distancé(P, R) is the smallest number of edges
in a connecting path i® from P to R. Notice thatA_»
A1 = Adpat1 = ¢ and that

dmax+1
Z"i:—2

©)

Suppose we say anit time steps the time required for a
processor to send its ID record to one of its neighborsu}et
be the maximum number of unit time steps until a member
of A; receives its parent’s ID record, witly = 0. We will
show that fori € {0, 1, ..., dmax},

|Ail = p.

ni <3(ZT2,1A50) +21Aia] + Al @)

To show that inequalityd) is valid fori € {0, 1, ..., dmax},
we argue by induction on. Inequality @) is trivial for
i = 0. Now supposé is an integer, & k < dmax such that
inequality @) is true fori <k. Let P € Ax+1. There exists
Q € A; such thatP and Q are neighbors irG. Then the
number of unit time steps unti receives its message from

record ofQ, waiting O (p) unit time steps to receive the 1D
record of Q. Thus, in O(p) unit time stepsP and Q ex-
change ID records. Taking the maximum over all neighbors
Q of P, it follows thatP waits O (p) unit time steps before
receiving the last of its neighbors’ ID records.

Therefore, the entire algorithm takés p) time.

To show@®(p) is optimal in the worst case, we observe
that the root processdr could be an end processor of
a linear array, in which case the communication with the
processor at the opposite end of the linear array requires
Q(p) time. O

We use Lemm&.2 to obtain the following.

Theorem 3.3. Let S be a set of N data items such that
N = Q(p)andN = O(n/p),and suppose Sis distributed
among the processors of@GM (n, p), G.
e A gathering of S to any processor of G can be performed
in ©@(N) time which is optimal in the worst case
e A scattering of S can be performed@(N) time which
is optimal in the worst case

Proof. Since the processd® to which Sis gathered reads
O(N) data sequentially in the worst case, a gathering must
takeQ(N) time in the worst case. In scatteriBgR transmits
O(N) data sequentially in the worst case, so a scatter must
take Q(N) time in the worst case.

Our algorithms call for each processor to maintain an ar-
ray from[1... p] used to keep track of which data reached
the processor from which neighboring processor. This is nec-
essary so that during a scatter, data can be routed efficiently
among the processors. In every procegiome will define
entries of the arrajrom as follows:

its parent node is less than or equal to the number unit time /7011

steps untilP receives its message fro@ From inequality
(2), all neighbors ofQ belong toA;_1 U Ay U Agy1. In the
worst caseP is the last neighbor of) to receive a record
from Q. It follows that

Ng+1 < g+ |Ag—1| + |Ar| + [Ag+1]
< (by the inductive hypothesis) 341, A1)
+ 2| Akl + [Ag4al

as desired. This completes the induction.

From Eq. 8) and inequality 4), n; <3p, so the waiting
time for every processor to receive its parent’s ID record is
O(p).

The time spent awaiting messages from non-parental
neighbors is analyzed as follows. LBtand Q be neigh-
boring processors. Onde receives its parent’s ID record,

P sends its own ID record to all its neighbors. In the worst
case,Q is the last of the neighbors &t to receive the ID
record fromP, waiting O(p) unit time steps. In the worst

= k if data originating inP; was sent taP; by P;. (5)

We give the following algorithm for a gather operation:
1. In®(1) time, each processat; sets itsfrom[i] = i.
2. In O(N) time, each processat; tags each of its mem-
berss € S via s.processorOrigin = i.

If a spanning tree fo6 with R as the root is not al-
ready known, use the algorithm of Lemr8& to con-
figure a spanning tre€ of G so thatR is the root pro-
cessor and every procesgdiknows its parent proces-
sor parent (P) and its child processors ih This takes
O(p) time.

In parallel, every processé sends members @ to
parent (P) and receives members &from its chil-
dren until there are no more members $for P to
send. AsP receives members @ from its children,P
marks the appropriate entry of it®m array in accord

3.

4.
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with Eq. ©):

from[s.processor Origin]
= k if s reachedP from P.

Since each processor handleégN) data with a to-
tal waiting time of O(N + p), this takesO(N +
p) = O(N) time.
Thus, this algorithm require®@ (N) time.
To show that a scattering requirés(N) time, we give
the following algorithm.
1. The root processoR does the following. For each
s € S, if s.processorOrigin is not R then sends
to the neighboring process@ s, om(s. processor Origin]-
This takesO(N) time.

. All other processor#; do the following in parallel. For
at mostN memberss of S receives from a neighbor-
ing processor. Ifs.processor Origin # i then send
S 1O Pfrom[s.processorOrigin]- SiNCE Waiting for data to
arrive from neighboring processors requir@gN +
p) = O(N) time, this takeD (N) time.

This algorithm take®) (N) time. At the end of the latter step,

everys € S has returned to its original processor. ]

4. Applications to fundamental algorithms

In this section, we give efficient CGM solutions to several
fundamental problems. All of our algorithms make use of the

1301

1. LetSbe a set of dummy values distributed 1 per pro-
cessor. By Theorer®.3, we can gatheBto P, in @(p)
time.

2. In ®(p) time, P, tags each member &with x.

3. By TheorenB.3 we scatteSin @(p) time. At the end
of this step, every processor has the valug.of

The algorithm given above take(p) time. 0O

Next, we give an algorithm for efficient broadcasting of
a small string.

Theorem 4.2. Let P be a string of m characters in a
CGM(n, p), wherem O(n/p). Then every processor
can obtain a copy of P ir0 (m + p) time

Proof. We give the following algorithm.

e GatherP into one processor, say,E1, in O(m) time.

e Gather one dummy unit of datg from PE; (for all i)
into PE; in @(p) time.

e Foreachp; € P, tag each; with p; and scattetx;}’_;.
Since scattering (1) data takes0 (p) time and we can
pipeline the data being scattered, this tak®&gn + p)
time. O

Both multinode broadcast and total exchange operations
can be implemented on @G M (n, p) in O(Tsor( P2, p))
time when communications operations are sort-based
[BMR98]. Depending on a parallel computer’s architec-
ture, this could be faster than th@(p?)-time algorithm

gather and/or scatter operations, and all are asymptoticallygiven below for aCG(n, p); however, note the best up-

faster or are efficient to optimal over wider ranges of the

parametelp than previous counterparts that assumed sort-

based communications.

Broadcasting a unit of data stored in processoP to
all other processors on @GM (n, p) can be done by a
multinode broadcast operation, in which all processors
O # P send a unit of dummy data. This can be done in
O(Tsor( p?, p)) time [BMRI8]. Even if we base our paral-
lel sort on a linear-time sequential sort such as BinSort, for
sorting @(p?) data we have

T
Toar = Q(%) = Q(PZ/P) = Q(p).

Therefore, the running time asserted below improves upon

the result of BMR98].

Theorem 4.1. Let x be a unit of data in one processsy,
ofaCGM(n, p). In O(p) time x can be broadcast to all
processors

Proof. We observe that depending on the computer’s archi-
tecture, an algorithm asymptotically faster th@iip) may
exist (c.f.,[MiBo00]). The following algorithm runs it® (p)
time.

per bound we can give in general is the sequential bound,
Tsor(p2, p) = O(p?log p). Below, we give CGM algo-
rithms for these operations.

Theorem 4.3.

e Let S be a set distributed one member per processor in
aCGM(n, p). Then a multinode broadcast operatiat
the end of which every processor has the entire sea®
be performed inD (p?) time

o Let {s,-,j}{’zl be a set of p units of data initially stored in
processorP; of aCGM (n, p), for j € {1,..., p}. Then
a total exchange operatioiin which eachs; ; is sent to
P;, can be performed ir0 (p?) time

Proof. We remark that depending on the architecture of the

CGM(n, p), algorithms asymptotically faster thad(p?)

may exist. We give algorithms that run@(p2) time below.
SupposeSis a set distributed one member per processor

inaCGM(n, p); say, the membey; of Sis stored inP;. We

can implement a multinode broadcast via a total exchange

operationusings; ; = s; fori e {1,..., p}, as described

above. Therefore, both assertions will be established when

we show a total exchange operation can be implemented in

O(p?) time.
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Consider the following algorithm for a total exchange Proof. To simplify our presentation, we assume each pro-
operatlon

Fori = 1top, gather(s; ;}%_; to P:.
This takes@(pz) time. When the loop finishes, every pro- rithm.
cessorp; has{si,j};;l- 0 1. Inparallel, each processBf computes the partial results

CesSorpP; holds{x,} TSV . We give the following algo-

Sj,l - x(j;l)"+la sj,k+1 - SJ’kOX(j;)l))l+k+l’

A semigroup operation can be implemented on a

CGM(n, p)in @(" + Tsor(p?, p)) time when sort-based kello n_q
communications are useMR98]. Below, we obtain a T p '
faster running time. This takes® (n/p) time.

o 2. InO(p) time, gathexs; ,,,}”_, into one processor, say,
Theorem 4.4. LetX = {x;}7_; be asetdistribute® (n/p) Py P g Jn/plj=1 P Y
per processor in &G M (n, p). Then the semigroup com- 3 |5 @(p) time, P, uses a sequential prefix algorithm to
putationr = xjoxzo---o0x, can be performed in optimal compute
O(n/p) time. At the end of this algorithnevery processor
holds the value of.r $1=S1n/ps Sm+1 = Sm O Smiin/p,

mef{l,...,p—1}.

4. P, marks each member df; ,,/,}”_, with the corre-
Proof. To simplify our presentation, we assume each pro- spondings;_1. This takes® (p) timje_.

Cessorp; holds{x,} » L We give the following algo- 5. Sc_atterthe data _gathered above, so ihaeceivess; 1
This takes®(p) time.
rithm. _ 6. In parallel, each processdt, i > 1, distributess;_1
1. In parallel, eachP; computes the partial result over its partial results, replacing with _10s; 4, k €
{1,...,n/p}. This takes®(n/p) time. Notice the de-
rj = X(j- 1)n+1 o XWH 0---0 x/? sired results are the updated values @f i € {1, ..., p},
ke{l,...,n/p}.
This takes®(n/p) time. Since p <n/p, the algorithm runs ir®(n/p) time. This is
2 Gather{r]}” , into Py. This takes®(p) time. optimal, since there is an optimal sequential solution with
3. Py computes the desired value, ©(n) running time[MiBo00]. T
_ Our algorithms for (exact or approximate) parallel string
F = rior2o---orp, . e )
matching problems are all based on efficient sequential so-
, . lutions. This poses the following problem: The pattétn
4 Ilr:] gip; E:mi Py tags each member ¢f; }p with the will be tested for (exactly or approximately) matching sub-
' valuepofr 1189 1 strings P’ of a textT such that the first character &f and

the last character oP’ are not initially stored in the same
processor of ouCGM (n, p). Thus, we want processors to
share segments @f efficiently. We have the following.

5. In ®(p) time, scatter the data gathered above. At the end
of this step, every processor has
Sincep <n/p, our algorithm runs ir@(n/p) time. This
is optimal, since a sequential semigroup operation can be

performed in optimaB () time. [ Proposition 4.6. Let T be a text of n letters evenly dis-

tributed among the processor of @GM (n, p) G so that

the portion of T in each processor is a substring of T. Let

m be a positive integer such that = O(n/p). Then in

parallel, segments of m entries apiece of T store®if; ;1

can be sent fronPE; 1 to PE;,i € {1,..., p— 1}, in the

following time

e In @(m) time, if for all i we have PE; and PE; 1 adja-
cent

e In O(Tsor(mp, p)) time in general

A parallel prefix operation can be executed on a
CGM(n, p) in @(— + Tsort(p p)) time when commu-
nications are restrlcted to sort-based operati@¥R98].
Below, we give an optimal parallel prefix algorithm for the
CGM(n, p).

Theorem 4.5. LetX = {x;}7_; be asetdistribute®(n/p)
per processor in aCGM(n p) Then the parallel prefix
computation of

Proof.
XL, X10X2,...,X10X20"-0Xp e If for all i we haveP E; and P E; 1 adjacent, this can be
) ) ) ) done in® (m) time by having pairs of processors perform
can be performed in optima@ (n/ p) time. At the end of this parallel gather operations. That is, in parallel, for all even

algorithm, the processor that holds; also holdsyjo- - -ox;. i < p, PE; gathers the desired characters fréh; 1;
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1 23 45678 1 2 2 4 5 6 7 8 2. Take steps that result in each foreground pixel being
1 s wlsle 1 s | » assigned the minimum of the initial labels of foreground
2 * P 2 * . pixels in the same component.
ile * 3le * Below, we give implementations of this strategy for coarse
4| l ) |» 4| ’ | | grained parallel computers. Our first algorithm performs op-
: : : timally for a mesh architecture, but is less efficient on other
il * architectures. Our second algorithm performs optimally on
T * * L 6|® * . L 3
sle e . e . . . all archlte(_:tu_res, but is limited t@_gn rather than our
sle . . . usual restriction op? <n. Both algorithms make use of the

following.

Fig. 1. An 8 x 8 digital picture and its storage on ax 2 mesh. The

; 1/2 1/2 i ;
“border” rows/columns are those numbered 1, 4, 5, and 8. Lemma 5.1. Let X be a bmarw xn d|g|tal picture.

Let p be an integerl < p <n'/2. Suppose X is partitioned
into p subpictureseach of dimensiong®)¥/? x & )2, Sup-
then, forallodd < p, PE; gathers the desired characters pose the component labeling problem has been solved for
from PE; 1. each of these subpictures such that local components in dif-
e In general, this can be done via a random access readerent subpictures have distinct component lajdeds if Co
operation in@(Tsor(mp, p)) time. O and C; are components of distinct subpicturésenCo and
C1 have distinct component labels. Let B be the union of
the border pixels of the subpictures. Suppose B is stored in
a single processor. LeVv |B|. Then every member of B
can be given its component label relative to X&N) time.

5. Image analysis

In this section, we show how the CGM can make use of
gather and scatter operations to obtain optimal solutions to Proof. Since there arp subpictures, each Wlt|"(4)1/2
a variety of problems in image analysis. border pixels,

We will assume that an'/? x n/2 digital picture is stored
so that each processor has a rectangle of dimensions elther
( )2 ( )y1/2 (a square) o,n x nt/2 (each processor ~We treat our problem as a graph component labeling prob-

2 entire rows of the dlgltal picture). We speak of lem. The graph = (V. E) will be represented by adja-

stormg
cency lists. The vertex sé&t will be the set of foreground
the first and last rows and columns of these subpictures as y g

. pixels in B, and the edge s is initially empty. We take
b_order rowsanq border columnsrespectively, of the sub- care to buildE so that its size is at most linear | |. We
pictures (see Figl).

give the following algorithm.

1. CreateV by scanningB, addingb € B to V if and only
if b is a foreground pixel. This take®@(N) time. Note
V| = O(N).

. SortV by the local component labels of the pixel records.
Since there aré@(N) possible labels, this may be done

4

= [B] = OW'?p'?).

5.1. Image component labeling

In this section, we give efficient to optimal algorithms to o
label the foreground components of a binary? x n'/?

digital picture. We assume the digital picture is stored in
aCGM(n, p) so that each processor containsf’;@l/2 X

(%)1/2 square section of the digital picture. We assume also
that connectedness is determined by 4-adjacency, i.e., two
foreground pixels are adjacent if and only if one is North,
South, East, or West of the other. Our presentation is easily
modified for 8-adjacency to obtain algorithms with the same
asymptotic running times.

A solution to the component labeling problem consists of 4.

assigning a label to every foreground (i.e., black) pixel such

that all members of the same connected component have

the same label, and members of distinct components have
distinct labels. This may be done as follows.

1. Give each black pixel an initial label corresponding to its
unique location in the digital image (e.g., its row-major
index or its coordinates—if the latter, coordinates may
be ordered lexicographically).

via the Binsort algorithm i@ (N) time.

Scan the sorted list so that if successive memiyeasd
v;+1 have the same label, then each of these vertices is
added to the other’s adjacency list. Thds(N) edges
are created in this step. Notice that every pair of vertices
representing foreground border pixels with the same lo-
cal component label is connected by a patlGinThis
step takeD (N) time.

SortV by thex-coordinates of the pixels as the primary
key, using they-coordinates of the pixels as the sec-
ondary key. Since there aé(N) pairs(x, y) under con-
sideration, this may be done via the Binsort algorithm
in O(N) time.

Adjacent border pixels with equalcoordinates from
distinct subpictures are now successive elementg. of
Scan the sorted lisf so that if successive members
and v;+1 are neighboring pixels from distinct subpic-

3.

5.
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tures, then each of these vertices is added to the other’s

adjacency list. Thus) (N) edges are created in this step.
This takesO (N) time.
6. Repeat the previous two steps with the roles of.ithe

andy-coordinates interchanged, so that adjacent border

pixels with equaly-coordinates from distinct subpictures
appear in each other’s adjacency lists. Thm&yV) edges
are created in this step. This tak@gN) time.

7. Solve the component labeling problem for the gr&ph
Since|E| = O(N), the time required i§MiBo00]

O(V|+I|E]) = O(N).
This algorithm use®(N) time. [

The special case of the next result is stated for a mesh
architecture. Notice that it could be implemented on other
architectures that have mesh-like connections, e.g., PRAM,
hypercube, pyramid. The significance of the mesh architec-
ture is that it permits adjacent subpictures of a digital image
to be stored in adjacent processors; this allows us to per- o
form efficient gather and scatter operations within rows and
columns of processors in the mesh. We say a digital picture

X is naturally mapped into a mesh

o for each rowr, if x,, andx,, are stored, respectively, in
processors?,;, and P4, thena = ¢, andu < v implies
b<d; and

e for each columrm, if x,. andx,. are stored, respectively,
in processor$,;, andP.4, thenb = d, andp < g implies
a<c.

Theorem 5.2. Let X be a binaryn/2 x n1/2 digital pic-
ture, viewed as a black image on a white backgrouimda
CGM (n, p) G. Suppose each processor holdz{fl;a)l/2 X

(2)1/2 subpicture of X. Then the connected components of

the black pixels can be uniquely labeled as follows

e NOC + pY? Tson(n*/?p/2, p)) time, in general

e In ®(n/p) time if G is a mesh and X is naturally mapped
into G.

Proof. The significance of the mesh is that it permits us to

replace sort-based concurrent read operations (used in the
general case) by more efficient parallel gather operations.
We cannot use gather operations in general, as a row or a

column of the digital picture from which we will want to

accumulate data may not be stored in a connected set of

processors iiG.
We give the following algorithm.

1. In parallel, every processor solves the component la-
beling problem for the square section of the binary im-

age stored by the processor. This tak2g:/p) time
[MiB0o0Q].
2. For ©(p1/?) iterations, do the following.

any) with the (at most 2, for pixels in a corner of their
processor’s rectangle) adjacent border pixel(s) stored in
different processors. Notice there axét4/2 — 4 border
pixels per processor, so the number of pixels involved
in this operation is less tham#®2p1/2. An exchange of
labels between pairs of adjacent foreground pixels stored
in distinct processors can be implemented as follows.

o Inthe general case, this may be done via a concur-
rent read operation, using the algorithm of Propo-
sition 2.1, in O (Tsor(nY/?p/?, p)) time.

o If Gisamesh aniis naturally mapped intG, we
proceed as follows. In parallel, adjacent pairs of
processors perform gather operations, so that each
gathers the other’s adjacent border pixels. Since a
processor may have pixels adjacent to pixels stored
in 4 other processors, we perform 8 rounds of par-
allel gather operations. Since the length of the ad-
jacent border edges {%)1/2, this takesO((%)l/Z)
time.

In parallel, each processor uses the algorithm of Lemma
5.1to compute, for each border pixel stored in the pro-
cessor, the pixel’s correct label with respect to the union
of the pixel’s processor’s subpicture and the adjacent
subpictures. Since each processorﬁa(s%)l/ 2y border
pixels, the time for this step i@((%)l/z).

End for

The time used by the loop is as follows:

e In general,

1/2
n
C) (Pl/z <;> + Pl/z Tsort(nl/zpl/zv P))
= @(nl/z + Pl/z Tsort(’ll/zpl/z» p))

n
o (; + Pl/z Tsort(nl/zpl/zv P)) .

. @((g)” zpl/z) = OmY?) = 0(n/p), when

Xis naturally mapped into a meh
The loop use® (p1/?) iterations, as each iteration of the
loop increases by one or two the number of processor-
blocks of rows and columns of pixels (in the mesh, the
number of rows and columns of processors) with respect
to the union of whose subpictures each border pixel is
correctly labeled. Therefore, when we exit the loop, the
members of the s of subpicture border pixels have
their correct component labels with respect to the entire
digital picture.

3. In parallel, each processdt; solves the component

labeling problem for the(%)'l/2 X (%)1/2 subpicture
stored byP;. This takes®(n/p) time. Now, the entire
digital picture has its components labeled.

o Pixels on the border of their processor’s rectangle (i.e., The running Pg"e of thlezalggrithm is as follows:
pixels with an adjacent pixel in the binary image that ® @5 + pY/?Teor(n'/?p*/?, p)), in general.
is stored in a different processor) exchange labels (if ¢ @(n/p), if Xis naturally mapped into a mesh [
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mark those black pixels that represent the extreme points of
the convex hull of the set of black pixels in a binary picture.
Note the set of black pixels need not be connected.

The time of the algorithm above for the digital picture
mapped naturally to the mesi®(n/p), is optimal, since
the sequential version of the problem has an opti@al)-
time solution[MiBo00]. The time for the general case is
optimal whenp/2 Tso(nY2pY2, p) = O(n/p).Sinceour ~ Theorem 5.4. The convex hull of an'/2 x n1/2 binary dig-
general upper bound for sorting time is the sequential bound, ital picture, stored in row-major fashiqn@(ﬁ) rows per
it follows that our general case running time is optimal if processoy can be Computed on &@GM(n, p) in O(n/p)
pt = O (o) time, which is optimal

A different approach yields an asymptotically optimal al-
gorithm for theCG M (n, p) for the larger range of proces-
sors 1< p3<n, without the requirement of naturally map-
ping to a mesh architecture. The assumptSr< n implies
n2pY2<n/p, so a set of siz&d (n¥/?pl/?) can be gath-
ered into one processor. The numbkof foreground border
pixels satisfies

1/2
N< [4(%) —4}17 = 0m'?p'? = 0n/p).(6)

Proof. We give the following algorithm.
1. In parallel, every processor uses a simple scan opera-
tion to find the leftmost and rightmost black pixels (if

they exist) for each of th@(ﬁ) rows stored in the
processor. These are the only pixels in their respective
rows that can be extreme points of the convex hull. This
step take0) (n/p) time.

2. Note the seS of row extrema has at mosu®? =
O(n/p) points in the entire image. Therefore, we can

Theorem 5.3. Suppose we have3<n. Given annl/? x gather the seBinto one processor, sayi, in O (n1/?)

n1/2 digitized binary pictureviewed as a black image on a time.
white backgroungdthe connected components of the black 3. In O (n'/2) time, P, can compute the convex hull from
pixels can be uniquely labeled on&G M (n, p) in optimal Sas follows.

Use the BinSort algorithniMiBo0O] to sort the row
extrema by row inO (n1/2) time.

e Use the post-sorting steps of the Graham sweep algo-
rithm [Grah72,MiBo00] starting with the right lowest
row extreme point and proceeding through the right ex-

On/p) time °

Proof. We give the following algorithm.
1. In parallel, every processor solves the component la-

beling problem for the(%)l/2 x (£)Y/2 section of the
binary image stored by the processor, so that local com-
ponents in distinct processors get distinct labels. This
should be done so that every foreground pixel that is
on the border of its processor’s rectangle gets a local
component label that is a nonnegative integer less than
4n/p. This is possible, in light of inequalityé}. This
takes®(n/p) time [MiBo00].
2. By inequality 6), we can gather the foreground pixels

that are on the border of their processor’s subpicture,
with their local component labels, into one processor,

trema, then back through the left extrema, to solve the
Convex Hull problem for these row extrema in an ad-
ditional O(n1/2) time. A row extreme point that is the
only extreme point in its row is not eliminated as a can-
didate for a hull extreme point unless it is eliminated as
both a right candidate and a left candidate; as described
in [Grah72,MiB0o00] a right or left candidate is elimi-
nated from consideration as a hull extreme point if the
path from the predecessor candidate to the current can-
didate to the successor candidate fails to turn leftward
at the current candidate.

say, P1. This takes® (N) time.

3. Use the algorithm of Lemm&.1to obtain, in Py, the
correct component labels of every processor's border
pixels in ®(N) time.

4. In O(N) time, scatter the border pixels fro®y, with
their correct component labels.

5. In parallel, each process#y now solves its local com-
ponent labeling problem i® (n/p) time.

It follows from inequality @) that our algorithm uses
O(n/p) time, which is optimal, since the problem can be
solved sequentially in optima (n) time [MiBo00]. [

4. Scatter the data gathered above so that every member
of Sis returned to its original processor with knowledge
as to whether or not it is a vertex of the convex hull, in
0 (n*/?) time.

Sincen'/? = 0O(n/p), the running time of this algo-
rithm is O(n/p). This is optimal, since the image convex
hull problem has an optimad (n)-time sequential solution
[MiBo00]. O

5.3. Distance problems

We assume in this section that the distance funatior
our grid of pixels is thel.; metricdi, defined for a pair of

) ) ) ) points in the Euclidean plane by
In this section, we give a solution to the problem of com-

puting the convex hull of a binary image. That is, we wish to  d1((xo, y0), (x1, y1)) = |xo — x1| + |yo — y1l.

5.2. Convex hull
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We have the following properties of thie; metric.

Lemma 5.5(Shonkwiler[Shon89]). Let y be a black pixel in
a binary digital picture. Letkg, x1 be pixelgnot necessarily
black) in the digital picture. Supposgy and y are in the
same rowrg and xp and x; are in the same column. Using
the metricdy, if y is a closest black pixel tag among the
pixels in rowro, then y is a closest black pixel 1g among
the pixels in rowrg.

Corollary 5.6 (Corrigendum to[BxMi00]). Consider a
range of row indices

R = {r | rmin <7 <rmax}

for pixels of a binary digital picture X. Let y be a black
pixel of X with row index in R. Letp, x1 be pixels of Xnot
necessarily bladk Supposexp has row index in Rxp and
x1 are in the same columrmand x1 has row index1 ¢ R.
Using the metrialy, if xg is a closest pixel ta; among the
pixels with row index in Rthat is if x; has row index less
than rmin thenxg has row indexmin; otherwise xg has row
indexrmax) and y is a closest black pixel tqy among the
pixels with row index in Rthen y is a closest black pixel to
x1 among the pixels with row index in R

5.3.1. L, distance transform

A distance transform (DT)JRoPf68] computes, for each
pixel (black or white) of a binary digital picture, the distance
to a nearest black pixel. Applications of this operation are
listed in [BXxMi0Q].

In this section, we give an algorithm for computing the
L1 DT on a mesiCGM (n, p).

Theorem 5.7. Consider am?/2 x n'/2 binary digital pic-
ture X mapped naturally to a meg€hG M (n, p) G such that
every processor stores a square subpicturgrgfp)/? x
(n/ p)*/? pixels of X. Then thé& distance transform for X
can be computed i®(n/p) time which is optimal

Proof. We give the following algorithm.

1. Each pixelx of X learns a nearest black pixel (if one
exists) ofX in the segment of its row stored in the same
processor. This is done as follows.

In parallel, each processérdoes the following.

(a) P performs a prefix operation so that every pixel
x of X learns a nearest black pixel (if one exists)
not to its right, in the same row and processor.
This takes® (n/p) time.

(b) P performs a postfix operation so that every pixel
x of X learns a nearest black pixel (if one exists)
not to its left, in the same row and processor.
This takes®(n/p) time.
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(c) In P, each pixel compares its nearest not-right
and its nearest not-left black pixel to find a near-
est black pixel in its row and processor. This
takes®(n/p) time.

End parallel

2. Every pixelxg learns a nearest black pixel ¥fstored

in the same row asg (if any), over all processors. A
nearest black pixel in the same row g is either a
nearest black pixel in the same row and processor, or
else a nearest black pixel to a processor-border pixel in
the same row but in a different processor. We achieve
this as follows.

(a) Sincen?2<n/p, 0(n'?) data can be gathered
into one processor. In parallel, each row of pro-
cessors performs a gather operation to collect
all the column border pixels of the subpictures
stored by this row of processors. Each proces-
sor has at most(%)l/2 foreground border col-

umn pixels, so each row gf/2 processors has
0 (nY/?) foreground border column pixels that
are gathered into one processor of the block in
0 (n'/?) time.

(b) By parallel sweep operations, the column bor-
der pixels gathered into one processor learn
nearest not-left and nearest not-right foreground
pixels in their respective rows, ir0(n'/?)
time.

(c) In parallel scatter operations, each row of pro-
cessors sends the column border pixels to their
original processors. This takes(n1/?) time.

(d) By simple sweep operations, the column border
pixels distribute their closest not-left and not-
right black pixels to all pixels in the same row
that are stored in the same processor, so each
pixel can determine a closest black pixel in the
same row (by comparing any previously marked
closest foreground point in the segment of the
row stored in the same processor with the at most
4 closest points received from the column border
pixels). This take® (n/p) time.

3. Every pixelxg learns a nearest black pixel over all rows
of Xin the same row of processorsxas By Lemma 5.5,
this may be achieved by comparing the nearest black
pixel in the row ofxg with all nearest black pixels to
x1 in the row ofx, for all x1 in the same column and
processor asg. This is done by performing prefix and
postfix computations over every segment of a column
stored in the same processor, for all columns. At the
end of this step, every pixaly knows a nearest black
pixel of X (if any) stored in the same row of processors
asxp. This takes®(n/p) time.

4. Mimic the steps above, interchanging the roles of rows
and columns, to distribute data within columns so that,
by Corollary 5.6, every pixel knows a nearest black
pixel in X. This takes®(n/p) time.
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Sincen2<n/p, the algorithm take® (n/p) time. This
is optimal, since the DT can be computed in optimal sequen-
tial @ (n) time (Corrigendumto [BxMi00]). [

5.3.2. Hausdorff Metric

The Hausdorff metricmeasures how well two com-
pact nonempty subsets of a metric sp&approximate
each other’s location ir& Although two sets may have
similar location and yet have very different geometric
properties, the fact that the Hausdorff metric is often
efficiently computed has led many researchers to con-
sider it as a tool for computational geometry and image
analysispBB91,Atal83,Boxe97,BCMR91,BMR98,ChR96
CK92,Doug90,HuK90,HuUKK92,PuRa81,Rote91,Shon89]

Letd(a, b) be a metric folS. We abuse notation and write

d(z,A) = min{d(z,a) | a € A}.
The “non-symmetric" or “one-way" Hausdorff measure is

H*(A, B) = maxd(a, B).
acA

The Hausdorff metridd (A, B) is definedNad|78] by
H(A, B) = max{H"(A, B), H*(B, A)}.

It is easily seen that computing the distance transform is
a useful tool for computing the Hausdorff metric. We have
the following.

Theorem 5.8(Shonkwiler[Shon89). Let X and Y ba /2 x
n'/2 pinary digital pictures. The/ (X, Y) can be computed
with respect to the.; metric in serial@(n) time

We give a CGM algorithm to compute the Hausdorff met-
ric for two n'/2 x n'/2 binary digital pictures< andY.

Theorem 5.9. Let X and Y be:'/? x n1/2 binary digital
pictures each mapped naturally to a me6iG M (n, p) such

that every processor has corresponding square subpictures
of (n/p)Y?x (n/ p)X/? pixels of both X and NThe Hausdorff
distanceH (X, Y) betweem/? xn1/? binary digital pictures

X and Y can be computed with respect to themetric in
®(n/p) time which is optimal

Proof. We give the following algorithm.

1. Compute thd ; distance transform so that every black
pixel x of X learns a nearest black pixel\4fBy Theorem
5.7, this take®d (n/p) time.

. Perform a semigroup (maximum) operation to find
H*(X,Y), the maximum over all black pixels of X
of the distance fronx to a nearest black pixel of. By
Theoremd.4, this takesP (n/p) time. At the end of this
operation, every processor has the valugféi X, Y).

. Repeat the operations above with the rolexXandY
interchanged to findZ*(Y, X) in ®(n/p) time. At the
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end of these operations, every processor has the values
of H*(X,Y) and H*(Y, X).
4. In ©(1) time, every processor computes

H(X,Y) = max{H*(X,Y), H* (Y, X)}.

Thus, the algorithm use®(n/p) time. This is optimal, in
light of the optimal sequential result of Theorem 5.8[1

6. Pattern matching problems

Problems discussed in this section take the following
form. Given two string$® andT (respectively, known as the
patternand thetex{ such that

|[P| = m<n = |T|

(7)

find every instance of a copy (exact or approximatelp af
T. Note that{Gusf97] uses

|P| = n<m = |T|.

We prefer the notation of statemef®) {n order to preserve
the convention that the volume of input to the problem is
Om).

We have not obtained solutions for the full range
1<m < n. Although it is theoretically desirable to do so,
note that typical applications are in search operations of
word processors and other popular software applications,
and in molecular biologists’ efforts to recognize strands of
DNA in a genome. In such applications, typicatlly < n.

In the following, we therefore assume that= O (n/p).

6.1. Exact matching

In this section, we give a solution to the exact matching
problem for coarse grained parallel computers. This is the
pattern matching problem as described above for which we
require exact copies d? in T. For sequential computers,

a naive algorithm solves this problem i@(m(n — m))
time [Gusf97] However, this is far from optimal. There
exist solutions (including those known as thénuth—
Morris—Pratt, Boyer—Moore and Apostolico—Giancarlo
algorithms), that solve the problem in optim@i(n) time
[ApGi86,BoyM77,Gusfo7,KMP77We have the following.

Theorem 6.1. Let T be a text of n letters evenly distributed

among the processors of&G M (n, p) G so that the portion

of T in each processor is a substring of T. Let P be a pattern

of m letters wherem = O(n/p). Then every exact copy

of P in T can be identified in a running time satisfying the

following.

e In optimal@(%) time if for alliwe havePE; andPE; 1
adjacent

e In general in 0(% 4+ Tsort(mp, p)) time
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Proof. We give the following algorithm. To simplify the
exposition, we assume processBiE; has the substring
TU=n L 2 of T=T[1,...,nl,i € {1,..., p}.

)4

1. éroadcast the pattefd so that every processor has a
copy of P. By Theorem4.2, this takesO(m + p) =
O(n/p) time.

2. Perhaps a copy &f starts at an entry off stored inP E;
and ends inPE; 1. Use the algorithm of Proposition
4.6to send then — 1 entriesT[@ +1,..., @ +
m — 1] of T from PE;;1t0 PE;,i € {1,..., p — 1}

e If for all i we havePE; and PE;,1 adjacent, this
takes®(m) time.

e More generally, this take® (Tsor(mp, p)) time.

At the end of this step, processBIE; has the substring

9 .
Si:T|:(l )”+1,...,T+m—1],
p p

ief{l,....,p—1}
PE, hasS, = T[@+l,...,n].

3. In parallel, each processdtE; applies a linear-time
sequential algorithm to the teX§; and the patterr.
This takes@(%) time.

We summarize the running time of our algorithm as follows.

e If for all i we havePE; and PE; 1 adjacent, the algo-
rithm runs in optimal@(%) time.

e Ingeneral, the algorithm uséﬁ(% + Tsort(mp, p)) time.
This reduces to optimaB(%) time if Tsor(mp, p)
0(%). Since the best general upper bound for sort-
ing time is the sequential bound, it follows that
the general case has optimal running time when
mp? log mp Om). O

6.2. Approximate string matching

Given integersk, m, n such that G{k <m <n, a pattern
P of sizem > 0, and a tex{ of sizen >m, it is often use-
ful to allow k mismatches in the string matching problem.
That is, we seek all substring® of T such thatP’| = m
and P’ is a copy ofP except for at mosk mismatched char-
acters. This is th&-approximate matching probleniNote

the k-approximate matching problem generalizes the exact

matching problem; fok = 0, the two problems are identi-
cal.

The problem of finding approximate matches is closely
related to theanatch-count problemn which, for every sub-
string T’ of T such that|T’| = m, we find the number of
characters off’ that match the corresponding character of

P. There is a sequential algorithm for the match-count prob-

lem based on the fast Fourier transform (FE3)sf97] The
algorithm runs inTseq = O(n log n) time. We give an
efficient parallel solution below.

Theorem 6.2. Suppose T is a text of n characters distributed
evenly in aCGM (n, p) G, and P is a pattern of sizes =
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O (n/p) stored in G. The match-count problem can be solved

in G as follows

e In 0(""’%) time if for all i we have PE; and PE; ;1
adjacent
e In 0(""’% + Tson(mp, p)) time, in general

Proof. We give the following algorithm.

1. BroadcasP so every processor has a copy. By Theorem
4.2, this takesO (m + p) = O(n/p) time.

2. SendT[@ +1,..., % +m — 1] from PE; 1
to PE; SO PE; hasT[2 +1,..., @ +m —1]. By
Propositiond.6, this takes® (m) = O (n/p) time, if for
all i we havePE; and PE;, adjacent. In the general
case, the time required B(Tsort(mp, p)).

3. In parallel, eachP E; solves the match-count problem
for P andT[%’ +1,..., % +m — 1]. The time for

this step isO(”'Og#),which simplifies asO("'o%),
sincep = 0 (n'/?).
It follows that the running time of our algorithm is as claimed
above. [

Notice that our algorithm for the match count prob-
lem achieves the goal of Eq)(if for all i we have
PE; and PE;;, adjacent; also, in the general case, if

Tson(mp, p) = O("991).

Corollary 6.3. For integersm, n, pattern P, and text T as

described above& CG M (n, p) can solve the k-approximate

matching Problem for any k satisfyiip< k <m as follows

e In O(%) time, if for all i we have PE; and PE; 1
adjacent

e In 0(% + Tsort(mp, p)) time, in general

Proof. We give the following algorithm:

1. Solve the match-count problem, using the algorithm of
Theorem6.2

2. For eachnatches[i], compute

mismatches|[i] m — matches|i].

This takesO (n/ p) time. Note for each indek the sub-
string of T of lengthm starting at7'[i] is ak-approximate
match forP if and only if mismatches[i]<k.
Since the running time of this algorithm is dominated by
the first step, the assertion follows. [

6.3. String matching with differences

More general that the approximate string matching prob-
lem is the problem oftring matching with k differences
described ifLaVi88]. In this problem, a patterf of length
m, a textT of lengthn, and an integek >0 are input. Output
consists of identification of all substring® of T such that



P’ matchesP with at mostk differences of the following

L. Boxer, R. Miller / J. Parallel Distrib. Comput. 64 (2004) 1297-1310

kinds:

e A character ofP corresponds to a different character of
P’ C T. A difference of this kind is anismatchbetween

the corresponding characters.

e A character ofP corresponds to no character 8f. A
difference of this kind is aimsertion

e A character of P’ corresponds to no character Bf A
difference of this kind is @eletion

Since theedit distancebetween string® and P’ is the min-
imum number of character substitutions, insertions, or dele-
tions necessary to transforfhto P’ [Gusf97] our problem

is to find all substring®’ of T such that the edit distance be-
tweenP and P’ is at mostk. A sequential algorithm for this

problem is given ifLaVi88] with running timeO (m +nk?),
assuming an alphabet of fixed size.
We have the following.

Theorem 6.4. Let T be a text of n characters on an alphabet
of fixed sizedistributed evenly among the processors of a
CGM(n, p) G. Let P be a pattern of m characters stored
O(n/p). Let k be an integer such that
0<k<m. Let Tseq be the running time of the sequential
algorithm of[LaVig8], i.e., Tseq = O(m + nk?). Then the
string matching with k differences problem can be solved in

in G, wherem =

the following time
° @(%‘), if for all i we have PE; and PE; 1 adjacent

. O

Proof. Note sincen = O(n/p), Tseq= O (nk?). We give

o~ + Tsort(mp, p)), generally

the following algorithm.

1. BroadcasP so every processor has a copy. By Theorem

2.

Clearly, the running time of the algorithm is as claimed

4.2, this takesO (m + p) = O(n/p) time.
SendT[@+l, e @+m—1+k] from PE; 1

to PE; SOPE; hasT[iI—f+l, s @er—lﬂc] for

problems,
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fundamental problems for binary digital pictures,

and important string matching problems.
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