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Abstract

The Reeb graph has become an increasingly common
tool in applied topology. Recently, several definitions of
a metric on Reeb graphs have been proposed, including
the interleaving distance [6]. Here we give a lower bound
for the Reeb graph interleaving distance, by the related
merge tree interleaving distance [§], through the newly
defined hom-tree construction.

1 Introduction

The Reeb graph is a construction which originated in
Morse theory to study a real valued function defined on
a topological space. Given a function f : X — R defined
on a space X, we construct the Reeb graph by collapsing
path connected components of level sets of X and denote
the resulting quotient space by X/ ~ 7 or simply by X.
Because the Reeb graph inherits a function from the
original function, we denote this by f : X — R or simply
by (X, f). Thus a Reeb graph is a graph X equipped
with a map f : X — R which is monotone restricted to
edges. We say that the Reeb graphs (X, f) and (Y, g)
are isomorphic if their underlying graphs are isomorphic
and the level sets f~1(c) and g~!(c) are in bijection
for each real number c. A special case of Reeb graphs
are merge trees. A merge tree is a Reeb graph (X, f)
where each vertex has at most one neighbor with higher
function value. The Reeb graph has been used widely
in applications; see [2] for a survey. Because real data
has noise, we are interested in methods for comparison
of Reeb graphs which provide stability results.

There are several methods that have already been
developed for defining a measure of similarity between
these structures, including the functional distortion dis-
tance [I] and the combinatorial edit distance [7]. In this
paper, we focus on the interleaving distance [6], which is
inspired by the persistence module interleaving distance
[5] and its equivalent definition in terms of category the-
ory [3]. Moreover, we use a version of the interleaving
distance for merge trees [8], which we view as a subcat-
egory of Reeb graphs, to construct a lower bound for
the Reeb graph interleaving distance.
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2 Related work

Category theory is a branch of mathematics that studies
morphisms between objects rather than just the objects
themselves. A main tool of category theory are functors,
which are maps between categories that send objects to
objects and morphisms to morphisms. Reeb graphs can
be identified with a particular kind of functors called
cosheaves [6]. These cosheaves may be compared us-
ing an interleaving distance of the kind studied in [3],
which works by constructing almost-isomorphisms be-
tween the cosheaves and measuring distance based on
the parameter necessary for this construction. This
metric on cosheaves can be pulled back to a metric on
the original topological constructions, which is what we
call the Reeb graph interleaving distance [6]. Via a sim-
ilar process, there is also an interleaving distance on
merge trees [8], which is a construction representing con-
nected components of sublevel sets instead of the level
sets used by the Reeb graph [4]. Both of these interleav-
ing metrics come with bottleneck and L, type stability
results, making them especially useful for data analysis.

3 Our contribution

Inspired by these results, we prove that merge trees can
be identified with some nice enough functors from R to
Set, called R-functors. These functors can be compared
using an interleaving distance similar to [8]. Then, we
pull back this metric for the comparison of merge trees,
which we call the merge tree interleaving distance. In
particular, we show that the merge tree interleaving dis-
tance coincides with the restriction of the Reeb graph
interleaving distance to merge trees (considering merge
trees as a subcategory of Reeb graphs). Next, we fix a
(Reeb graph) test space (E,h) and define a categorical
construction with respect to this space, where we as-
sociate to each Reeb graph (X, f) a specific merge tree
called hom-tree, denoted H (X, f). The hom-tree repre-
sents the evolution of all function preserving maps from
the test space (E, h) as we smoth the Reeb graph (X, f).
Finally, we prove that the merge tree interleaving dis-
tance of a pair of hom-trees (with same test space) is a
lower bound for the Reeb graph interleaving distance.



4 Interleaving Distance

Given a Reeb graph (X f) and a nonnegative real num-
ber a, let X, denote the space X x [—a, a], and define the
a-smoothing of (X, f) as the Reeb graph of the function

fao : Xo = R, where (z,t) — f(x) + ¢,
That is, the a—smoothing is the quotient space:
Us(X, f) =X x [=a,a]/ ~y,

The idea of an interleaving metric between two Reeb
graphs (or merge trees) (X, f) and (Y, g) is to measure
how far they are from being isomorphic. This involves
finding a pair of function preserving maps which use
topological smoothings on the Reeb graphs and com-
mute as much as possible; this is called an e-interleaving
where € is the required amount of smoothing. Then
one can define an interleaving distance on cosheaves (or
merge trees), as follows:

dr((X, 1), (Y,g)) = inf{e > 0| 3 e-interleaving}.

5 The hom-tree construction

The hom-tree construction defines a merge tree for
(X, f), through the following process. Fix a test space
(E, h). This could be, for example, a single line with a
monotone function supported on a finite range. First
we define the hom-functor which assigns to each Reeb
graph the R-functor

a —r HomReeb((Ev h)a ua(Xv f))

that sends a nonnegative real number a > 0 to the set
of all function preserving maps from the test space to
the a-smoothing U, (X, f) of (X, f). The hom-functor
is a constructible R-functor. By the categorification of
merge trees as constructible R-functors, there exists a
unique (up to merge tree isomorphism) merge tree asso-
ciated to the hom-functor which we call it the hom-tree
of (X, f) and denote it simply by H (X, f). The motiva-
tion for studying hom-trees is to give a lower bound for
the Reeb graph interleaving distance by the merge tree
interleaving distance between the associated hom-trees.

6 Example

We present the hom-tree construction, by a simple ex-
ample given in Figure [1l Let (X, f) be a Reeb graph
having a single hole of height 2¢ as in the left of the fig-
ure. In this example, we use the test space (E, h) which
is the graph with two vertices and one vertical edge of
height equal to the range of f. Consider the associated
hom-functor of (X, f). If a < e, there are exactly two
function preserving maps from the test space (E,h) to
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Figure 1: The hom-tree construction

the a-smoothing U, (X, f): the ones that map the test
space (E, h) to the blue and purple colored curves after
an a-smoothing, respectively. This is represented by the
two legs of the hom-tree, shown in the figure at right.
Else, if a > €, the hole in the Reeb graph shrinks enough
to disappear because of the smoothing process, and the
images of the blue and purple curves coincide. Hence,
we get only one function preserving map from the test
space (E,h) to the a-smoothing U, (X, f), which is the
identity map. This is represented by the straight line
above the legs.

7 Comparing Reeb graphs with hom-trees

Our main result is the following theorem, proved using
the machinery of category theory and the definitions of
e-interleavings on Reeb graphs and on merge trees.

Theorem 7.1 The interleaving distance for a pair of
Reeb graphs (X, f) and (Y, g), is bounded below by the
merge tree interleaving distance of their corresponding
hom-trees, i.e.

C21(7{(X7 f)?H(ng)) S dI((X7 f)ﬂ (Y7g))

where d; denotes the merge tree interleaving, dj de-
notes Reeb graph interleaving, and both H(X, f) and
H(Y, g) use the same test space (E, h) for the hom-tree
construction.

8 Conclusion

We gave a categorification of merge trees and define a
metric for comparison of those structures. Furthermore,
we have defined a construction, the hom-tree, which can
be used to define a lower bound on the Reeb graph inter-
leaving distance by the merge tree interleaving distance
with respect to a fixed test space. We expect that these
new results will allow for improved understanding of the
Reeb graph and merge tree interleaving distances.
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