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Abstract

Mixed combinatorial nonlinear programming (MCNLP) problems are a challenging class

of optimization problems that arise in engineering design, optimal planning, and robot

codesign applications. Traditional approaches to represent the combinatorial space in con-

junction with the continuous space include integer deification or binary representations,

which however introduce spurious (unintended relations) between combinations, leads to

substantial increase in the search space dimensionality, and/or require imposing additional

compatibility constraints. Instead, our approach draws motivation from recent develop-

ments in robot codesign and network routing domains that aim to learn search heuristics

over combinatorial spaces using Graph Neural Networks (GNN). We present a first-of-its-

kind structured abstraction of the combinatorial space by learning how to map a set of com-

binatorial choices given as a fully connected undirected graph into a directed graph where

edges express direct improvement. The mapping is performed by an architecture we pro-

pose, namely, Edge Flow Graph Network (EFGN) trained with pairwise difference regres-

sion over a loss function that uses a special cyclical regularizer. The presented direction-

aware abstraction model provides a potentially more scalable and interpretable retrieval of

combinations compared to the original recommendation system in that framework. For

evaluation purposes, the optimization framework is implemented using the Mixed discrete

particle swarm optimization algorithm and is used to solve analytical benchmark problems

that vary in the numbers of combinations and design variables. This approach is also ap-

plied to an engineering codesign problem, namely design of the morphology and control

xi



parameters of an active tether-net system used for space debris capture. Compared to a

baseline using indexification of the allowed combinations, the optimization using the GCN

based recommender consistently provides significantly better mean value of the optimum

and greater robustness across multiple runs of PSO in these benchmark and engineering

design problems.
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Chapter 1

Introduction

Optimization is the process of selecting the best solution from a set of feasible alternatives

based on a defined objective function and subject to constraints. Formally, it involves

determining values of decision variables that minimize or maximize an objective while

satisfying system constraints.

Optimization problems can be classified based on the structure of their objective func-

tion, variables, and constraints. A linear optimization problem is where both the objective

function and constraints are linear, whereas nonlinear optimization involves at least one

nonlinear component. Based on the domain of the decision variables, problems may be

continuous, where variables take real values, or discrete, where variables are restricted to

integer or binary values, as in combinatorial optimization. Additionally, optimization prob-

lems may be constrained, requiring the solution to satisfy a set of equality or inequality con-

straints, or unconstrained, where no such restrictions are imposed. These distinctions are

fundamental in determining the appropriate modeling and solution techniques for a given

problem. In addition to the basic classification of optimization problems, an important sub-

class arises based on the structure of the variables and the geometry of the feasible region.

One such class is the Mixed Integer Programming (MIP) problem, where the domain is

mixed, that is, some variables take integer values while others are continuous. Depending
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on the nature of the objective function and constraints, optimization problems may also

be classified as convex or non-convex. Convex optimization problems are characterized by

convex objective functions and feasible regions, ensuring that any local optimum is glob-

ally optimal and enabling efficient solution methods. In contrast, non-convex problems

may contain multiple local optima and are generally more difficult to solve. A special case

of MIP is Mixed Integer Linear Programming (MILP), where both the objective function

and constraints are linear, whereas in a Mixed Integer Non Linear Programming (MINLP),

at least one component is nonlinear. While MILP benefit from well-developed and effi-

cient solution techniques, MINLP are generally more challenging due to the combination

of combinatorial structure and nonlinear system behavior. We have another class called

Mixed Combinatorial Non Linear Programming (MCNLP) problems, in which the design

space combines combinatorial choices and continuous domains. This thesis focuses on de-

signing and optimizing the MCNLP problem, which we discuss in detail. But before that,

we will discuss and go through Combinatorial optimization (CO) and MINLP, since the

literature review in these two domains will give us the necessary insight to proceed with

the formulations and challenges of operating in the MCNLP domain.

1.1 Combinatorial optimization

CO problems objective remains in finding an optimal solution from given finite possibili-

ties. Unlike continuous optimization, where variables can take any real value within a given

range, classical CO operates strictly within integer or categorical domains. These problems

tend to be difficult because, although the search space is a finite set of possibilities, the

underlying number of possible combinations or discrete choices increases exponentially

with problem size. Examples of these problems are network management [15], the travel-

ing salesman problem (TSP) [16], and graph coloring [15]. For example in TSP, n nodes

(representing cities) and the pairwise distance between them is given and the objective is to
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find the shortest Hamiltonian cycle between them, which is basically the path which goes

to each of nodes exactly once and returns to the starting point. The decision variables are

binary, indicating whether a connecting edge is traversed or not. The key challenge is the

combinatorial explosion of the solution space, that is, the number of feasible paths grows

factorially with the number of nodes, specifically on the order of (n− 1)!. To put it to per-

spective, a 5 nodes problem has 24 paths to check , while a 10 nodes one has 362,880 and

a 20 node problem has 1.21× 1017, Thus even a brute force technique becomes intractable

quickly with increase in nodes.

But there exists a much more complex set of optimization problems, which are gener-

ally seen in many complex real-world engineering and scientific problems and are charac-

terized by the simultaneous optimization of discrete choices along with continuous parame-

ters. Examples of such types of problems commonly exist in the field of robot planning [7],

spacecraft design [18], and task planning [21]. The presence of continuous variables dis-

tinguishes these problems from classical CO problems.

1.2 Mixed-Integer Nonlinear Optimization

This class is important because it unifies discrete design choices, logical decisions, and

nonlinear physical or economic relationships in a single model. Here, the integer variables

represent choices such as unit selection, on/off decisions, network topology, or sequencing,

while the continuous variables capture operating levels, flows, temperatures, timings, or

other physical quantities.

MINLP problems are typically solved using a combination of techniques drawn from

nonlinear programming and integer programming, reflecting their hybrid structure. Broadly,

the literature classifies solution methods into two main categories: decomposition-based

methods and branching-based methods.

In decomposition-based methods, like Outer Approximation (OA) and Generalized
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Benders Decomposition (GBD) , the problem is solved by splitting the problem into two

parts, namely, a continuous nonlinear part and a discrete decision part, and then the opti-

mization proceeds by alternating between them. OA works by decomposing the problem

into a nonlinear subproblem and a linear master problem. At each iteration, the discrete

variables are fixed, and the resulting Nonlinear Programming (NLP) problem is solved to

obtain optimal continuous variables and the local information about nonlinear constraints.

These nonlinear constraints are then linearized, thus producing linear constraints that ap-

proximate the feasible region. This becomes the new MILP problem, which is solved, and

the resulting discrete solution is fed back in, and the process repeats until convergence to an

optimal solution. On the other hand, GBD solves the problem by trying different discrete

choices and then solving the corresponding continuous problem. This process provides a

bound on the objective value and helps determine the cost associated with each choice.

These cost estimates are then used to define cuts (or rules), which guide the optimizer

toward better decisions.

In branching methods, Branch-and-bound (BnB) is a widely used technique for solv-

ing optimization problems. It works by systematically dividing the original problem into

smaller subproblems, a process known as branching, and solving a relaxed version of each

subproblem in which some constraints, such as integrality are temporarily ignored. This re-

laxation helps obtain a bound on the best possible solution within that region. Although the

relaxed solution may not be feasible for the original problem, it provides an optimistic es-

timate, that is, a lower bound in the case of minimization problems. These bounds are then

compared with the best feasible solution found so far. If a subproblem cannot yield a better

solution, even in this relaxed form, it is discarded or pruned, and the algorithm focuses

on more promising branches. If the bound indicates potential improvement, the branch is

explored further. By repeatedly branching, solving relaxations, and pruning unpromising

regions, the method efficiently explores only the most relevant parts of the solution space

until the optimal solution is reached. Another branching method is Branch-and-Cut (BnC),
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which extends the BnB method by adding extra constraints called cuts that eliminate unre-

alistic and suboptimal solutions. It begins by solving a relaxed version of the problem, then

introduces cuts to remove fractional or infeasible solutions without excluding valid ones.

After tightening the problem this way, it applies branching to explore smaller subproblems.

By continuously refining the solution space and pruning poor options, BnC reaches the

optimal solution faster than basic BnB.

In addition to these core approaches, modern MINLP solvers increasingly emphasize

reformulation and structure exploitation. One such technique is Perspective reformulation.

This technique is used in optimization problems where binary variables control continuous

variables or decisions. It ensures that when a binary variable is inactive, the associated

continuous variables behave consistently, that is ideally it would also be set to zero or re-

lated inactive states, this leads to a more accurate representation of the problem and helps

in solver performance. Another method is convexification, which is generally applied to

nonconvex functions, and it basically creates convex approximations of the same using

linear bounds or convex envelops. These approximations do not exactly represent the prob-

lem, but it provides a tractable version that is easier to solve and yields useful bounds on

the optimal solution. This method is generally used alongside iterative frameworks like

branch and bound. General Disjunctive Programming (GDP) on the other hand, are used

in problems where a decision involves choosing between different system configurations

or sets of constraints, which are basically ”either-or” decisions. GDP converts these prob-

lems into logical statements, and they are converted into mathematical constraints, so that

optimization solvers can work with them. Here GDP is not solving the problem; rather, it

is a paradigm to formulate complex decision-making problems before they can be solved

using standard optimization algorithms.

Another key format to represent MINLP is by converting the mathematical formulations

to expression graphs. Expression graphs or factor graphs represent nonlinear functions as

directed acyclic graphs composed of elementary operations, variables, and constants, en-
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abling a factorable decomposition of complex expressions into simpler components. This

representation allows optimization algorithms to systematically analyze structural proper-

ties such as convexity, separability, and differentiability. It supports efficient computation

of derivatives through automatic differentiation and facilitates convex relaxation of global

optimization. This way, expression graphs help transform complex mathematical models

into a form that is easier to analyze and optimize.

MINLP has been extensively studied, with a wide range of solution techniques devel-

oped to handle problems involving continuous and discrete variables. However, there exists

another important class of problems that extends beyond the traditional MINLP formula-

tion, referred to as Mixed Combinatorial Nonlinear Programming (MCNLP) problems[18].

1.3 Mixed Combinatorial Nonlinear Optimization

In this thesis, we focus on the problems with the co-presence of both continuous and com-

binatorial variables, which are broadly categorized as MCNLP problems. In MCNLP en-

gineering design problems, decision variables may include continuous parameters (e.g.,

geometry), integer variables (e.g., counts of features such as fins or holes), and selections

from finite sets of combinations. Such combinations typically arise from component or

material choices, where each option is characterized by multiple attributes, such as motor

mass, voltage, and power ratings, or material density and elasticity. When these choices

are independent, they can be treated as separate combinatorial sets, whereas dependencies

or conflicts among components require defining a unified set of valid combinations.

We will discuss few of the problems to understand the mixed discrete-continuous as-

pect of the problem. For example, lets consider a mobile robot navigating an environment,

in this case, it must decide the sequence of actions to execute, which is a discrete combi-

natorial problem, while also determining how to execute each action in terms of continu-

ous variables like velocity, timing and control inputs. In the context of robotic planning,
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Fernández-González et al. [7] formalize this as a hybrid planning problem. Similarly, con-

sider the design of a spacecraft-based tether-net system for capturing space debris. Here,

the system must select from a finite set of hardware and structural configurations, such as

thruster types, net materials, and mesh resolutions which together form a discrete combina-

torial design space. At the same time, it must determine how the system operates through

continuous variables such as control inputs, geometric parameters, and trajectory-related

quantities. Therefore, we can formulate a design optimization, where overall system per-

formance metrics like fuel consumption jointly depend on these discrete configurations and

continuous design variables. This naturally leads to a mixed-combinatorial optimization

problem, where the objective is defined over both a finite set of valid design combina-

tions and a continuous parameter space. Liu et al[18] abstract this as a graph problem and

learn the hybrid space using a Graph Neural Network (GNN) , which is embedded within a

heuristic algorithm and used to optimize the system performance metrics. The resulting op-

timization framework forms the core foundation of this thesis, upon which we build more

generalized abstractions and advanced learning-based formulations to further enhance the

efficiency and structure of the optimization process.

This key distinction on how discrete decisions are represented distinguishes it from

MINLP, where discrete variables are typically modeled as independent integer or binary

variables, allowing them to be indexed and manipulated within a structured numerical

space. In contrast, MCNLP problems involve selecting from a finite set of valid combi-

nations, where each combination represents a structured grouping of interdependent design

choices. These combinations cannot be decomposed into independent variables without

losing their inherent relationships. As a result, the combinatorial space in MCNLP does

not admit a natural Euclidean structure. Unlike integer variables, combinations cannot

be ordered, interpolated, or traversed through local neighborhood operations. Instead, the

search over this space is fundamentally a selection problem over a discrete set, often with

complex dependencies and constraints between elements.
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We see that unlike continuous or integer variables, combinations do not naturally sup-

port vector operations or ordered neighborhood relationships, which makes them difficult

to handle using conventional gradient-based or metaheuristic optimization methods. Con-

sequently, most existing approaches treat the combinatorial space as a selection problem or

transform it into alternative representations that are more amenable to optimization, such

as one-hot or ordinal encoding with integers [20, 28, 24].

1.4 Abstractions and Limitations

MCNLP and MINLP problems are computationally NP-Hard [22], and the increased choices

among discrete variables lead to combinatorial explosion as we had discussed earlier on[17].

Therefore, the mixed combinatorial search space is generally intractable, which necessi-

tates abstractions to represent it. Thus, reformulation and structure exploitation become

central perspectives in solving optimization problems, typically via subsets, projections, or

latent representations. For example, Pattern Databases, a hierarchical method, abstracts

combinatorial spaces by reducing them to simpler subproblems, providing tight lower

bounds that guide and accelerate search cite patterndatabase. Combinatorial Optimiza-

tion with Policy Adaptation using Latent Space Search (COMPASS) abstracts combina-

torial space by mapping it to a low-dimensional continuous latent representation of poli-

cies, within which effective strategies are searched[3]. MAXQ Value Function Decompo-

sition (MAXQ) abstracts by using only subtask-relevant variables under safety guarantees,

reducing the complexity [6]. Combinatorial Bayesian Optimization (COMBO) on the other

hand, abstracts the combinatorial space by representing configurations as nodes in a graph

and models a surrogate function over this using Laplacian-based kernels, exploiting local

transitions between configurations[23]. While these methods expose techniques to reduce

the complexity of the search space, they lack a structured notion of directionality within

the combinatorial space, and thus are limited in providing navigational guidance during
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optimization.

Several existing research studies aim to improve navigation or provide gradient-like

guidance for effective search in the combinatorial space. The Gumbel-Softmax relax-

ation [11] technique introduces gradient-based awareness into combinatorial exploration,

but it suffers from a discretization gap and scalability bottlenecks. Generative Flow Ant

Colony Sampler (GFACS) is a technique where combinatorial space is abstracted as a se-

quential decision process over a directed acyclic graph (DAG); here, Generative Flow Net-

works (GFlowNets) learns a reward distribution over solutions using Graph Neural Net-

work (GNN) internally. This learned prior further guides ant-based search toward high-

quality solutions [13]. Despite the significant progress, the existing methods operate at

the level of state compression or scalar function approximation. Most existing methods

assume a static combinatorial objective, whereas in MCNLP settings the landscape itself

varies with the continuous context, requiring a representation that adapts across conditions.

These limitations point to a critical gap: there is a lack of a unified, geometry-aware ab-

straction and learning methodology that can learn transitions in the objective landscape,

especially in the mixed combinatorial domain.

1.5 Motivation

A recent approach for solving such MCNLP problems in design automation proposes a de-

composition that separates the CO part from the problem and solves the CO problem with

an GNN recommender for combination selection. This concept draws partly on work in

multi-robot task allocation [25, 26] and network reconfiguration [9], where large combina-

torial spaces are effectively represented as graphs and efficiently searched over by GNNs

trained on data or experience. Building on this concept, our recent work [18] presents

GNN-ReCo, an optimization framework that divides the problem into a combination learn-

ing stage—where configurations are represented as graph nodes and processed by a GNN-
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based recommender—and a non-CO optimization stage, which is solved using standard

NLP or MINLP methods.

Liu et al. [18] abstract the combinatorial search space as a graph and propose a GNN-

based recommendation system, named as GNN-ReCo, to embed in the unconstrained op-

timization framework, which efficiently selects combinatorial variables corresponding to a

given continuous variable vector.

This decomposition addresses a fundamental challenge in mixed combinatorial op-

timization: establishing meaningful relational structure among combinatorial selections.

Classical MINLP approaches such as branch-and-bound often rely on indexification, where

categorical or combinatorial variables are represented through indexed numerical encod-

ings that implicitly assume ordinal or neighborhood relationships between choices. While

this may be suitable for low-dimensional categorical variables, it becomes inadequate for

MCNLP problems, where each combinatorial decision corresponds to an entire config-

uration vector rather than an isolated categorical label. In such settings, indexification

introduces artificial relationships between combinations that do not reflect the underlying

structure of the optimization landscape. In contrast, GNN-Recommender For Combinato-

rial Optimization (GNN-Reco) naturally formulates the combinatorial selection process as

a recommendation problem conditioned on the continuous optimization context. By em-

bedding combinatorial configurations into a learned latent graph space, the framework cap-

tures relational and structural dependencies among combinations that conventional index-

based representations cannot. This results in a richer, more expressive representation space

that supports ordering, retrieval, and recommendation across large combinatorial domains,

thereby motivating the decomposition of the optimization problem and the use of graph

neural recommendation models.

However, the edge construction in GNN-Reco primarily connects combinatorial con-

figurations based on structural similarity measures, such as Euclidean distance, within the

combinatorial embedding space. As a result, the learned relationships are largely restricted

10



to the combinatorial domain itself and do not explicitly encode how the objective function

changes across configurations within a given continuous context. In the present work, we

extend this formulation by augmenting graph edges with signed pairwise objective differ-

ences between configurations conditioned on the continuous variables. Consequently, the

graph no longer represents only combinatorial proximity, but also captures directional in-

formation within the objective landscape itself. This induces a richer edge-flow representa-

tion over the graph that reflects optimization-relevant relationships between configurations.

Furthermore, the HodgeRank interpretation provides a principled mathematical framework

for analyzing these edge flows in terms of global consistency, local cyclic inconsistency,

and reliability of the learned ranking structure.

Building on this optimization framework, we further draw inspiration from abstracting

combinatorial spaces through directed graphs of pairwise relationships, where global struc-

ture is inferred from local edge-wise comparisons. This perspective, inspired by HodgeR-

ank[12], serves as our novel formulation for building a learning-based model that reasons

over combinatorial structures in a geometry-centric way and learns edge-wise differences in

objectives between configurations indexed by continuous variables. We extend the GNN-

Reco Optimization framework and learning edge-wise energy differences to the mixed

combinatorial optimization setting.

Here, we explore an alternative recommendation-based approach to improve the scal-

ability and interpretability of search across mixed combinatorial optimization spaces. By

incorporating concepts from HodgeRank into the learning process, the proposed framework

provides a structured mechanism for estimating global ranking structure from sparsely sam-

pled regions of a much larger combinatorial domain. The central idea is to learn the under-

lying relationship between combinatorial configurations, continuous contextual variables,

and the resulting objective landscape by analyzing pairwise differences in objectives. The

main hypothesis behind this approach is the notion of explicit gradient awareness over com-

binatorial spaces: we posit that learning signed pairwise objective changes when transition-
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ing between configurations enables more scalable retrieval while simultaneously making

the recommendation process more structured, interpretable, and optimization-aware.

This new approach necessitates a new graph representation, in which edge weights en-

code relative differences in objective values between configurations. Through this construc-

tion, we define a structured mathematical object over the combinatorial graph that captures

the local geometry of the optimization landscape. In practice, during each combinatorial

choice selection step, the model is provided with a subset of candidate configurations, rep-

resented as nodes in an undirected graph, along with a continuous context proposed by the

optimizer. The model then outputs a directed graph over the same nodes, where edges are

assigned normalized objective differences. An illustrative visualization of this mapping

concept is shown in Fig. 3.3. This enriched directed graph enables the optimizer to make

an informed decision over the objective landscape, which is a mixed, combinatorial, hy-

brid search space. Consequently, this technique enables gradient-like navigation over this

hybrid space while preserving the discrete structure and underlying geometry. This new

GNN structure navigates the selection of combinations; we name this variation of the prior

recommending system GNN-NavCo to distinguish it from prior work.

1) Abstraction of Combinatorial Spaces on Directed Graph: We represent the search-

able combinatorial space as a directed graph, where edges encode pairwise energy dif-

ferences between configurations. These values capture how the objective and penalty-

augmented constraints evolve across transitions.

2) Theoretical Foundation using Combinatorial Hodge Theory: We develop a mathe-

matical framework for the proposed graph-based representation by interpreting the abstrac-

tion in terms of combinatorial Hodge theory. This edge flow function encodes pairwise

energy differences between configurations and induces a directional structure that provides

gradient-like guidance for search. The formulation is grounded in combinatorial Hodge

theory, enabling the analysis of consistency and recoverability of the underlying scalar en-

ergy.
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3) Gradient-aware Learning of Combinatorial Navigation via GNN: We develop a

learning framework called GNN-NavCo that computes the gradient-like edge weights of

the graph and predicts the corresponding energy landscape for a given continuous variable

vector of a candidate design. The predicted landscape is then used to guide the recommen-

dation of promising nodes, enabling efficient exploration of the combinatorial space across

different sampled subsets of configurations.

4) Evaluation of GNN-NavCo-aided optimization: We decompose the MCNLP so-

lution process into a combination recommendation model generation stage and a non-

combinatorial (in our problems, continuous) optimization stage as [18]. We then conduct

an extensive evaluation of the proposed framework on two unconstrained benchmark prob-

lems to examine its scalability and performance across large combinatorial spaces. Fur-

thermore, the framework is evaluated on constrained benchmark problems to demonstrate

its applicability to constrained optimization settings.
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Chapter 2

Theoretical Foundations of Approach

In this section, we discuss the theoretical foundation for the thesis. We will first define the

Mixed combinatorial non-linear programming (MCNLP), followed by our proposal on how

to abstract the problem space using a graph-based representation of pairwise data. Then,

combinatorial Hodge theory is briefly discussed, followed by a Hodge-theoretic interpre-

tation of the proposed abstraction. These ideas would be used towards implementing the

model architecture and learning process in Chapter 3.
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2.1 MCNLP Optimization Problem

We consider a MCNLP with kcomb combinatorial variables z and kcont continuous variables

x with p inequality constraints and q equality constraints in the following form:

min
Zcomb,Xcont

f(Zcomb,Xcont)

subject to gi(Zcomb,Xcont) ≤ 0, i = 1, 2, . . . , p

hj(Zcomb,Xcont) = 0, j = 1, 2, . . . , q

where Zcomb =

[
z1 z2 . . . zkcomb

]
Xcont =

[
x1 x2 . . . xkcont

]
xL
n ≤ xn ≤ xU

n , ∀ n = 1, 2, . . . , kcont

Zcomb ∈ Z

(2.1)

Where Zcomb and Xcont are the vectors of the combinatorial and continuous variables, re-

spectively. xL and xU are the lower and upper bounds of the continuous variables, and Z is

the valid combination set.

The prior work of [18] decomposes the MCNLP into two parts: the learning of combi-

nations which are abstracted as graph nodes, and solving a Non-CO as just NLP or MINLP.

We will briefly discuss the framework to provide background on the problem. In this the-

sis, our focus is on the former part of the decomposition technique, that is, to define a new

abstraction of the mixed domain and to formulate a new method to learn this abstracted

space , which will be grounded in Discrete Exterior Calculus [5] and Combinatorial Hodge

Theory [12]. We will show how our abstracted model can be explained using discrete ge-

ometry and how we exploit tools in this field to define the neural network architecture and

a custom regularizer to stabilize learning.
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2.2 Decomposing with GNN-Reco Framework

If the valid combination set is defined as Z, then each combination can be represented

by a feature vector Z = [z1, z2, . . . , zkcont ], where Z ∈ Z and kcont denotes the number

of features. These features may correspond to the physical attributes associated with the

selected components. For example, in robot design, such features may include motor mass,

voltage, and power ratings, as well as sensor detection range and mass.

The work of [18] represents the combinatorial space as a fully connected undirected

graph G = (Zcomb, E), where each valid combination is abstracted as a node positioned

according to its feature vector. The edge weight between any two nodes is defined as the

Euclidean distance between the corresponding feature vectors of the two combinations.

This graph representation enables the learning of relational structure over the discrete de-

sign space.

The key idea is to decompose the problem defined in (4.1) and rewrite it as following

Non-CO form:
min
Xcont

f(Z∗
i ,Xcont)

where y = γ(G,Xcont)

i∗ = argmax
i=1,2,...,ntot

yi, yi ∈ y

Xcont =

[
x1 x2 . . . xkcont

]
xL
n ≤ xn ≤ xU

n , ∀ n = 1, 2, . . . , kcont

Z∗
i ∈ G, and G ∈ Z

(2.2)

Here y is the score vector indicating the fitness value of each candidate combination in

the abstracted graph G, which is calculated by a function γ(·) involving the prediction of

GNN-ReCo. i∗ is the index of the node (candidate combination in G) with the highest

fitness score, denoted by Z∗
i .

Trained by a specialized list-wise loss function, GNN-ReCo efficiently learns to predict
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the score of each combination and then recommends the best-suited combination in the

valid set for the given non-combinatorial variables. Here, the score can be a scalar value

defined by the objective function value. By embedding it into the function evaluation,

GNN-ReCo can work with sampling-based heuristic optimization algorithms as well as

classic optimization solvers. In this thesis, we will be replacing GNN-ReCo with GNN-

NavCo. This new, pluggable, and enhanced version will be embedded in the MCNLP

decomposition framework.

In our work, GNN-NavCo handles both unconstrained and constrained problems. We

adopt a common approach in constrained optimization, converting the constrained prob-

lem into an unconstrained one by introducing penalty functions that incorporate constraint

violations into the objective [18]. Following this approach, we define a penalized energy

function. We model the objective function landscape as an energy function [14], where

both feasible and infeasible objective values are unified into a single objective or energy

landscape, yielding a mixed combinatorial energy landscape on which optimization is per-

formed. The energy landscape is shaped by objectives and constraints in equation (4.1).

ϕ(Z,X) = f(Z,X) + ρ

(
p∑

i=1

Pτ (gi(Z,X)) +

q∑
j=1

Pτ (hj(Z,X))

)
, (2.3)

where ρ > 0 is a penalty weight and Pτ (·) denotes penalty. It can be chosen based on the

objective landscape.

2.3 Graph-Based Representation of Pairwise Data

The energy defined in (2.3) depends jointly on the discrete configuration variable z and the

continuous parameter x. To model this interaction, we construct a graph-based abstraction

over the mixed combinatorial space. Let us first consider Zcomb, which defines our combi-

natorial space. We first create k number of nodes and connect each of them, constructing

a fully connected or complete graph G = (Zcomb, E), where E = {(i, j) : i ̸= j}. Now,
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let’s assume that there is a continuous Xcont variable, which can induce an energy at these

nodes based on equation (2.3). Now, for a given Xcont, we can then take the difference in

energy between each of these nodes and move that to the edge; this is what we call pairwise

differences in energy. Now, if we say there exists a function of energy at the nodes which is

parametrized by Xcont , then surely the pairwise differences value on the edge will also be

parametrized for the same Xcont. Specifically, for each pair of configurations (Zi,Zj), we

define an edge function ω(i, j,Xcont), which captures the relative change in energy between

configurations under context x.

ω(i, j,Xcont) = ϕ(zj,Xcont)− ϕ(zi,Xcont) (2.4)

This construction induces a directed edge structure over the graph, where edge weights

encode transition-wise energy differences. Importantly, while the graph topology remains

fixed, the edge weights vary continuously, thereby altering the relative ordering and direc-

tion of improvement between configurations. Furthermore, this edge quantity satisfies the

antisymmetry property, ω(i, j,Xcont) = −ω(j, i,Xcont), reflecting that reversing a transition

negates the corresponding energy difference. Therefore, the abstraction can be thought of

as having fixed nodes representing the combinatorial variables, and edges between those

nodes representing a function that encodes the pairwise energy difference between the re-

spective nodes for the indexed continuous variable Xcont. This, when seen from the matrix

perspective, is having n-number of matrices of graph G⨿ = (Zcomb, E⨿), with Zcomb fixed

and q ∈ 1, 2, 3....n. In this case, Eq represents the adjacency matrix, which encodes the

pairwise differences between the respective nodes. Therefore, we use this central abstrac-

tion as a target for a neural network to learn. This edge function, which represents the

pairwise energy differences, can be thought of as a dynamic edge flow on graphs and thus

is similar to the formulation of HodgeRank pioneered by Jiang et al[12]. In this thesis, the

proposed abstraction will be analyzed within this context.
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2.4 Combinatorial Hodge Theory and HodgeRank

HodgeRank, proposed by Jiang et al. [12], is a pioneering work in the field of statisti-

cal ranking on graphs and the abstraction of discrete data. It specifically handles cardi-

nal scores to rank preferences, unlike the ordinal scores approach seen before. This is of

particular interest to this thesis because the pairwise differences in the energy space can

be interpreted as the cardinal score of preference. HodgeRank is a framework or set of

methods for analyzing pairwise data represented as edge flows on graphs using discrete or

combinatorial Hodge theory.

HodgeRank is a graph-based ranking framework derived from combinatorial Hodge

theory that converts pairwise comparisons into a globally consistent ranking while also

measuring data inconsistencies. Instead of assuming that all preferences can be perfectly

ordered, HodgeRank models rankings as flows on a graph, where items are vertices and

pairwise preferences are edges. Using a Hodge decomposition, the method separates rank-

ing information into three components: a gradient flow representing the optimal global

ranking, a curl flow capturing local inconsistencies, and a harmonic flow representing

global cyclic inconsistencies. This allows HodgeRank not only to produce a ranking but

also to quantify its reliability. One of its major advantages is that the global ranking can be

computed efficiently through linear least-squares optimization rather than NP-hard combi-

natorial optimization methods such as Kemeny ranking. HodgeRank is particularly useful

for modern datasets that are incomplete, imbalanced, noisy, or based on pairwise compar-

isons, such as those used in recommendation systems, voting systems, web ranking, and

preference aggregation.

A pairwise comparison graph is a weighted directed graph G = (V,E) in which each

vertex i ∈ V represents an alternative and each edge (i, j) ∈ E encodes a preference

comparison between alternatives i and j. The observed comparisons are represented by

a skew-symmetric matrix Y ∈ Rn×n where Yij = −Yji and Yij measures the preference
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intensity of alternative j over i.

A pairwise ranking flow is then defined as a skew-symmetric edge flow on this graph,

assigning a numerical value to every oriented edge that captures the direction and magni-

tude of preference. The global ranking model assumes the existence of a score function.

s : V → R (2.5)

such that the induced ranking flow satisfies

Xij = sj − si (2.6)

where X = [Xij] is called a gradient flow or globally consistent ranking flow. Thus, X

belongs to the model space

MG =
{
X ∈ Rn×n

∣∣ Xij = sj − si, s : V → R
}

(2.7)

which consists of all rank-2 skew-symmetric matrices generated by score differences.

According to the Hodge-theoretic framework, an edge flow X is globally consistent if for

every triple of alternatives (i, j, k), the additive consistency condition

Xij +Xjk +Xki = 0 (2.8)

holds, implying that preferences can be explained entirely by a single global potential func-

tion s. This characterization provides the mathematical foundation for distinguishing co-

herent rankings from cyclic inconsistencies in pairwise comparison data.

HodgeRank introduces the combinatorial gradient operator, which maps a scalar po-

tential or score function s : V → R defined on the vertices of a graph to an edge flow
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representing pairwise rankings. Mathematically, the gradient flow is defined as

(grad s)(i, j) = sj − si (2.9)

meaning that the preference between alternatives i and j is determined entirely by the

difference in their global scores. Any edge flow X that can be expressed in this form is

called a gradient flow and represents a globally consistent ranking because all pairwise

comparisons arise from a single underlying potential function.

The collection of all such globally consistent flows forms the model space

MG = {grad(s) | s : V → R} = im(grad) (2.10)

which is the image of the gradient operator. The statistical ranking problem is then

formulated as a weighted least-squares optimization that projects the observed pairwise

comparison flow Y onto the subspace MG of gradient flows:

min
X∈MG

∥X − Y ∥22,w = min
X∈MG

∑
(i,j)∈E

wij(Xij − Yij)
2 (2.11)

Here, the weight matrix W = [wij] assigns importance to each comparison edge and

may encode factors such as confidence, frequency, or reliability of voter judgments. The

minimizer therefore corresponds to the closest globally consistent ranking flow to the

observed data, providing a principled graph-theoretic interpretation of ranking as an ℓ2-

projection onto the space of gradient flows.

After obtaining a global ranking through the combinatorial gradient framework, the

next step is to quantify the degree to which the observed pairwise rankings deviate from

global consistency. This is achieved through the notion of combinatorial curl, which serves

as a measure of local inconsistency on triangular loops within the comparison graph. Con-

sider a graph (G = (V,E) whose vertices represent alternatives and whose edges encode
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pairwise comparisons through an edge flow X . In a perfectly consistent ranking system,

traversing a closed loop of comparisons should yield zero net preference change, meaning

that the accumulated preference differences around the loop cancel out. Since the small-

est nontrivial cycle in a graph is a triangle, local inconsistency is naturally measured over

triples of alternatives.

To formalize this, the framework introduces a triangular flow, a function

Φ : V × V × V → R (2.12)

that behaves as an alternating 3-tensor, satisfying antisymmetry properties such as

Φ(i, j, k) = Φ(j, k, i) = Φ(k, i, j) = −Φ(j, i, k) = −Φ(i, k, j) = −Φ(k, j, i) (2.13)

A triangular flow therefore captures triplewise ranking interactions in the same way an

edge flow captures pairwise preferences. The combinatorial curl operator maps an edge

flow X to a triangular flow and is defined on every triangle (i, j, k) in the graph by

(curlX)(i, j, k) = Xij +Xjk +Xki (2.14)

whenever all three edges belong to the graph, and zero otherwise. Intuitively, this

quantity measures the failure of pairwise preferences to satisfy transitive consistency on

the triangle. For example, if

i ≻ j, j ≻ k, k ≻ i

then the sum around the cycle is nonzero, indicating a cyclic contradiction in prefer-

ences. The skew-symmetry condition

Xij = −Xji

22



guarantees that the curl itself forms a valid triangular flow with the required antisymmet-

ric structure. Hence, the combinatorial curl provides a rigorous mathematical statistic for

detecting and quantifying local inconsistencies in ranking data. While the gradient compo-

nent represents the globally consistent portion of the ranking, the curl component isolates

cyclic preference structures that obstruct the existence of a coherent global ordering. This

decomposition is central to Hodge-theoretic ranking, as it distinguishes reliable ranking

information from locally contradictory voting behavior.

HodgeRank also provides another important tool that can help in situations where rank-

ing data is sparse or incomplete. Hodge-theoretic ranking aggregates individual voter pref-

erences into a more complete average pairwise ranking matrix Y. This averaging process

transforms partial rankings into statistically meaningful pairwise comparisons between al-

ternatives. Several averaging schemes can be used, depending on the nature of the data

and the desired invariance properties. The arithmetic mean of score differences computes

the average score difference and is translation-invariant. Alternatively, when scores are

positive, the geometric mean of score ratios uses logarithmic differences, providing scale

invariance. In ordinal ranking settings, binary comparisons define pairwise preferences us-

ing the sign function, producing a probability difference that is invariant under monotone

transformations. Together, these averaging methods provide flexible mechanisms for con-

verting incomplete voter data into robust pairwise ranking flows suitable for global ranking

and inconsistency analysis.

2.5 Hodge Theoretic Interpretation

In the general HodgeRank framework, the ranking problem is modeled as a graph in which

the alternatives to be ranked are represented as vertices, and the comparisons between them

form the graph’s edges. The notion of “voters” arises naturally in recommendation sys-

tems and preference aggregation settings, where different users independently assign car-
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dinal scores or ratings to items such as movies, products, or websites. For example, in a

movie recommendation system like Netflix, each viewer acts as a voter by rating a subset

of movies, and these ratings are transformed into pairwise comparisons that express how

strongly one movie is preferred over another. Since different users rate different subsets

of items, the resulting data is often incomplete and imbalanced, motivating a graph-based

formulation. HodgeRank aggregates all these pairwise preferences into an edge flow on the

graph and then uses a least squares approximation to recover a global ranking. Specifically,

the method finds a global score function whose induced pairwise differences best match the

observed voter comparisons while minimizing the total squared error. In this way, the least

squares formulation provides the optimal global ranking that most consistently explains the

collective preferences expressed by the voters.

In the present work, the combinatorial state space naturally admits an interpretation

within the HodgeRank framework. The combinatorial configurations Zcomb corresponds

to the alternatives or items to be ranked, while each continuous context vector Xcont in-

duces a context-dependent ranking flow over these configurations akin to a ”voter”. For a

fixed context Xq, the energy function ϕ(Z,Xq) assigns a scalar score to each combinatorial

configuration Z. The induced pairwise interaction ω(i, j,Xq) therefore defines a context-

conditioned edge flow that measures the relative preference or energy difference between

configurations Zi and Zj . In particular, when ω(i, j,Xq) = ϕ(Zj,Xq) − ϕ(Zi,Xq) the

edge flow lies in the image of the combinatorial gradient operator and is therefore globally

consistent. This establishes a direct correspondence between the proposed energy-based

formulation in Eq.(2.3) and the gradient flow structure of HodgeRank in Eq. (2.9). Con-

sequently, the ranking problem may be viewed as recovering a globally consistent discrete

energy over the combinatorial graph conditioned on the continuous context space. The

framework also naturally accommodates sparsity. In practice, it is computationally infea-

sible to exhaustively sample the entire continuous context space Xcont or enumerate all

combinatorial configurations and their pairwise relations, especially if we want to use a
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neural network or an approximator to learn this space. As a result, the observed rank-

ing data consists only of sparse subgraph samples and partial pairwise comparisons. This

aligns closely with the statistical setting of HodgeRank, where global rankings are esti-

mated from incomplete edge observations. Let Gq = (Zq, Eq) denote a sampled subgraph

containing a subset of combinatorial states together with the associated adjacency structure

and pairwise comparisons induced by context Xq. The learning problem then becomes

one of estimating the underlying globally consistent ranking flow from these sampled local

observations. This interpretation also provides theoretical justification for subgraph sam-

pling strategies such as those employed in GNN-Reco [18], since Hodge-theoretic recovery

guarantees that consistent global structure can be estimated from sparse local comparisons.

Within this formulation, the neural architecture may be interpreted as a learned operator

that maps sampled combinatorial subgraphs and continuous contextual information to a

skew-symmetric edge flow representing pairwise ranking relations:

(Gq,Xq) −→ ωq

The network therefore learns the latent relationship between combinatorial structure,

contextual conditioning, and pairwise energy differences. Therefore, the learning operator

takes a subgraph or an undirected graph of combinatorial combinations and a continuous

context Xcont and outputs a prediction as a skew-symmetric matrix representing the edge-

wise differences between all the nodes for that continuous context. It needs to be noted

that although the learning space is sparse in nature, the learning operator learns to estimate

all the edges for the nodes it gets during the inference operation. In cases where data is

sparse, we have earlier seen in HodgeRank that it uses the averaging method to estimate

these missing values. Similarly, it can be seen that the learning operator does a similar

function of estimating the edge values, but from the intricate latent structure over the mixed

combinatorial space. Once the edge flow is predicted, a least-squares Hodge projection may
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be used to recover the globally consistent gradient component corresponding to the discrete

potential function over the graph. Furthermore, the combinatorial curl operator provides a

principled measure of local inconsistency:

(curlω)(i, j, k) = ωij + ωjk + ωki

If the curl vanishes on all triangular loops, the learned flow is globally integrable and

corresponds exactly to a discrete potential field. Nonzero curl values instead quantify cyclic

inconsistencies and may therefore be interpreted as a certificate of unreliability or local

contradiction within the learned ranking structure.

This suggests a natural regularization strategy in which the training objective penalizes

the magnitude of the combinatorial curl through a loss function of the form

L = Ldata + λ∥curl(ω)∥2

The curl regularization term suppresses cyclic inconsistencies in the predicted pairwise

ranking flow, thereby encouraging the learned edge flow to remain close to the gradient sub-

space of globally consistent rankings. Consequently, the network is biased toward learning

integrable discrete potential structures whose pairwise differences admit a coherent global

ranking interpretation. Consequently, the proposed framework extends HodgeRank from

static statistical ranking to a context-conditioned learning setting in which globally consis-

tent ranking flows are learned directly from sparse combinatorial observations and contin-

uous contextual variables.
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Chapter 3

GNN NavCo: Learning and

Optimization Framework

3.1 Introduction

This chapter will define the learning framework we have developed. We will go through

the architecture, the loss functions, and the regularization functions in detail. Then we will

explain the optimization framework and how we embed the learned model into it. Post that,

we will work on benchmark problems and discuss the results of the problem.

3.2 Learning Pairwise Data on Configuration Graph

Given the configuration graph G constructed from sampled configurations Zcomb, we intro-

duce an Edge Flow Graph Network (EFGN) Architecture, a model that learns a parametric

approximation of the edge flow introduced in Chapter 2. For a given context Xcont, the

model predicts ω̂θ(i, j; x) as an approximation of the true energy differences Eq(2.4). The

proposed model adopts an encoder–decoder architecture.A graph neural network (GNN)

encoder first processes the configuration graph to produce context-conditioned node em-

beddings that capture the relational structure among configurations. These embeddings are
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then passed to a pairwise edge decoder, implemented as a multilayer perceptron (MLP),

which maps pairs of node embeddings to predicted energy differentials. This design en-

ables the model to learn a context-dependent differential representation of the energy land-

scape, where node-level representations encode global structure, and the decoder recovers

directional relationships between configurations. The following subsections describe the

encoder and decoder components in detail.

3.3 GNN Encoder

Before the raw context is passed onto the GNN, each configuration is augmented with a

shared continuous context vector. This ensures that all node representations are explicitly

conditioned on the continuous variables. This step creates the vi = [zi ∥ x] for each

configuration. These concatenated features are first projected into a latent space h
(0)
i =

σ(Winvi + bin), where Win is a learnable projection matrix and σ(·) denotes a nonlinear

activation function and bin is the bias vector. A stack of graph message-passing layers

is applied, allowing each node to aggregate information from all other configurations and

encode its relative position within the candidate set. This can be expressed as :

H(k+1) = σ
(
ÂH(k)W (k) + b(k)

)
+H(k)

where H(k+1) is node embeddings at layer k+1 , Â is the row normalized adjacency

matrix and +H(k) denotes the residual connection. After L layers, the resulting node em-

beddings are denoted by hi. The node embeddings parameterize the discrete differential

field over the configuration graph.
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3.4 Edge Decoder

The node embeddings produced by the GNN encoder are then passed to the edge decoder,

a multilayer perceptron (MLP) that predicts the raw transition scorerij = fθ(hi ∥ hj ∥ x)

where fθ(·) is a multilayer perceptron. Although the continuous context x is already en-

coded implicitly within each node embedding hi through the GNN encoder. However, it is

explicitly provided as input to the MLP, giving the edge decoder a direct, unattenuated copy

of the context; this is analogous to a residual connection, compensating for any dilution of

context information that may occur during message passing. To enforce antisymmetry of

pairwise differences, the final edge prediction is defined as the average of the difference

between ωij and ωji The resulting matrix Ω = [ωij] is skew-symmetric, ensuring that pre-

dicted edge values form a valid discrete 1-form over the configuration graph[5].

3.5 Pairwise Differential Regression

The primary supervision signal is derived from pairwise energy differences between com-

binatorial choices[27]. For a fixed context Xcont, the true edge flow function associates

each edge (i, j) of the configuration graph with ωx(i, j) Eq. (2.4), which represents the

change in the penalized objective when transitioning from configuration Zi to Zj . These

values provide direct observations of the local variation of the energy landscape and there-

fore serve as the training targets.

Let ω̂θ(i, j; x) denote the predicted edge difference produced by the model. Learning

proceeds by minimizing the discrepancy between predicted and observed differences over

the edges of the graph:

Ledge = Ex

 1

|E(G)|
∑

(i,j)∈E(G)

ℓ
(
ω̂θ(i, j; x)− ωx(i, j)

) ,

where ℓ(·) denotes a regression loss such as the mean squared error or Huber loss.
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Each objective evaluation contributes supervision for multiple configuration pairs[27].

For a sampled configuration set, pairwise differences generate a dense set of training signals

that capture both the ordering and magnitude of energy changes between configurations.

As a result, the model learns a structured approximation of how the objective varies across

the configuration space.

3.6 HodgeRank-Based Consistency Regularization

While the pairwise differential regression loss supervises the learned pairwise ranking

quantities using observed edge differences, it does not guarantee that the predicted edge

flow corresponds to a globally consistent ranking in the HodgeRank sense. In the graph-

based HodgeRank framework, a globally consistent ranking is represented by a gradient

flow induced by a scalar score function s : V → R, where the pairwise ranking between

two nodes is given by

Xij = sj − si.

Such flows belong to the gradient subspace and correspond to rankings that can be ex-

plained by a single global potential over the graph. However, a learned pairwise ranking

flow ω̂θ may contain cyclic inconsistencies that prevent it from being represented by a

globally consistent ranking function.

HodgeRank characterizes these local inconsistencies using the combinatorial curl oper-

ator. For any triangular cycle (i, j, k) in the comparison graph, the curl of the learned edge

flow is defined as

(curl ω̂θ)(i, j, k) = ω̂θ(i, j) + ω̂θ(j, k) + ω̂θ(k, i).

If the edge flow is globally consistent, then the accumulated preference difference around
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every closed triangular loop must vanish:

ω̂θ(i, j) + ω̂θ(j, k) + ω̂θ(k, i) = 0.

Therefore, nonzero curl values indicate the presence of local cyclic inconsistencies in the

predicted ranking structure.

Overall Objective

The final training objective combines the differential regression loss with the structural

regularization terms introduced above. The overall training objective is therefore defined

as

L = Ledge + λcycleLcycle (3.1)

where λcycle control the contribution of the cycle consistency term.

3.7 Optimization Framework

Overview of the GNN-ReCo Optimization Framework

We adopt the GNN-ReCo optimization framework. This framework decomposes the de-

sign problem into continuous variables (X) and discrete configuration choices (Z), with

objective E(Z,X). It alternates between exploring the continuous design space and se-

lecting optimal configurations conditioned on each candidate design. At each iteration,

a population-based optimizer—specifically Mixed Discrete Particle Swarm Optimization

(MDPSO) [4]—generates candidate continuous vectors (X(t)). For each candidate, a neu-

ral model predicts the optimal configuration:

Z∗ = argmin
Z∈Z

E(Z,X(t)) (3.2)
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Figure 3.2: Overall Framework of GNN-NavCo Optimization

This approach lets the optimizer focus on continuous search while the model handles com-

binatorial selection. In the present work, we replace the GNN with the trained EFGN

model, GNN-NavCo. This model predicts pairwise energy differences between configura-

tions and provides a structured representation of the local energy landscape. The following

subsection describes how this differential model applies to candidate configuration sub-

graphs during optimization.

Inference on Candidate Configuration Subgraphs

At each iteration, the continuous optimizer proposes a design vector X(t), which serves

as the continuous context X for GNN-NavCo.Then a candidate subgraph is constructed

by sampling configurations from Zcomb, with current best configuration Z∗ included. The

remaining nodes are sampled stochastically to ensure diversity and reduce sampling bias,

consistent with the subgraph-based learning paradigm used in GNN-ReCo [18]. The re-

sulting input is an undirected fully connected graph over sampled configurations and the

continuous vector on X(t). GNN-NavCo transforms this into a directed fully connected

graph, where predictions form an antisymmetric matrix Y ∈ RN×N representing a learned

1-cochain (edge flow) over the candidate graph that encodes pairwise preferences between

configurations. A globally consistent discrete gradient is subsequently recovered by pro-
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Figure 3.3: GNN NavCo Inference Process: Takes as input a subset of allowed combina-
tions expressed as graph along with a candidate design vector, and produces as output a
directed graph encoded with improvement direction and potential across the combinations.

jecting Y onto im(∂⊤
1 ). This can be interpreted as assigning a directional “flow” over the

graph, indicating which transitions are favorable under the current context.

From an intuitive standpoint, if we anchor ourselves at the current configuration z∗, the

outgoing edges describe local directional preferences—i.e., which neighboring configura-

tions appear better. However, this local view is inherently myopic: it does not account for

how each candidate compares globally with all other configurations. To resolve this, we

aggregate the predicted pairwise differences across the entire subgraph and recover scalar

potentials for each node. This recovery step integrates the distributed edge information into

a globally consistent ranking, enabling selection of the next configuration. Importantly,

because the graph is fully connected and includes Z∗, this global aggregation remains con-

sistent with the local decision perspective at Z∗, while correcting for inconsistencies in the

predicted field. As a result, the method effectively provides a globally informed discrete

update direction, giving the optimizer a gradient-like signal over the combinatorial space

without violating its discrete structure. For a fully connected candidate graph, this reduces

to Φi. The recovered potentials provide a scalar ranking of candidate configurations, and

the configuration with the minimum potential is selected. In practice, potential recovery
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reduces to a simple averaging operation.

Φi =
1

N

N∑
j=1

Yij

Z∗ = argmin
i

Φi

This procedure enables efficient evaluation of candidate configuration subsets while

preserving the relative structure of the energy landscape predicted by the differential model.

In PyTorch, this can be implemented as Φ = mean(Y, dim = 1) which aggregates the

predicted pairwise energy differences for each configuration.

3.8 GNN-aided MDPSO Algorithm

1: Initialize the particle population X1 to XNpop

2: Initialize the optimal node Z∗
1 to Z∗

Npop

3: Function evaluation f(Z∗
i ,Xi), i = 1 to Npop

4: for t = 1 to max iteration do

5: Update particles X1 to XNpop with MDPSO

6: for q = 1 to Npop do

7: Select nsn − 1 nodes randomly around each Z∗
q from G

8: Create Gq

9: run G∗
q = GNN-NavCo(Gq,Xq)

10: # recover node score from adjacency matrix

11: Φi =
1
nsn

∑nsn
j=1 E∗

ij

12: Set Z∗
q = argmini Φi

13: end for

14: Function evaluation f(Z∗
i ,Xi), i = 1 to Npop
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15: if Converge then

16: Return the result

17: end if

18: end for

19: Return the result

3.9 Evaluation on Benchmark Problems

We design a set of case studies to evaluate the GNN-NavCo framework on benchmark prob-

lems derived from MINLPLib [10]. The studies aim to: 1) assess scalability with respect

to the size of the combinatorial set; 2) evaluate scalability with increasing problem dimen-

sionality; and 3) examine applicability to both unconstrained and constrained problems.

Three minimization problems were selected from MINLPLib, including two uncon-

strained problems, which are cvxnonsep psig40 and cvxnonsep psig40, and the other prob-

lem, which is cvxnonsep normcon40, is a constrained problem. These are convex mixed-

integer nonlinear programming problems. We construct a finite combination set by fixing

the integer variables to predefined values, thereby transforming the original MINLP into an

MCNLP formulation, and solve them with the GNN-NavCo-aided optimizer to compare

with the original optimizer on performance metrics. The optimizer used here is MDPSO, a

state-of-the-art heuristic optimization algorithm [4]. Both the MDPSO and GNN-MDPSO

have a population size of 101, and the total iteration number is set to 100. The optimiza-

tion is set to automatically terminate if no improvement in feasibility or objective value is

observed over 15 consecutive iterations. All the other parameters are set to the default.

Unconstrained Problem

We first use an unconstrained problem as the experimental setup, using the cvxnonsep psig20

benchmark, which consists of 10 discrete and 10 continuous variables and involves no con-
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straints. The discrete configuration space is represented by a candidate pool Z comprising

101 configurations, each corresponding to a specific assignment of the discrete variables.

To evaluate scalability, we further extend the experiments to larger configuration pools

containing 501 and 1001 candidates. Increasing the size of Z enables us to systematically

assess the robustness and stability of the proposed approach as the combinatorial search

space expands, while also evaluating its ability to learn a coherent representation of the

underlying energy landscape as complexity increases. We further extend the study to the

cvxnonsep psig40 benchmark, which increases the problem dimensionality to 20 discrete

and 20 continuous variables. This setting introduces a significantly larger and more com-

plex configuration space. For consistency, the candidate pool is fixed to 101 configurations,

and performance is evaluated under the same sampling and training protocol. This exper-

iment isolates the effect of increased problem dimensionality while keeping the sampling

budget constant.

Constrained problem

We then consider cvxnonsep normcon40, which consists of 20 discrete and 20 continuous

variables with one constraint. The candidate pool is fixed to 101 configurations, similar

to the unconstrained setting. In this case, the presence of constraints introduces additional

structure into the energy landscape through penalty term.

Data Sampling

Based on the GNN-Reco study, we sample continuous variables using Latin Hypercube

Sampling (LHS) within their prescribed bounds, providing a space-filling design that en-

sures uniform coverage of the continuous domain. For each sampled continuous context

Xq, a candidate subgraph Gq is constructed by randomly selecting nodes from the global

configuration pool Z. This stochastic sampling ensures broad and unbiased coverage of

the combinatorial space while maintaining computational efficiency. Given a sampled pair
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(Gq,Xq), all configurations within the subgraph are evaluated under the same continuous

context to obtain their corresponding scalar energy values. From these node-wise evalua-

tions, pairwise energy differences are computed to define directed edge attributes, yielding

a fully connected graph representation in which each edge encodes the relative energy dif-

ference between two configurations.

3.10 Results and Discussions

GNN Training and Evaluation

Figure 3.5 and Figure 3.4 shows the training and validation loss of all the GNN-based

models we used for the upcoming optimization case studies. Training loss converges in all

cases, however the validation loss does keep oscillating in some of the cases. Hence, based

on the validation loss history, we use the model before overfitting is observed to occur in

each case.

Table 3.1: Mean Optimized Objective of the Case Studies over 5 Runs

Problem Method Error w.r.t. True Optimum

cvxnonsep psig20 (101 Combination)
MDPSO 1.930
GNN-MDPSO-30SN 0.044

cvxnonsep psig20 (501 Combination)
MDPSO 3.029
GNN-MDPSO-30SN 0.446

cvxnonsep psig20 (1001 Combination)
MDPSO 0.595
GNN-MDPSO-30SN 0.984
GNN-MDPSO-300SN 0.777

cvxnonsep psig40 (101 Combination)
MDPSO 48.398
GNN-MDPSO-30SN 9.918

normcon40 (101 Combination)
MDPSO 6.75
MDPSO-cons* 6.631
GNN-MDPSO-30SN 5.651

* This MDPSO is run with the standard constraint formulation without utilizing the penalty function. Error
w.r.t. true optimum is reported as the difference in objective function value.
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Unconstrained benchmark problem

Figure 3.6 shows the objective convergence histories of the unconstrained optimization case

studies and the energy convergence history of the constrained optimization case studies. Ta-

ble ?? shows the mean optimized objectives of each case study, and the optimal method has

been bolded. In most cases, the GNN-NavCo-aided MDPSO (denoted as GNN-MDPSO)

leads to better results compared with the original MDPSO.

Figure 3.4: Training and validation loss of 3 EFGN Models for the benchmark problems.
cvxnonsep psig20 has been trained 3 times with 101, 501 and 1001 Combinations

Figure 3.5: Training and validation loss of 2 EFGN Models for the benchmark problems
cvxnonsep normcon40 and cvxnonsep psig40 , the loss values were between 0-1, therefore
plotted against log loss for resolution

cvxnonsep psig20: The convergence history of the optimization on cvxnonsep psig20

is shown in Figure 3.6. The shaded region represents the range (minimum to maximum) of

the objective values over five independent runs with different initial populations and ran-

dom seeds. Within each run, both the original MDPSO and the GNN-MDPSO share iden-

tical initial populations. However, their convergence histories begin from different starting

39



0 20 40 60 80 100
# iterations

95

100

105

110

O
b
je

ct
iv

e

101 combinations

0 20 40 60 80 100
# iterations

95

100

105

110

O
b
je

ct
iv

e

501 combinations

0 20 40 60 80 100
# iterations

95

100

105

110

O
b
je

ct
iv

e

1001 combinations

MDPSO Band GNN-MDPSO-30SN Band GNN-MDPSO-300SN Band
MDPSO Mean GNN-MDPSO-30SN Mean GNN-MDPSO-300SN Mean

Figure 3.6: Objective (Energy) convergence history of MDPSO and GNN-MDPSO on
the cvxnonsep psig20 with different number of valid combinations considered in the opti-
mization. For the 1001 combinations optimization, a GNN-NavCo trained with 300-node
subgraphs is applied, while the other two optimizations used GNN-NavCo trained with 30-
node subgraphs.

points. This discrepancy arises because, in GNN-MDPSO, the initial population is first pro-

cessed by GNN-NavCo, which recommends alternative configurations for function evalu-

ation, thereby altering the effective starting point of the optimization process as expected.

When the size of the combination set is 101, the GNN-MDPSO optimizes the objective to

93.855, which is only 0.044 worse than the true optimal (93.811). The GNN-MDPSO con-

verges 12.93% more than the original MDPSO. Furthermore, the GNN-MDPSO is much

more robust, leading to convergence histories with much less variation than the original

MDPSO. When the size of the combination set increases to 501, both methods exhibit

higher variances due to the larger combinatorial search space, but the GNN-MDPSO still

shows a better-converged objective and lower variance across the five runs. As the size fur-

ther increases to 1,001, the variance of GNN-MDPSO remains relatively stable; however,

its convergence rate becomes slower than that of the original MDPSO. A plausible explana-

tion is that the number of nodes sampled in the subgraph is insufficient to effectively explore

the much larger combinatorial space. To investigate this, five additional experiments are

conducted with a larger subgraph size of 300 nodes (denoted GNN-MDPSO-300SN). As

shown in Fig. 3.6, both convergence performance and variance are significantly improved

with more nodes in the subgraphs.

cvxnonsep psig40: After doubling the number of continuous and combinatorial vari-
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Figure 3.7: Objective (Energy) convergence history of MDPSO and GNN-MDPSO on the
unconstrained problem cvxnonsep psig40 and constrained problem cvxnonsep normcon40.
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Figure 3.8: Objective and Constraint Convergence History of MDPSO with standard con-
straint formulation and GNN-MDPSO with penalty function (with constraint and objective
recalculated) on the constrained problem cvxnonsep normcon40. The pink shaded area
represent the feasible region.
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ables, GNN-MDPSO maintains strong convergence performance, as the left plot in Fig-

ure 3.7 shows. The final optimized objective remains significantly lower than that obtained

by the original MDPSO, while exhibiting reduced variation across runs. These results in-

dicate that GNN-MDPSO maintains high robustness as the design space dimensionality

increases. This suggests that the proposed framework is scalable with respect to problem

complexity and can effectively handle higher-dimensional mixed combinatorial optimiza-

tion problems without significant performance degradation.

Constrained benchmark problem

cvxnonsep normcon40: After switching the problem to constrained optimization problem,

Figure 3.7 shows the convergence history of the two methods. It can be observed that the

GNN-MDPSO is still robust and converging much faster, and leads to the mean objective

being more optimal than the original MDPSO. Note that in this figure, the MDPSO also

runs with the penalty function.

Figure 3.8 shows the constraint violations and the objective convergence history of the

MDPSO with standard constraint formulation and the GNN-MDPSO with penalty func-

tions, which can provide a perspective on whether the order-preserving search combined

with the penalty function can efficiently lead the optimizer to the feasible region. It shows

that the GNN-MDPSO enters the feasible region (the shaded section) faster than the origi-

nal MDPSO, proving that the order-preserving search works well in the constrained prob-

lem as well. Also, 3 out of 5 runs of the GNN-MDPSO achieved more optimal objectives,

indicating the potential of using this GNN-aided optimization concept in an an uncon-

strained solver in the future as well.

Hyperparameter Tuning of Cyclical Regularizer

We experimented with three cyclical regularization weights of 0,0.003 and 1 on the cvxnon-

sep psig40 problem with a linear transformation function of constant C = 1000 on a dataset
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we created where the discrete Z structure is identical , but they differ sharply in the contin-

uous variable distribution, which is the main source of skew. We have done this to exhibit

a probable condition that can come during real-world simulation applications, where Xcont

could be skewed due to various factors, including the preferred value range in the current

operating systems or even a technical limit. Thus, we experiment in this setup to provide

direction on the nature of λcycle. In table (3.10) λcycle = 1 yields the highest validation sign

accuracy (0.99517) and the lowest validation edge loss (0.96394), indicating that a strong

cycle-consistency constraint improves both predictive correctness and structural learning

quality. The λcycle = 0.003 setting performs competitively, while λcycle = 0 yields the

weakest performance, with reduced sign accuracy and increased edge loss. When we ob-

serve table (3.10), we observe that the λcycle = 0.003 gives the best metric of both sign ac-

curacy as well as validation edge loss. Although λcycle = 1 still performs reasonably well,

its slight decline relative to cycle = 0.003 suggests that, under skewed distributions, exces-

sively strong cycle enforcement may overconstrain the model. Key takeaways from this

are that cycle regularization consistently improves performance compared with omitting it

altogether, demonstrating its value as an inductive bias in the learning process. Second,

the optimal magnitude of this regularization is data-dependent and is a hyperparameter to

tune. This gives us a rule of thumb: in highly complex or skewed data distributions, we can

apply a soft regularization rather than a strong one.

Hyperparameter Sign Accuracy Edge Loss Cycle Loss

λcycle = 1 0.99517 0.96394 0.000007
λcycle = 0.003 0.99172 1.01889 0.00001
λcycle = 0 0.99080 1.09397 16.22876

Table 3.2: Experiment Results for Uniform data regime
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Hyperparameter Sign Accuracy Edge Loss Cycle Loss

λcycle = 1 0.97333 125.38064 0.000001
λcycle = 0.003 0.98011 98.25798 0.000005
λcycle = 0 0.96701 132.70535 118460.29

Table 3.3: Experiment Results for Skewed data regime

Computing Cost Comparison

It is observed that in most of the above cases, the number of iterations that GNN-MDPSO

spent to reach convergence is 2̃0 iterations (except in cvxnonsep psig20 with 1001 combi-

nations), fewer than the original MDPSO. Since both methods have a population size of

101, this results in approximately 2020 fewer function evaluations for the GNN-MDPSO

to converge. Considering all the above case studies, the GNN training set is generated

with 2,400 function evaluations, and the GNN-MDPSO converges at a cost similar to that

of the original MDPSO. However, the above results also show that, although the MDPSO

incurred a similar cost for function evaluation, it was not able to find a better optimum

on average or robustly, and it is more easily affected by randomized initial populations.

Therefore, based on the observation so far, GNN-MDPSO proves to be a more reliable and

promising approach to solving the mixed-combinatorial optimization problem.
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Chapter 4

Application on Robot Co-design

Robot Codesign is an optimization problem that simultaneously selects and configures in-

terdependent robot components (hardware, software, and computation) to maximize task

performance under constraints. Carlone et al. [2] frame co-design as a computational al-

ternative to traditional human-led robot design, in which experts typically choose sensors,

actuators, processors, algorithms, batteries, and structures through a slow, often sequential

process. This traditional approach can be expensive and suboptimal, especially for low-

cost, task-specific robots such as disposable drones for hurricane monitoring or search-

and-rescue robots tailored to a particular environment.

The paper defines the robot co-design problem as the joint selection of robotic mod-

ules—for example, motors, cameras, embedded computers, perception algorithms, control

algorithms, and planning algorithms—from available catalogs. Each possible module has

features such as weight, cost, power consumption, torque, computational load, or sensing

capability. The goal is to choose one option for each module so that the overall robot max-

imizes task-dependent performance metrics, such as endurance, agility, payload, or speed,

while respecting constraints such as cost, compatibility, power, and resource limits. Car-

lone et al formulated the problem as a binary optimization problem, while Liu et al[18]

formulated a similar robot codesign problem of optimizing the design of a tether net for
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space debris capture as a more generalized model and formally classified it as a mixed

combinatorial non-linear optimization problem, which is the foundational framework that

this thesis works upon. However, in this section, we will be applying GNN-NavCo to the

problem of optimizing the Active Tether-Net System to Capture Large-Scale Space Debris

based on the work of Liu et al [19] and Boonrath et al [1].

4.1 Active Debris Removal Using Thether Net System

Space debris is becoming a serious problem because unused satellites, rocket fragments,

and collision debris remain in Earth’s orbit and can threaten active spacecraft. Even rel-

atively small debris can cause major damage because objects in orbit travel at very high

speeds. This underscores the importance of active debris removal (ADR). ADR, instead of

only tracking debris or waiting for it to decay naturally, aims to physically remove danger-

ous objects from orbit. A tether-net system is one promising ADR method because it can

capture debris without requiring direct contact between the chaser satellite and the target.

This is especially useful for large, tumbling, or uncooperative debris, meaning debris that

is not designed to be captured and may be rotating unpredictably. In this system, a net is

deployed from a chaser spacecraft toward the debris. Once the net surrounds the object,

a closing mechanism tightens the net, and a tether connects the captured debris back to

the chaser so it can be stabilized or deorbited. The advantage of an active robotic tether-

net system is that it provides the net with greater control during deployment. Instead of

passively throwing the net and relying mostly on initial launch conditions, the system at-

taches multiple maneuvering units (MUs) to the corners or edges of the net. These MUs

have small thrusters that guide the net toward the debris and adjust its shape and trajectory

during flight. This improves the chance of successful capture, reduces the risk of collision

between the debris and the chaser satellite, and can make the mission more fuel-efficient

and reliable. This system, which uses an active tethernet instead of a passive one, was
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proposed by Huang et al. [8].

Optimizing an active robotic tether-net system naturally falls within the mixed-combinatorial

nonlinear programming (MCNLP) framework, as it requires the simultaneous handling of

continuous design and control variables along with discrete hardware selections. The con-

tinuous space governs quantities such as maneuvering unit (MU) trajectories, timing, and

velocity profiles, whereas the combinatorial space arises from component-level choices,

such as thruster selection. These thrusters are not parameterized independently; rather,

each option corresponds to a fixed bundle of properties, including maximum thrust, spe-

cific impulse, and dry mass. This induces a heterogeneous search space in which smooth

optimization over continuous variables must be performed jointly with selection over a

finite set of discrete configurations.

Within this setting, the proposed framework jointly co-designs the tether-net system

by simultaneously optimizing its physical configuration and control strategy. The system

consists of a chaser satellite, a deployable net connected via a main tether, multiple ma-

neuvering units attached through corner threads, and a closing mechanism activated during

capture. The debris target is modeled geometrically, and both structural parameters (e.g.,

net material properties and thread characteristics) and control inputs, formulated through

a PID-based scheme, are treated as optimization variables. This integrated formulation

enables coordinated tuning of morphology and control, thereby improving capture perfor-

mance while accounting for realistic system constraints and dynamic interactions.

Traditional mixed-combinatorial nonlinear programming methods can handle this type

of problem, but they become inefficient when each candidate design must be evaluated

through a high-fidelity simulation. In tether-net debris capture, evaluating whether a design

succeeds requires simulating net deployment, maneuvering-unit motion, debris interaction,

and fuel consumption. If the optimizer has to directly simulate every possible combination

of design variables and hardware choices, the computational cost becomes very high. This

makes conventional brute-force or direct-optimization approaches impractical for large de-
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Figure 4.1: Diagram Tether-net System. The cross marks are examples of aiming points of
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sign spaces; thus, we will apply the GNN-NavCo Framework to address this problem.

4.2 Debris Capture Process

The capture process is governed by both the controlled dynamics of the maneuverable units

(MUs) and the geometric quality of the net enclosure around the debris. Each MU is guided

toward a parameterized aiming point defined relative to the debris center of mass (CoM),

with offsets (∆xi,∆yi) serving as continuous design variables that shape the approach tra-

jectory. After a fixed maneuvering duration, the closing mechanism is activated, whereby

the perimeter nodes of the net are pulled together through winch-driven threads, forming

a constrained enclosure. This process results in a discrete closure state quantified by the

number of locked node pairs NL, with a maximum achievable value corresponding to full

closure. Thus, the capture outcome depends jointly on the continuous control trajectory

and the discrete closure configuration induced by the net dynamics.

To evaluate capture quality, a scalar metric termed the Capture Quality Index (CQI) is
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defined to measure geometric conformity between the net and the debris. Specifically,

J = 0.1
|Vn − VD|

VD

+ 0.1
|Sn − SD|

SD

+ 0.8
|qn|
Lc

,

where Vn and Sn denote the convex hull volume and surface area of the net, VD and SD are

the corresponding debris properties, qn is the distance between the CoM of the net and the

debris, and Lc is a characteristic length scale of the debris. This formulation emphasizes

spatial alignment and enclosure fidelity, with a higher weight assigned to CoM alignment.

A capture is deemed successful if the final CQI satisfies J∗ < ϵ with ϵ = 2.5 and the closure

constraint NL = Nmax is met. This dual criterion enforces both geometric containment and

structural integrity, enabling the optimization framework to rigorously balance trajectory

design, material configuration, and capture performance.

4.3 MCNLP Optimization Problem

For tether-net systems, the physical design of the net and the controls for the Maneuverable

Unit (MU) greatly impact the probability of capture success. Here, the goal of the opti-

mization is to minimize the cost of fuel, mprop, while achieving successful capture during

the mission to capture the space debris.

The cost of fuel is calculated by the type of MUs and the thrust that they deliver. The

thrust is controlled by the PID controller, and the maximum thrust is specified by the man-

ufacturer. This problem, like all MCNLP problems, has a continuous and combinatorial

part, which we will discuss briefly.

The continuous variables have the control parameters of the MUs denoted by ∆xi,i=1,2,3,4,

∆yi,i=1,2,3,4 and vi,i=1,2,3,4, mMU , mass of each MU and the net morphology parameters

which include the net thread radius rnet, corner thread radius rcorner, length of corner thread

Lnet and the length of net thread Lnet. These together constitute 17 continuous variables.

The primary combinatorial components include selecting one of five candidate thrusters,
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ranging from cold-gas to combustion-based chemical systems—each characterized by its

maximum thrust magnitude FT , specific impulse Isp, and dry mass mT . Additionally, the

model considers three high-strength fibers for the net material properties, defined by their

Young’s Modulus En and density ρn, while assuming a uniform Poisson’s ratio across all

options. The net topology is governed by the integer variable Nk, which defines the num-

ber of knots along a single side of the net for a total grid of N2
k knots. Finally, the closing

mechanism index Kcls identifies the specific node on the net’s periphery where the closing

mechanism is attached; a higher index indicates a position farther from the central node.

In total, the number of features is 8, and the total number of combinatorial choices is 180.

The optimization is then defined mathematically as follows.

min
Zcomb,Xcont

f(Zcomb,Xcont) = fMU

subject to g1(Zcomb,Xcont) = I∗CQI,j ≤ 2.5,∀ j = 1, 2, ..., 10

g2(Zcomb,Xcont) = γtension,j ≤ 1,∀ j = 1, 2, ..., 10

h1(Zcomb,Xcont) = NL,j = 12,∀ j = 1, 2, ..., 10

where fMU =
10∑
j=1

mprop,j, ∀ j = 1, 2, ..., 10

Zcomb =

[
FT Isp mT En ρn Nk Kcls

]
Xcont =

[
∆x1 . . .∆x4 ∆y1 . . .∆y4 v1 . . . v4 mMU rthread rcorner Lnet Lct

]
Zcomb ∈ Z

(4.1)

The fuel consumption is calculated based on the following equation fMU .
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fMU (Zcomb,Xcont) =


mprop , if I∗CQI < 2.5 and NL = 12

ln
(
(I∗CQI − 2.5)2 + 1

)
+ ln ((NL − 12)2 + 1) + β , otherwise

(4.2)

Continuous Variables

Category Sub-category Variable Bound

Control MU Control
∆xi,i=1,2,3,4 [m] [-5, 5]
∆yi,i=1,2,3,4 [m] [-5, 5]
νi,i=1,2,3,4 [m/s] [-1, 4]

Physical Design

MU Mass mMU [kg] [2, 3]

Net Morphology

rthread [m] [0.0005, 0.0015]
rcorner [m] [0.0001, 0.0015]
Lnet [m] [19, 25]
Lct [m] [0.5, 2]

Combinatorial and Integer Variables

Category Sub-category Variable #1 #2 #3 #4 #5

Combinatorial

Thruster
FT [N] 8.9 3.6 6.1 5.5 6.0
Isp [s] 60.0 57.0 277.0 253.0 250.0
mT [kg] 0.37 0.023 0.6 0.48 0.25

Net Material
En [GPa] 70.0 70.5 112.4 - -
ρn [kg/m3] 1390.0 1440.0 1440.0 - -

Net Shape
Nk 9 11 13 - -
Kcls -2 to 0 -2 to +1 -3 to +1 - -

Table 4.1: Bounds and Choices of Continuous and Combinatorial and Integer Variables for
Tether-Net Fuel Consumption Optimization

4.4 Experiment Setup

The experiment is set up based on the initial flow process as described in Fig. 3.2, where

the function evaluation module is replaced by the Active tethernet simulator from Boonrath

et al. [1], implemented in Google Jax. The simulator accepts continuous and combinatorial
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parameters, which are transformed into the simulator-accepted object and then fed to the

simulator to first create the scenario and conduct the experiment, followed by calculating

the score or the fuel cost using equation (4.2).

We first collect data samples from the simulator for training the EFGN model. Here we

have taken 3000 total evaluations for training the EFGN model. Since we take subgraphs

of 30 nodes each, our total subgraph count comes to 100. That is, in each subgraph, we

have sampled 30 distinct combinatorial node choices and a common continuous context.

Therefore, the total continuous context or variable sampled is 100. After this, we train

the model to achieve 75% Sign accuracy and stop early at 581 epochs, at which point the

validation edge loss metric reaches its lowest value during training. It is observed that in

earlier experiments with benchmark problems, the accuracy was in the higher range, around

90% to 95%, but it should be noted that those were convex problems. Here, the problem

is likely highly nonconvex, and the EFGN model is very likely to learn a smoothed convex

function on top of the highly nonconvex hyperplane. We leave this to future work to modify

the EFGN so that it can handle non-convex functions natively.

Post this, the trained model was embedded in the MDPSO algorithm, as in the previous

evaluation in Chapter 3, and the continuous vector was optimized using MDPSO, while the

combinatorial vector was recommended by the GNN-NavCo Model.

4.5 GNN Training

The current GNN architecture utilizes a 3-layer Graph Neural Network (GNN) backbone

with a hidden dimension of 128. The embeddings are scaled to 64 dimensions to pro-

vide richer feature representations. To map graph features to cost predictions, the model

employs a deep, 5-layer residual Multi-Layer Perceptron (MLP). Finally, to prevent over-

fitting given the increased capacity, a moderate dropout rate of 30% is applied throughout

the network. For the data collection part, we sample 3000 function evaluations from the
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high-fidelity simulator and construct 100 subgraphs, each having 30 nodes representing the

combinatorial features and one common continuous variable. We train the GNN-NavCo

Model while tracking edge and cycle-consistency regularization losses. Model selection is

performed using the minimum validation edge loss, and the corresponding checkpoint was

saved at 581 Epochs. In fig (4.2), early on, we can see that the edge loss stays stagnant, and

it can be attributed to early stage learning by the model of the hidden representation, and

also to the act of stabilizing the cycle consistency regularization.

When we compare figs (4.2) and (4.3), we observe that the cycle loss decreases rapidly

until 50 epochs. After this point, the edge loss drops sharply, whereas the cycle loss largely

plateaus with occasional spikes,although the overall spike is negligible. A similar edge-

loss pattern is also observed across experiments with different values of the cycle-loss

weight. This suggests that the abrupt improvement in edge loss is not caused solely by

the regularizer, but rather by the model learning the representation for the edge prediction.

This is evident in Fig (4.4), where we see that before roughly epoch 50-60, the model

is having fluctuating sign accuracy, and post the stabilization mark, when we see a drop

in loss, the sign accuracy stabilizes to 75-76% mark. Post this, the edge loss decreases

sharply, indicating that once the model has learned a stable ordering or sign pattern, it can

more effectively refine edge predictions.

In Fig (4.5), we see that the dataset is globally concentrated in a relatively low energy

region, but the individual subgraphs still exhibit a substantial internal variation, so the

cycle consistency regularizer still plays a local role. In this setting, the regularizer does

not seem to dominate optimization, but it does appear to improve generalization slightly, as

seen in the improved validation performance for models trained with cycle regularization.

This points out that in problems, when the sampling produces a widely incoherent data

distribution, using a strong cyclical regularizer is likely to push the model towards having

better validation edge loss and thus, better prediction on unseen scenarios, and can act as a

counter mechanism when the training data is widely distributed, creating inconsistencies.
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The training dataset contains the score, or basically the energy as per equation (2.3) of

every valid configuration Zcomb and Xcont, which is basically the combination of each node

in a subgraph and the continuous context. But as we know, we learn the edge differences,

which is the ground truth. This value is not precomputed, but is calculated on the fly during

the training. That is, for two valid nodes Zi and Zj , it will be computed before taking their

difference. This creates a situation where, when the energies are very close to each other,

the difference, which is the learning difference between them, can be minuscule, which

might negatively affect the training. For every close score region, for example, like 0.003

and 0.002, the difference is 0.001, which, when in a dataset of differences like 12 and 13,

might get recognized as noise and could get ignored, leading to lower sign accuracy for the

model. In order to resolve this, we can always use a monotonic function to transform the

energy space, much like using a magnifying glass to give the model a better view of the

near-tie regions.

In Table (4.2), we conduct the experiment with different transformation functions.

Since our aim is to get a model that can predict the best sign accuracy along with mag-

nitude in the best way possible, we considered a rank-normalized version to run with

MDPSO. When we observe table (4.5), we see that for rank normalization transforma-

tion, the sign accuracy is best at cyclical regularization λcycle = 0.003 and the best edge

loss with λcycle = 1. We see exactly the same pattern with 1000 × log transformation

function as well, as seen in table (4.5). In Chapter 3, we discussed that the λcycle value

is a hyperparameter to tune, and we proposed a rule of thumb: use soft regularization for

highly complex or skewed data. We verified that assumption here empirically and chose

to use λcycle = 0.003 for the model when embedded in MDPSO training. This indicates

that using a monotonic function can help in the resolution of near-tie spaces. Based on the

data distribution and the operation of choice, we can choose the method. The training and

validation chart for each of the settings for 1000 × log is attached in the appendix for the

reader to view.
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Transformation Function Sign Accuracy (Step 200)

Rank Normalization 0.76414
10 × Log 0.74586
1000 × Log 0.74241
Linear(C=1000) 0.74161
Log 0.73782
Exponential 0.68655
Raw Energy 0.68563

Table 4.2: Sign Accuracy by Transformation Function Type at Step 200

Hyperparameter Best Sign Accuracy Edge Loss Cycle Loss

λcycle = 1 0.76333 0.04321 1.16× 10−12

λcycle = 0.003 0.76356 0.04323 2.32× 10−12

λcycle = 0 0.7623 0.043224 1.85× 10−12

Table 4.3: Experiment Results with Rank Normalization Energy Transformation

4.6 Results and Discussion

The training, evaluation, and optimization of the GNN-ReCo framework were performed

on a dual-socket Intel Xeon Gold 6148 machine (40 physical cores, 80 threads), equipped

with 187 GB of RAM and an NVIDIA GeForce RTX 4060 Ti GPU with 16 GB of VRAM.

Completing 53 iterations of the GNN-NavCo-assisted MDPSO required a total runtime of

26.5 hours.

The convergence behavior of the objective function is presented in Fig. 4.6. To assess

whether further improvements were possible, a sequential quadratic programming (SQP)

method (MATLAB’s fmincon()) was applied to the continuous variables obtained from

Hyperparameter Best Sign Accuracy Edge Loss Cycle Loss

λcycle = 1 0.74701 128.21904 2.23× 10−7

λcycle = 0.003 0.74747 128.22474 0.068097
λcycle = 0 0.74586 128.23426 15.1177

Table 4.4: Experiment Results with 1000× Log Energy Transformation
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the GNN-NavCo-assisted MDPSO. However, no better solution was identified, indicating

that the obtained solution is already locally optimal. In comparison, the baseline MDPSO

converged after 27 iterations, whereas the GNN-NavCo-assisted variant reached conver-

gence in only 8 iterations, resulting in 1,900 fewer function evaluations during the opti-

mization phase.

It is important to note that the overall number of function evaluations for the GNN-

NavCo-assisted MDPSO exceeds that of the standalone MDPSO by approximately 1,100

evaluations. Nevertheless, this does not diminish the appeal of the proposed approach.

First, the additional evaluations mainly arise from the data generation and training stages

of the GNN surrogate model, which can be executed offline. These stages are highly par-

allelizable and well-suited for high-performance computing (HPC) environments, enabling

substantial reductions in wall-clock time despite the increased evaluation count. In con-

trast, the conventional MDPSO relies on sequential, online evaluations between iterations,

limiting its time efficiency in time-sensitive settings.

Second, the scalability benefits of the GNN-NavCo framework are expected to be-

come increasingly significant as the combinatorial search space grows in size and complex-

ity. By leveraging learned structural representations and reducing reliance on costly data

generation, the method is better positioned to handle large-scale problems, where purely

optimization-driven techniques may struggle to efficiently explore the design space. Ongo-

ing work aims to further validate this scalability advantage.

Table 4.6 summarizes the optimized design variables and objective values. Both meth-

ods converged to the same discrete configuration: a thruster with the highest specific im-

pulse (Isp) and second-highest thrust, combined with a net featuring the fewest meshes—collectively

minimizing fuel consumption. Despite identical combinatorial selections, notable differ-

ences are observed in several continuous variables, including aiming points and net side

length.

This discrepancy indicates that the optimization landscape is highly nonlinear, with
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Figure 4.6: Comparison of objective convergence histories with and without GNN-NavCo
assistance

multiple feasible solutions of similar performance. In other words, even under a fixed

discrete configuration, the continuous design space contains multiple local optima or near-

optimal regions that can achieve comparable objective values. The variation in continu-

ous parameters suggests that the two methods converge to different solutions within this

landscape rather than a single unique optimum. This reflects the problem’s intrinsic mul-

timodality, where trade-offs among continuous variables yield equivalent system perfor-

mance. Consequently, the final solution is not unique, and different optimization trajecto-

ries may yield distinct yet equally valid designs, even when initialized identically.

Figure 4.7 presents rendered simulation results of the optimized design obtained using

the GNN-NavCo-assisted approach. As all methods successfully achieved capture in this

scenario, the metric fMU corresponds directly to fuel consumption. Compared to the base-

line design reported in [1], the optimized solution reduces fuel usage to just 11.1% of the

baseline, underscoring the substantial impact of optimization on system efficiency.
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Continuous Variable GNN-NavCo-aided MDPSO MDPSO Baseline
∆x1, . . .∆x4 [m] [2.843, -4.980, 0.041, -4.997] [-1.132, -4.060, 4.286, -4.999] [0,0,0,0]
∆y1, . . .∆y4 [m] [0.569, 4.103, -1.799, -0.880] [1.794, 1.963, -4.144, -2.404] [0,0,0,0]
v1, . . . , v4 [m/s] [0.527, 0.785, 0.837, 0.841] [0.654, 0.733, 0.846, 0.767] [0,0,0,0]
mMU [kg] 2.1862 2.7569 2.0
rthread [m] 0.0011 0.0011 0.0010
rcorner [m] 0.0012 0.0009 0.0010
Lnet [m] 23.315 19.667 22.0
Lct [m] 1.532 0.931 2.414
Combinatorial Variable
FT,max [N] 6.1 6.1 8.9
Isp [s] 277.0 277.0 60.0
mT [kg] 0.6 0.6 0.37
En [Gpa] 70.0 70.0 70.0
ρn [kg/m3] 1390.0 1390.0 1390.0
Nk 9 9 11
Kcls 0 0 1
Objective
fMU 0.0244 0.0244 0.220

Table 4.5: Comparison between optimized variables and objective with and without the aid
of GNN-NavCo

Figure 4.7: Rendered simulation screenshots of the GNN-NavCo-aided optimized design.
The dashed lines are the minimum-energy reference trajectories for the MU. The following
frames are shown in the above figure. 1) t=0s: The beginning of the entire mission. 2)
t=10s and 18s: The MUs are maneuvered towards the optimized aiming points. 3) t=25s:
The thrusters are switched off, and the closing mechanism is switched on. 4) t=34.9s: The
capture is stabilized.

e
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Chapter 5

Conclusion

5.1 Concluding Remarks

This paper developed an approach to abstract combinatorial spaces in mixed-combinatorial

nonlinear programming (MCNLP) problems in a manner that enables scalable and inter-

pretable recommendation of combinatorial configurations for candidate designs during op-

timization over the remaining continuous variables. In doing so, it addresses the lack of

general-purpose optimization frameworks for MCNLP problems. The proposed formula-

tion, termed GNN-NavCo, models the combinatorial search space as a graph, where com-

binatorial configurations are represented as nodes and pairwise relationships between con-

figurations form the edges. For a fixed continuous context, the objective or energy function

assigns a scalar value to each combinatorial configuration, thereby inducing a ranking over

the graph. The pairwise differences of these energy values define a skew-symmetric edge

flow on the graph, where each edge encodes the relative preference or directional improve-

ment between two combinatorial states.

This formulation naturally aligns with the HodgeRank framework on graphs, where

globally consistent rankings are represented as gradient flows induced by scalar potential

functions on the nodes. In particular, the pairwise energy differences correspond to a dis-
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crete gradient flow that provides a direction-aware representation of optimization progress

over the combinatorial space. Consequently, the learning problem may be interpreted as

learning a context-conditioned edge flow that approximates the globally consistent ranking

structure of the underlying optimization landscape. The Hodge-theoretic interpretation fur-

ther allows decomposition of the learned edge flow into globally consistent and locally in-

consistent components through the combinatorial curl operator, enabling both interpretable

ranking recovery and consistency analysis over the discrete search space. Consistency

analysis following recovery of the node energy function remains an important direction for

future work. The residual curl and non-gradient components of the learned edge flow may

provide a certificate of reliability for the inferred ranking structure. Such measures could

be incorporated during inference to detect uncertain or inconsistent optimization directions

and suppress unreliable recommendations.

Thus, in this sense, GNN-NavCo learns a discrete, gradient-like ranking flow that

guides optimization over mixed combinatorial spaces in a principled, graph-theoretic man-

ner. Its use as an order-preserving combination recommender is demonstrated using a re-

cently proposed decomposed solution framework for MCNLPs. GNN-NavCo is applied to

a suite of analytical nonlinear benchmark problems with up to 20 continuous variables and

20 combinatorial features, and 100’s of feasible combinations. The training process was

found to be effective in providing stable learning of the GNN-based recommender. When

used in optimization, it was found to usually yield better optimal solutions (except in a

few cases) than a baseline optimization that uses indexification of the combinations, with

both methods implemented with the same PSO solver. This is with similar overall function

evaluations in mind, accounting for the additional investment required to train the GNN in

our approach. Significantly lower variance in both the optimization history and final values

is also observed compared to the baseline.

When applied to a robot codesign application problem, specifically, the tether net de-

sign problem, here, the co-design involved optimizing over the PID control parameters, net
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morphology, and Maneuverable Unit (MU) choices, where the optimization objective was

to capture the space debris successfully, while reducing the total fuel consumption. We can

see that the GNN-NavCo model, trained on 3000 evaluations of the high-fidelity simulator,

achieved a sign accuracy of 75%. Here, we also explored the application of different trans-

formation functions in detail, showing that using the pairwise differences method gives

us the ability to magnify the energy space, that is, increase resolution, in cases where the

gradient signal would otherwise be minuscule due to near-tie situations. In a node-based

approach, this can induce bias, but we show that, through the application of monotonic

functions, the sign accuracy generally remains intact across these transformations, with

rank normalization yielding the maximum value in this particular case, and linear magnifi-

cation also giving a close second-best accuracy. We also tuned the cyclical regularization

parameter and chose to move with a weight of 0.003, based on our earlier finding that using

a cyclical weight as a soft regularizer is effective. We also experimented with cyclical reg-

ularization hyperparameter tuning along with energy transformations, and we got the same

pattern of choices in both cases, showing that monotonic transformations only magnify the

learning space and do not overly increase bias in the recommendation capacity of the model

if both transformations are of equal standing. Post-training, we embedded the model along

with the MDPSO algorithm, and it was seen to improve the performance of the algorithm.

Even though the GNN-NavCo model was only trained with 3000 evaluations and 75% ac-

curacy, we can see in the plot that the convergence to a feasible and acceptable optimized

result is rather fast, helping us use a smaller number of evaluations to find an optimum. It

was also found that increasing the size of the sampled sub-graph (used for abstraction and

then recommendation) as the number of combinations in the problems increases is helpful.
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5.2 Future Directions

More work is needed in the future to systematically identify sub-graph sizes (or a smarter

sampling technique) to offset any comparative performance loss (as currently observed)

compared to baselines for problems with a larger number of combinations. .While GNN-

NavCo is currently used in conjunction with PSO, the underlying recommendation process

and model formulation are not limited to PSO. An immediate direction for future work is to

employ GNN-NavCo alongside other standard gradient-based algorithms (e.g., sequential

quadratic programming) and gradient-free algorithms (e.g., genetic algorithms) that serve

as general-purpose NLP solvers. Additionally, there is an opportunity to explore improved

search mechanisms over the directed graph generated by GNN-NavCo, with probabilistic

guarantees on order-preserving recommendations informed by model uncertainty. Apply-

ing GNN-NavCo to practical engineering design problems, supply chain optimization, and

financial modeling could further illuminate its benefits under realistic computational re-

source constraints. Furthermore, expanding the design space to include sensor choices and

a wider variety of net shapes would enable more meaningful exploration for autonomous

tether-net systems. Application of the GNN-NavCo module with alternative optimization

algorithms, especially gradient-based methods and Bayesian optimization, and the poten-

tial to update the GNN in situ during optimization, could provide additional insights into

the generalized applicability of this approach for automated design guidance of mixed-

combinatorial complex systems.
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Figure A.1: Training and validation loss of edge loss function for cycle consistency weight
λ = 0
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Figure A.2: Training and validation loss of cycle loss function for cycle consistency weight
λ = 0
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Figure A.3: Validation Sign Accuracy Curve for cycle consistency weight λ = 0
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Figure A.4: Training and validation loss of edge loss function for cycle consistency weight
λ = 0.003
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Figure A.5: Training and validation loss of cycle loss function for cycle consistency weight
λ = 0.003
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Figure A.6: Validation Sign Accuracy Curve for cycle consistency weight λ = 0.003
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Figure A.7: Training and validation loss of edge loss function for cycle consistency weight
λ = 1
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Figure A.8: Training and validation loss of cycle loss function for cycle consistency weight
λ = 1
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Figure A.9: Validation Sign Accuracy Curve for cycle consistency weight λ = 1
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Figure A.10: Training and validation loss of edge loss function for cycle consistency weight
λ = 2
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Figure A.11: Training and validation loss of cycle loss function for cycle consistency
weight λ = 2
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Figure A.12: Validation Sign Accuracy Curve for cycle consistency weight λ = 2
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