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Abstract—Distributed quantum computing (DQC), augmented
with distributed quantum error-correcting codes (DQECCs), is
emerging as a promising architectural paradigm for large-scale
fault-tolerant quantum computing (FTQC). However, realization
of large-scale FTQC is a full-stack challenge that requires system-
atically addressing both theoretical and engineering constraints
across architectural design, scalable fault-tolerant frameworks,
efficient classical-quantum co-processing, and control integra-
tion. In this paper, we provide a comprehensive, system-level
overview of academic advances and industrial progress toward
distributed and large-scale FTQC. We first clarify the theoretical
foundations and practical realization of FTQC, emphasizing the
opportunities and challenges introduced by DQC and hetero-
geneous DQC. We then explore recent developments in error
suppression, quantum error correction, error mitigation, fault-
tolerant universal gate sets, and modular architectures, along
with industrial progress on each topic and across different qubit
modalities. We further discuss benchmarking methodologies,
simulation frameworks, decoding tools, and performance metrics
for assessing system-level readiness for large-scale FTQC. We also
explore emerging industrial roadmaps toward FTQC, quantum—
HPC orchestration, real-time decoding, and modality-specific
architectures. Finally, we outline open challenges and future
research directions by connecting academic research trajectories
with industrial roadmaps and commercialization efforts, high-
lighting the pivotal role of distributed fault-tolerant designs in
shaping next-generation utility-scale quantum computing sys-
tems.

Index Terms—Fault-tolerant quantum computing, quantum
error correction, quantum error mitigation, quantum error
suppression, QEC decoding, fault-tolerant gate operations.

I. INTRODUCTION

UANTUM computing leverages unique features of quan-

tum mechanics, such as superposition, interference, and
entanglement, to address computational problems that are
intractable for state-of-the-art (SOTA) classical counterparts.
This paradigm is poised to revolutionize materials science,
national security, optimization, and drug discovery, provided
that the intrinsic fragility of quantum states, scalability con-
straints, and integration challenges are effectively addressed.
Quantum circuits are susceptible to both coherent errors,
such as faulty gates, and incoherent errors arising from en-
vironmental interactions that induce decoherence, relaxation,
and dephasing, as well as imperfect state preparation and
measurement (SPAM) [1].
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Despite significant advances across various qubit modalities,
perfect, i.e., unit-fidelity, operations remain unattainable in the
near term, and even small physical inaccuracies accumulate
over circuit execution and substantially degrade computational
fidelity [2]. For instance, the success probability of a depth-
D circuit scales approximately as p”, where 0 < p < 1
denotes the success probability of each operation, implying
exponential degradation with increasing circuit depth! [3].
Fault-tolerant measures play an indispensable role in bridging
the gap between relatively high physical error rates, typically
on the order of p, ~ 10~3, and much lower logical error
rates, e.g., pr, ~ 10~15, required for application-scale quantum
algorithms. However, realizing FTQC requires coordinated
progress across the full quantum computing stack, including
hardware design, noise engineering, error suppression, quan-
tum error correction (QEC), error mitigation, compilation,
decoding, and hybrid classical-quantum orchestration. This
progress must be supported by both theoretical advances in
academia and practical implementation efforts from indus-
try [4].

Fault-tolerant quantum computing can be viewed as a
cross-layer challenge spanning both hardware/physical-layer
and control/software-layer concerns. At the physical layer,
advances are required to address system-level constraints
in fabrication and architecture design, aiming to enhance
qubit coherence, gate and measurement fidelity, fabrication
yield, connectivity, and, in distributed settings, the generation
and routing of high-fidelity EPR (Einstein—Podolsky—Rosen)
pairs [17]. At the control layer, fault tolerance relies on pulse-
level optimization and execution-time measures, including
error containment, noise-aware compilation, adaptive feedfor-
ward, and efficient classical post-processing, particularly real-
time decoding. These mechanisms are complemented by error
engineering, error suppression, error mitigation, and quantum
error correction before they result in logical-level errors [18].
Error engineering tailors complex or highly correlated noise
processes into structured and more tractable forms, thereby
reducing implementation overhead. Error suppression identi-
fies processes that lead to certain types of errors and avoids
them through improved circuit design, calibration, and noise-
aware operation. Error mitigation analyzes how disruptive
factors affect computational outcomes and extrapolates more
accurate estimates [19]. Ultimately, error correction techniques

ICircuit depth refers to the number of sequential layers of quantum
operations in a quantum circuit.
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TABLE I: A summary of recent surveys on large-scale fault-tolerant quantum computing

Error Correction

Error Mitigation LS-QC

Paper Year Publication ES HP FI-G _ — -  1I
ALG TOP qLDPC SUB DYN ZNE PEC TEM PNA HeDQC HoDQC
[5] 2025 IEEE TGCN X v v X X X X X X X X X X X v
[6] 2024 IEEE TCE X v v X X X X X X X X X X X X
[7] 2025 IEEE Access X v v v v X X X X X X X X X X
[8] 2024 IEEE ICAIT X v v X X X X X X X v X X X X
[9] 2026 IEEE WiOpt X v v v X X X X X X X X v v X
[10] 2023 IEEE QCE X v v X v X X X X X X v X X X
[11] 2026 IEEE ISSCC X X X v X X X X X X v v v v v
[12] 2024 ACM CS v v v X v X X X X X v X v X X
[13] 2025 Elsevier ICT X v v X X X X X X X v X v v X
[14] 2025 Preprint X X v v X X X X X X v v X X X
[15] 2025 Preprint X v v v v v v v X X v X X X X
[16] 2026 QUICK X v v X v X X X X X X X X X X
This Survey 2026 - v v v Ve v v v v v v v v v v v

ES: Error suppression; ALG: Algebraic codes; TOP: Topological codes; SUB: Subsystem codes; DYN: Dynamical codes; ZNE: Zero-noise extrapolation;
PEC: Probabilistic error cancellation; TEM: Tensor error mitigation; PNA: Probabilistic noise amplification; HP: Hardware platforms; FT-G: Fault-tolerant
gates; LS-QC: Large-scale quantum computing; HeDQC: Heterogeneous distributed quantum computing; HoDQC: Homogeneous distributed quantum

computing; II: Industrial Insights.

encode quantum information across multiple physical qubits
and utilize error-correcting codes to form robust, fault-tolerant
logical qubits [20]. Hereafter, we refer to these complementary
approaches collectively as quantum error containment mech-
anisms (QECMs), which include quantum error engineering,
error suppression, error mitigation, and error correction.
Building sufficiently reliable monolithic quantum processors
for utility-scale computation remains a formidable near-term
challenge. Although fault-tolerant quantum computing does
not fundamentally require distributed architectures, there is
growing consensus across academia and industry that DQC, in
which multiple small- to moderate-scale quantum processing
units (QPUs) are interconnected through quantum data net-
work (QDN) units [21], [22], offers the most viable path for
overcoming the scalability limitations of monolithic quantum
computing (MQC) [23]. Such architectures can improve man-
ufacturing yield, localize correlated noises, enhance architec-
tural flexibility, and support the parallelization of resource-
intensive components, such as magic state factories [24].
Modular and distributed architectures not only mitigate in-
trinsic implementation challenges associated with MQC but
also fundamentally reshape the design and realization of fault-
tolerant mechanisms, including logical operations, stabilizer
measurement scheduling, and inter-QPU entanglement distri-
bution [25]. This architectural shift is increasingly reflected in
both academic research directions and industrial roadmaps, as
exemplified by emerging modular systems such as IBM Quan-
tum System II and Rigetti’s Cepheus-1-108Q QPU, which
are discussed in subsequent sections of this paper, and point
toward a scalable route toward large-scale FTQC [26].

A. Paper Motivation

Recent progress in quantum error-correcting codes, fault-
tolerant designs, and modular quantum architectures has gener-
ated a growing body of survey literature on relevant topics. To
position this work within the existing literature, we conduct an

in-depth analysis of recent survey studies to identify existing
gaps and clarify the research direction addressed in this
paper. Table I summarizes representative recent surveys and
compares their coverage across key dimensions relevant to
large-scale FTQC. Although these studies provide valuable
insights into specific aspects of the field, most of them
focus on particular quantum code families or limited fault-
tolerant mechanisms, without sufficiently addressing practical
system-level FTQC concerns. As a result, the literature still
lacks a unified and holistic survey that jointly examines error
suppression, QEC, error mitigation, decoding, fault-tolerant
gate operations, scalable architectures, and industrial imple-
mentation progress.

Several important dimensions remain insufficiently explored
in existing surveys. First, prior works discussed QECCs
without fully connecting them to the broader fault-tolerant
stack, including syndrome extraction scheduling [27], decod-
ing requirements, logical gate implementation, magic state
distillation, and hybrid classical-quantum orchestration. Sec-
ond, the opportunities and challenges introduced by DQC
for achieving large-scale FTQC have not been systematically
reviewed, particularly from the perspective of heterogeneous
and homogeneous distributed architectures [28]. Third, while
hardware progress is central to the practical realization of
FTQC, existing surveys provide limited coverage of industrial
advances across qubit modalities, modular processors, and
industrial roadmaps. This omission is significant because each
qubit modality exhibits distinct advantages and constraints in
terms of coherence, connectivity, gate fidelity, measurement
capability, scalability, fabrication yield, and compatibility with
the specific requirements of scalable FTQC. Finally, simula-
tion frameworks, benchmarking methodologies, and evaluation
metrics for assessing fault-tolerance performance, decoding
algorithms, and system-level readiness remain scattered across
the literature rather than being treated as core components of
an integrated FTQC survey.

Motivated by these gaps, this paper provides a compre-
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hensive and integrated perspective on distributed, large-scale
FTQC by connecting academic foundations with industrial
advances and practical implementation constraints. We sys-
tematically review quantum error containment mechanisms, ar-
chitectural designs, simulation and benchmarking tools, qubit
modalities, and modular quantum architectures. By bridging
these fragmented research directions, this work aims to provide
a unified reference for understanding the current status, near-
term challenges, and long-term pathways toward utility-scale
fault-tolerant quantum computing.

B. Paper Contributions

In this paper, we explore the academic research land-
scape and industrial progress addressing the long-standing
challenges of quantum computing associated with the error-
prone nature of quantum systems and the scalability con-
straints of current QPUs. We investigate the theoretical foun-
dations and experimental demonstrations shape the transition
from noisy intermediate-scale quantum (NISQ) processors to-
ward intermediate-scale quantum (ISQ), utility-scale quantum
(USQ), and ultimately FTQC through four stages, (i) pre-
execution fault avoidance techniques, (ii) fault-tolerant uni-
versal gate set implementations, (iii) execution-time QECMs,
and (iv) post-processing measures. As illustrated in Figure 1,
the scope of this study spans three tightly coupled domains,
i.e., the physical layer, the control layer, and fault-tolerant
design. These domains jointly capture the requirements for
utility-scale FTQC and highlight the pivotal role of QECMs
in realizing utility-scale FTQC. The main contributions of this
study are summarized as follows.

« Exploring the role and recent progress of quantum error
containment mechanisms, including error suppression,
error correction, and error mitigation, in enabling utility-
scale FTQC, as well as the motivations for their DQC-
friendly implementations under distributed architectural
constraints.

o Explaining code construction, syndrome extraction, and
distinctive features of major QECC families, including
topological, Quantum low-density parity-check (QLDPC),
subsystem, and dynamical codes, along with their latest
experimental results across different quantum architec-
tures and distributed implementations.

o Detailing recent industrial advancements and modality-
specific features relevant to FTQC and QEC require-
ments, as well as their role in realizing modular and large-
scale platforms.

o Elaborating fault-tolerant universal gate set implementa-
tions at the physical and logical levels, including code
deformation, lattice surgery, code switching, gauge fixing,
magic state injection, distillation, and cultivation, together
with their architectural requirements.

« Highlighting distinctive characteristics of heterogeneous
DQC (HeDQC) compared with homogeneous DQC
(HoDQC) in enabling FTQC systems, as well necessity
of classical-quantum orchestration in this domain.

o Providing a taxonomy of decoding algorithms and ex-
ploring their compatibility with classical acceleration
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Fig. 1: Conceptual framework of this survey and its core
domains for large-scale FTQC.

platforms, including CPUs, GPUs, field-programmable
gate arrays (FPGAs), and application-specific integrated
circuits (ASICs).

o Reviewing simulation tools, frameworks, libraries, and
benchmarking methodologies leveraged for the technical
assessment of fault-tolerant designs, decoding algorithms,
QECC:s, and distributed FTQC architectures.

o Demonstrating the current status, near- and long-term
industrial roadmaps, and perspectives of leading quantum
companies, together with delineating cross-layer open
challenges and research directions shaping the trajectory
toward large-scale FTQC,

C. Paper Outline

The remainder of this paper is organized as follows.
Section II introduces fundamental concepts related to error
models, stabilizer formalism, and CSS codes. Section III
discusses fault-tolerance criteria, including theoretical foun-
dations, fault-avoidance techniques, execution-time measures,
post-processing strategies, and the implementation of a fault-
tolerant universal gate set. Section IV details hardware require-
ments for large-scale FTQC and heterogeneous DQC. Section
V reviews theoretical advances and experimental demonstra-
tions of major QECC families, including topological, qLDPC,
subsystem, and dynamical codes, which is followed by decod-
ing algorithms in Section VI. Section VII presents benchmark-
ing methodologies and simulation tools, while Section VIII
presents near- and long-term roadmaps of leading quantum
companies. Section IX outlines open challenges and future
research directions, and Section X concludes the paper.

II. QUANTUM CHANNELS AND PRELIMINARIES

This section establishes the theoretical foundation for the
subsequent discussion of QEC and FTQC. We first introduce
representative quantum noise models and quantum channels
to characterize how physical imperfections, decoherence, and



environmental interactions disturb quantum states and opera-
tions. We then present the stabilizer formalism, which provides
the algebraic framework for the formal definition of QECCs.

A. Quantum Noise Models

The dynamical evolution of an open quantum system is
formally described by a quantum channel, i.e., a completely
positive and trace-preserving (CPTP) map £ that transforms
a density operator p as p — E(p) [29]. Quantum channels
provide a time-domain mathematical framework for model-
ing imperfect control operations, decoherence, measurement
imperfections, and system—environment interactions. Effective
fault-tolerant design begins with a precise specification of
the underlying noise model, which characterizes how errors
arise, propagate, and manifest as detection events throughout a
quantum circuit. Three commonly used noise models are code-
capacity, phenomenological, and circuit-level noise [30]. The
code-capacity noise model assumes that errors occur only on
data qubits, while syndrome extraction and recovery operations
are ideal. This model is useful for characterizing the intrinsic
error correction capability of a quantum code under idealized
syndrome extraction, independently of measurement errors and
circuit-level imperfections. When system—environment interac-
tions are memoryless, the noise is referred to as Markovian
noise, where the quantum evolution depends only on the
current state [31]. In the code-capacity noise model, data qubit
errors may be modeled using physically motivated channels
that capture mechanisms such as energy relaxation, dephasing,
and thermal excitation, or using abstract channels such as
Pauli, depolarizing, amplitude-damping, and erasure. In many
analyses, errors across multiple qubits are assumed to be
independent and identically distributed (i.i.d.); however, more
realistic models may instead consider independent but non-
identically distributed (ini.d.) errors, where error rates vary
across qubits, gates, or spatial locations [32]. The decoherence
time of a qubit, 75, often measured using a Hahn-echo
sequence, which is characterized by the relaxation time, 77,
and pure dephasing time T, satisfying T% = ﬁ + T%y In the
presence of slow phase noise or low-frequency fluctuations,
the Ramsey coherence time, T3, captures additional dephasing
effects and is typically shorter than the Hahn-echo coherence
time, i.e., 75 < 15 [33].

The phenomenological noise model extends the code-
capacity model by incorporating measurement errors while
still ignoring circuit-level errors in syndrome extraction cir-
cuits. Measurement errors are typically modeled using pos-
itive operator-valued measures (POVMs). For instance, the
measurement outcome corresponding to the state |0) can be
represented by Fy = (1 — Pps)|0)(0] + Pas|1)(1|, where
Py denotes the readout error probability [34]. Although
stabilizer measurements are typically repeated over multiple
rounds to suppress uncertainty and distinguish data qubit errors
from measurement errors, measurement-free paradigms can
address challenges associated with measurement errors [35].
The circuit-level noise model provides the most realistic repre-
sentation by accounting for errors during state preparation, idle
periods, gate operations, and measurements, as well as leakage
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and correlated faults. Preparation errors may leave a qubit in
a statistical ensemble of pure states, p = Y. p;|t;) (1|, rather
than the desired pure state [1]. Gate imperfections may include
stochastic Pauli errors, incoherent relaxation and dephasing,
or coherent control errors. In particular, coherent errors such
as systematic over- or under-rotation by a small angle € can
accumulate under repeated operations. As a simple illustra-
tive example, N consecutive imperfect identity operations
acting on |0) result in |¢))on = cos(Ne)|0) + isin(Ne)|1),
leading to measurement probabilities P(0) = cos?(Ne) ~
1 —(Ne)? and P(1) = sin?(Ne) ~ (Ne)?, which deviate
from the expected pure state [36].

B. Quantum Channels

The effects of physical disruptive factors can be modeled
and analyzed using several canonical quantum channels, in-
cluding amplitude damping, phase damping, and Pauli chan-
nels [4]. The amplitude damping channel captures energy
relaxation processes, such as the decay of an excited state
due to spontaneous emission, whereas the phase damping
channel models the loss of quantum coherence without en-
ergy relaxation. In contrast, a Pauli channel represents noise
processes as probabilistic applications of Pauli operators. For
an arbitrary single-qubit state |¢)) = «|0) + S]|1), a trans-
formation to [¢') = «|1) + £|0) is equivalent to applying
the Pauli X operator, i.e., |0) and |1) are interchanged, which
is called a bit-flip or X error. Similarly, a transformation to
|v") = «|0) — 1), i.e., |1) acquires a relative phase while
|0) remains unchanged, corresponds to applying the Pauli Z
operator and known as a phase-flip or Z error. Moreover, a
transformation to |¢') = ia|1) —i2]0), i.e., |0) and |1) are
transformed to i|1) and —i|0), respectively, is equivalent to
applying the Pauli Y operator and represents a bit-phase-flip
or Y error [37].

The occurrence of a Pauli error is probabilistic, as rep-
resented in Equation 1, where the input state is mapped
to a statistical mixture of the original state and the Pauli-
transformed state.

Ec(p) = (1 —pe)p + peCod,

where pc denotes the probability of the corresponding Pauli
error. Under a Pauli-twirled approximation of relaxation and
dephasing noise, the effective Pauli error probabilities can be
expressed as Equation 2.

ce{X,y,Z}. (1)

1 1

pr=py=7(1—e7), p=(l+e ™

A widely used instance of the Pauli channel is the depolar-
izing channel, in which the three non-identity Pauli errors are
assumed to occur with equal probability. Let p denote the total
probability of a non-identity Pauli error. Then, the single-qubit
depolarizing channel can be represented as Equation 3.

—2¢77) (2)

Eae(p) = (L=p)p+ 5 (XpX +YpY + ZpZ)  (3)

It is worth noting that Pauli channels do not affect all
quantum states uniformly. Indeed, each Pauli channel leaves
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Fig. 2: Geometric representation of quantum states deformation under Pauli channels.

the eigenstates of its associated Pauli operator invariant, while
contracting the Bloch vector components associated with the
two remaining orthogonal axes. Figure 2(a) illustrates a uni-
form distribution of pure single-qubit quantum states over
the surface of the Bloch sphere, representing the noiseless
reference state ensemble before the application of Pauli er-
ror channels. Bit-flip error, which can be interpreted as a
7 rotation around the X-axis up to a global phase, since
X = R=(m) = e~™2, preserves |+) and |—) states as the
eigenstates of Pauli X operator, while contracting other states
toward the X-axis, as illustrated in Figure 2(b). Similarly,
phase-flip error corresponds to a 7 rotation around the Z-axis
up to a global phase, since Z = R (w) = e T3, preserves
the eigenstates |0) and |1) while contracting other states toward
the Z-axis, as shown in Figure 2(c). Likewise, as depicted in
Figure 2(d), a bit-phase-flip error preserves the eigenstates of
Y. [4+i) = (|0)+i[1))/v2 and |—i) = (/0) i [1))/v/2, while

contracting other states toward the Y -axis [38].

Beyond Pauli and decoherence-based errors, physical qubits
are also subject to leakage and qubit loss, both of which can be
modeled as erasure channels when the affected locations are
detected or flagged [39]. Leakage occurs when a qubit leaves
the intended two-dimensional computational subspace spanned
by {|0),|1)} and occupies a non-computational energy level,
such as |2) in a superconducting transmon qubits [40]. Leak-
age can occur in several qubit modalities [41], accumulate
over multiple cycles, and propagate through subsequent multi-
qubit interactions. Fault-tolerant architectures mitigate leakage
through leakage detection and leakage removal techniques,
including the quantum jump technique [42], leakage mobil-
ity [43], and coupling with ancilla qubits, commonly referred
to as the data qubit leakage removal (DQLR) technique [44].

Qubit loss refers to the physical qubit loss from the system,
such as photon absorption in photonic qubits or atom loss in
neutral-atom systems [45]. Such processes can be modeled by
an erasure channel, No, (p) = (1—per) p+per |€){e|, where pe,
denotes the erasure probability and |e) refers to an orthogonal
erasure flag state outside the computational subspace, indicat-
ing that the corresponding qubit has been erased. Since erasure
flags explicitly identify the locations of the affected qubits,
erased qubits can typically be recovered more efficiently
through re-initialization or replacement procedures. In con-
trast, deletion errors correspond to errors whose locations are

unknown, making decoding and recovery more challenging.
It is worth noting that, although most FTQC frameworks are
formulated in terms of two-level qubits, higher-dimensional
quantum systems, or qudits, are increasingly being explored
for hardware-efficient simulation and computation. For in-
stance, qutrits [46] and ququints are three- and five-level
systems, respectively. Qudits are particularly well-suited for
describing naturally high-dimensional gauge fields, allowing
reduced register size and circuit complexity [47].

C. Stabilizer and CSS Codes

Stabilizer and CSS (Calderbank, Shor, Steane) codes form
the algebraic foundation of many QECCs used in FTQC.
They provide a compact operator-based framework for defin-
ing codespaces, detecting error through stabilizer measure-
ments, and defining logical qubits and logical operations.
The stabilizer formalism, introduced by Gottesman [48], pro-
vides an algebraic framework for describing a broad class
of QECCs using operators rather than explicit state vector
representations. In this formalism, the codespace is defined
as the simultaneous +1 eigenstate of a set of mutually
commuting Pauli operators, called stabilizer generators. The
r independent stabilizer generators form an Abelian group
S = (51, 52,...,5-) C Py\{£i, —1}, where P, denotes the
n-qubit Pauli group. A state |1)) belongs to the codespace if
and only if S;|¢)) = |¢) for all S; € S. Since each independent
stabilizer constraint halves the dimension of the Hilbert space,
the codespace has dimension dim(C) = 2"~" and encodes
k = n — r logical qubits [49]. When an error £ € P,
occurs, stabilizer measurements produce a binary syndrome
vector o(E) = (01,...,0.) € {0,1}", where 0; = 0 if E
commutes with S; and o; = 1 if it anticommutes with S;.
Therefore, errors outside the normalizer of the stabilizer group
are detected by at least one nonzero syndrome bit. In contrast,
errors in the normalizer commute with all stabilizer generators
and therefore produce a trivial syndrome [50].

In stabilizer formalism, logical Pauli operators correspond
to Pauli operators that commute with all stabilizer generators
but are not themselves members of S, i.e., members of
N(8)\ S, which act nontrivially on the codespace. Formally,

2The normalizer of the stabilizer group S in Py, denoted by N (S), consists
of all Pauli operators that commute with every element of S.



the logical Pauli group is represented by the quotient group
L(S) = N(S8)/S. The distance of a stabilizer code is
the minimum weight® of a nontrivial logical Pauli opera-
tor, d = minpep(s)\s wt(P). The detectable errors of a
stabilizer code are E(S) = P, \ N(S). A stabilizer code
with parameters [[n,k,d]] can detect all errors of weight
up to d — 1 and correct arbitrary errors of weight up to
[(d—1)/2] [50]. In general, a stabilizer code encodes quantum
information into a codespace C', which is a subspace of the
full Hilbert space H = (C2?)®". The Hilbert space can be
decomposed into the codespace and its orthogonal complement
as H = C @ C*, where C contains orthogonal syndrome
subspaces outside the codespace*. Stabilizer measurements
project corrupted states onto syndrome subspaces associated
with different error classes, a feature known as discretization of
error. This enables active quantum error correction, in which
quantum information is protected through encoding, syndrome
extraction, decoding, and recovery.

A notable subclass of stabilizer codes is the family of CSS
codes, in which the stabilizer group contains only X -type and
Z-type stabilizer generators. A CSS code can be defined by
two binary parity-check matrices, Hx and H 2, responsible for
phase-flip and bit-flip error detection, respectively [S1]. The
commutativity of the associated stabilizer generators is guar-
anteed by the orthogonality constraint Hx H. = 0 (mod 2).
Equivalently, a CSS code, CSS(C'x, C%), can be constructed
through two classical linear codes, i.e., Cx = ker(Hy)
and Cz = ker(Hyz), such that C4 C Cyx. The number of
encoded qubits is k = n — rank(Hx ) — rank(Hz). The code
distance is d = min(dx, dz), where dx = min.cc,\c4 |||
and dz = min.cg,\ o2 [/, corresponding to the minimum
weight of vectors (Cz \ Cx) U (Cx \ C%). Moreover, it has
been shown that any [[n, k, d]] stabilizer code can be mapped
to a [[4n, 2k, 2d]] CSS code [52], highlighting the central role
of CSS constructions in quantum information theory.

The distributed implementation of CSS codes has been
investigated by Babaie and Qiao [53]. They developed a
distributed implementation of the Steane code, comprising six
stabilizer generators, across seven QPUs through the use of
a distributed GHZ (Greenberger—Horne—Zeilinger) state. The
original quantum state is encoded as a superposition of even-
and odd-weight codeword components associated with the
underlying CSS construction. The authors demonstrated the
effectiveness of their construction in detecting X, Z, and Y
errors, which highlights its robustness and potential applica-
bility in distributed quantum error correction architectures.

III. FAULT-TOLERANT CRITERIA AND IMPLEMENTATIONS

This section explores fault-tolerant measures across three
stages, i.e., pre-execution, execution-time, and post-execution,

3The weight of a Pauli operator P, wt(P), is the number of qubits on
which P acts nontrivially, i.e., as X, Y, or Z, rather than the identity.

4Shor’s code encodes one logical qubit into a two-dimensional codespace
within the nine-qubit Hilbert space, whose remaining dimensions form the
orthogonal complement as (C2)®9 = (C?)®! g (C?)®8,

SDiscretization of error refers to the fact that arbitrary physical errors can
be expanded in the Pauli basis. Hence, if a particular QECC detects both
bit-flip and phase-flip errors, then it can also detect arbitrary quantum errors,
including random Pauli, unitary, and non-unitary errors.
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Fig. 3: A generic fault-tolerant model.

along with the mechanisms required to realize a fault-tolerant
universal gate set. It also discusses the theoretical foundations
and fundamental theorems that establish the feasibility of
FTQC and define its principal limitations.

In general, fault-tolerant quantum computing refers to the
ability to execute arbitrarily long quantum computations re-
liably despite the use of inherently error-prone quantum
components operating in noisy environments. Realizing large-
scale FTQC requires satisfying several key criteria that ensure
reliable and scalable computation [54].

e Fault-tolerant: Physical errors must be prevented from
transforming into uncorrectable logical errors, and logical
errors must be sufficiently suppressed to support reliable
quantum algorithm executions.

o Addressable: Encoded logical qubits must support inde-
pendent preparation, manipulation, and measurement.

e Universal: The architecture must support a fault-tolerant
universal gate set for general-purpose computation.

o Adaptive: The system must enable adaptive feedforward
and conditional operations based on mid-circuit measure-
ments (MCM) and syndrome stream.

e Modular: The architecture should support scalable inte-
gration of quantum modules or QPUs through QDN units.

e Efficient: The system must minimize physical qubit
overhead, circuit depth, decoding latency, and classical—
quantum orchestration complexity to maintain practical
feasibility for near- and long-term quantum systems.

In the fault-tolerance literature, a quantum circuit is de-
composed into several independent, indivisible error-prone
operations, which are typically called locations. As depicted
in Figure 3, there are five different types of locations, in-
cluding state preparation, gate, measurement, wait/storage,
and classical-processing locations, with the latter associated
with classical-quantum orchestration. Each location may fail
with a location-dependent error probability, although classical
processing errors are often neglected or treated separately
because their error rates are typically much lower than those
of quantum operations. In idealized threshold analysis, er-
rors can be modeled using a local stochastic noise process,
where failures occur independently or with sufficiently weak
correlations. However, in realistic applications, errors may be
spatially or temporally correlated due to crosstalk, leakage,
calibration drift, or shared control electronics [23]. Moreover,
error propagation at the circuit-level can transform local er-
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TABLE II: Error propagation through Clifford gates

Clifford Gate | Error | Propagated Error

Xe Xe Xt

Xt Xt

CNOT Z. 7.
Zt ZcZy

X Z

H Z X

X Y

S Z Z

X X

X Z 7z
X -X

Y Z -7
X -X

z Z Z
Xe XcZt
Xt Ze Xt

Ccz 7. 7.

Zy Zy

rors into higher-weight correlated errors during computation.
Such correlations complicate decoding, undermine assump-
tions used in simplified threshold estimates, and make error
propagation a central challenge in FTQC.

During circuit execution, an error at one location may
propagate through subsequent two-qubit gates and produce a
higher-weight error within the same code block, potentially
exceeding the code’s correction capability. This risk is particu-
larly significant in naively implemented high-weight stabilizer
measurements, where a single error on an ancilla qubit can
propagate to multiple data qubits and generate correlated hook
errors. Fault-tolerant circuit design aims to ensure that any
single error results in at most a correctable error within each
code block [55].

Error propagation can be efficiently tracked through the
Clifford group because Clifford gates map Pauli operators
to Pauli operators under conjugation®. Therefore, if a Pauli
error I occurs before a Clifford gate U, the corresponding
propagated error after the gate is UEUT [36]. Table II sum-
marizes the transformation of single-qubit Pauli errors through
common Clifford operations, which indicates how errors may
either change type or propagate across multiple qubits. For
instance, according to the table, a bit-flip error on the control
qubit of a CNOT gate propagates to both control and target
qubits, whereas a bit-flip error on the target qubit remains only
on the target qubit. The propagation of multi-qubit Pauli errors
can be derived by multiplying the propagated components of
each Pauli factor’. Fault-tolerant implementations address this
concern by preventing local physical errors from becoming
logical errors.

In practice, FTQC relies on integration of complementary
strategies, including (i) hardware- and control-level fault-
avoidance and error suppression techniques, (ii) fault-tolerant

SA Clifford gate U maps the Pauli operator P to UPUT € P, for
every P € Pp. A set of these gates constitutes a Clifford group, such as
{H,S,CNOT}.

For instance, an input error (X ® Y) on a CNOT gate propagates as
CNOT(X®Y)CNOT! = i(X®I)(Z®Z) = Y®Z, up to a global phase.
Moreover, propagation rules for Y errors can be inferred from Y = iX Z.

operations and control mechanisms, (iii) execution-time mea-
sures, such as quantum error correction, and (iv) post-
processing approaches, such as error mitigation and offline
decoding. Since no single strategy can address all sources
of errors, practical quantum systems must integrate these
complementary techniques to reduce effective error rates and
enable utility-scale FTQC systems [9].

A. Fault-avoidance Techniques

Over the past two decades, remarkable theoretical progress
has established the foundations of FTQC; however, experi-
mental demonstrations remain limited to relatively small-scale
implementations. Therefore, quantum companies continuously
strive to develop strategies that reduce the baseline physical
error rates before active quantum error correction is applied.
We collectively refer to these pre-execution and hardware-
level measures as fault-avoidance techniques (FATs). Rather
than correcting errors after they occur, FATs aim to pre-
vent or suppress dominant error sources through advances
in device architecture, materials engineering, environmental
isolation, calibration, and quantum control [56]. Such tech-
niques provide favorable architectural features that are more
compatible with the implementation requirements of asymp-
totically good QECCs and fault-tolerant operations. Effective
FATs depend on the understanding of the delicate nature
of complex quantum systems, error sources, technological
constraints, and fundamental theoretical bounds. Advances in
materials purification and cryogenic engineering to suppress
decoherence and unwanted excitations, precise calibration and
control of microwave or laser pulses to minimize gate errors,
improved wiring and shielding layouts to reduce electromag-
netic interference (EMI) and crosstalk, and device geometry
optimization to enhance connectivity and readout performance
can be classified as fault-avoidance techniques [57].

Beyond architectural improvements during fabrication and
design, the stochastic and time-varying nature of quantum
hardware also necessitates continuous, real-time monitoring,
adaptive control, and low-latency feedforward during system
operation. This process requires fast and reliable acquisition of
the measurement stream, including syndromes and calibration
signals [58], followed by low-latency classical processing to
infer system states, track parameter fluctuations, and trigger
appropriate corrections. Machine learning and artificial intel-
ligence techniques are increasingly being explored for adaptive
control, decoding acceleration, noise characterization, and
control optimization, thereby facilitating accurate and timely
system stabilization under dynamic operating conditions [59].

In this regard, advances in qubit structure in terms of coher-
ence time, gate fidelity, processing speed, and readout features
are as critical as advances in QECC design for realizing utility-
scale FTQC. Quantum processors can be realized through
several computational paradigms and hardware technologies,
including gate-based quantum computing [56], qudit-based
quantum computing [38], measurement-based quantum com-
puting [34], quantum annealing, and bosonic quantum comput-
ing [60]. Likewise, multiple qubit modalities are being pursued
in parallel, including superconducting circuits, trapped-ions,
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TABLE III: Architectural and operational characteristics of leading qubit modalities

Modality Physical Encoding Representative Companies Coherence 1Q 2Q Gate Connectivity Environment
Superconducting (Transmon) JJ° oscillator IBM, Google, Rigetti 100 — 500 ps 99.9%+ 99 —99.7% 10 — 200 ns NNT (2D) 10 — 20 mK
Trapped-ions Hyperfine ion states TonQ, Quantinuum sec. — min. 99.99%+ 99.99% 10 — 200 pus  A2A* UHV® + lasers
Photonic Pol.# /time-bin/dual-rail PsiQuantum, Xanadu Loss-dominated ~ 99.9%  Probabilistic  ~ ns (optical) Networked Room temp.
Neutral-atoms (Rydberg) Optically trapped atoms QuEra, Pasqal, Infleqtion 1-10s 99.9%+ 99 —99.96% 0.1 —1 us Reconfigurable 2D Vacuum

Spin qubits (Quantum Dots) Electron spin in silicon Intel, Microsoft, Diraq 10 — 100 ms (Tr_,*)§ 99.9%+ 98 —99.5% 10 — 100 ns NNF (2D/linear) 10 — 100 mK

°JJ: Josephson junction; TNN: nearest-neighbor; ¥ A2A: all-to-all; # polarization; T3 Ramsey coherence time; © UHV:Ultra-high vacuum.

neutral-atoms, photonic platforms, and spin qubits [61]. Each
modality exhibits distinct trade-offs in terms of scalability,
noise characteristics, gate fidelity, readout features, entangle-
ment distribution, and architectural constraints, and it remains
unclear which platform, or combination of platforms, will
ultimately provide the most viable path toward large-scale
FTQC.

Table III compares the architectural characteristics of lead-
ing qubit modalities. Superconducting circuits offer fast gate
operations and a high degree of integration [62]. Trapped-
ion platforms provide a long coherence time and all-to-
all connectivity, which can simplify the implementation of
quantum operations [46]. Photonic systems inherently support
long-distance entanglement distribution and room-temperature
operation, making them promising for quantum networking
and distributed architectures [63]. Neutral-atom architectures
incorporate a long coherence time with reconfigurable geome-
tries and programmable interaction topologies. Neutral-atom
platforms, often referred to as cold-atom systems, typically
operate in ultra-high-vacuum environments and do not re-
quire cryogenic cooling infrastructure [56]. The reconfigurable
structure can be exploited to reduce space-time overhead®
by enabling flexible qubit placement, parallel operations, and
efficient realization of logical gates. For instance, the im-
plementation of Shor’s algorithm on superconducting circuits
requires nearly one million qubits [64], whereas it can be
implemented by approximately 10,000 atoms in neutral-atom
architectures [65]. Semiconductor spin qubits benefit from
nanoscale footprints and compatibility with CMOS (com-
plementary metal-oxide—semiconductor) fabrication, offering
a promising pathway toward dense integration and large-
scale QPUs. These modality-specific features directly influ-
ence QECC design, syndrome extraction circuits, decoding
strategies, and distributed FTQC architectures. Furthermore,
analysis of single-qubit (1Q) and two-qubit (2Q) gate fidelities
across different modalities indicates that many current plat-
forms operate in the KiloQuOp regime, meaning they can reli-
ably execute on the order of one thousand quantum operations
(QuOps) before errors dominate. However, practical quantum
advantage and large-scale FTQC will require progress toward
the MegaQuOp and eventually TeraQuOp regimes, where
application-driven quantum computation requires millions to
trillions of reliable quantum operations [61].

B. Fault-tolerant Memories and Operations

Recent experimental demonstrations and industrial
roadmaps indicate that realizing utility-scale FTQC with

8The space-time overhead, quantified in qubit.rounds, captures the product
of the number of physical qubits and the number of gates required by an
algorithm.

available quantum hardware remains beyond the near-term
horizon. Fault-tolerant implementations aim to overcome this
limitation by (i) encoding quantum information into blocks
of physical qubits using QECCs, which are typically not
decoded throughout computation, and (ii) replacing fragile
locations with fault-tolerant modules, commonly referred to
as gadgets [66]. These gadgets are small circuits composed of
multiple physical operations and ancilla resources, designed to
develop logical-level preparation, operations, measurements,
and error correction while preventing a small number of
physical errors from becoming uncorrectable logical errors. In
Figure 3, the purple boxes indicate such fault-tolerant gadgets
acting on encoded blocks of physical qubits. In general,
the transition from physical- to logical-level computation
introduces several fundamental challenges, including efficient
qubit allocation, QEC overhead, logical gate implementation,
and the design of fault-tolerant primitives (i.e., gadgets) [49].

1) Fault-tolerant Qubits: Physical qubits are typically mi-
croscopic quantum systems in which quantum information is
encoded in delicate properties such as electron spin, atomic
states, or photon polarization, making them highly fragile and
susceptible to interaction with environmental noise and stray
particles [67]. While hardware progress aims to enhance the
performance of physical qubits (e.g., to achieve a physical
qubit error rate below the QEC threshold), practical fault
tolerance ultimately requires integrating these advances with
effective quantum error correction. A near-term solution to
protect quantum information is to encode logical quantum
states across multiple entangled physical qubits to form robust,
fault-tolerant logical qubits (FTLQs) whose effective error rate
can be suppressed below the physical error rate when the noise
is below threshold. The ratio of the number of physical qubits
to logical qubits defines the QEC overhead, also referred
to as space overhead. QEC overhead depends on several
factors, including physical qubit quality, utilized code family,
and decoding algorithm [68]. Moreover, QEC overhead is a
fundamental metric for assessing the efficiency and scalability
of QECCs, in which low QEC overhead is desirable, as it
improves scalability, reduces hardware requirements and cost,
and enhances resource efficiency.

2) Fault-tolerant Universal Gate Set: Quantum operations
are fundamental to FTQC because logical circuits must support
high-fidelity manipulation of encoded states. Unlike a naive
approach that would decode a logical qubit, apply physi-
cal operations, and then re-encode it, fault-tolerant gadgets
preserve encoded state throughout the computation. More-
over, their key objective is to ensure that a small number
of physical errors during a logical operation produce only
correctable errors within each code block. The simplest way to
develop fault-tolerant gadgets is transversal implementations.
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In transversal single-qubit logical gates, independent physical
gates are applied across the qubits of a code block, while in
transversal multi-qubit gates, physical gates are applied qubit-
wise between corresponding qubits on different code blocks.
Since no physical gate couples two qubits within the same
code block, a single physical error cannot spread to multiple
qubits inside that block. Therefore, transversal gates propagate
errors between corresponding qubits of different blocks, but
they remain correctable by subsequent QEC cycles [69].

Although certain code families admit transversal implemen-
tations of specific non-Clifford gates, the Eastin—Knill theo-
rem [70] establishes that no finite-dimensional quantum error-
correcting code can support a universal logical gate set through
transversal implementations. Therefore, FTQC requires addi-
tional techniques for implementing non-Clifford operations,
such as code deformation (e.g., lattice surgery [71]), code
switching [72], gauge fixing [73], and magic state injec-
tion [74]. This requirement is particularly important because
Clifford circuits alone can be efficiently simulated classically,
whereas augmenting the Clifford gate set with at least one
non-Clifford gate, commonly the 7' gate, enables universal
quantum computation.

The T-gate is essential for a universal gate set, but it
dominates the space-time resource cost. For instance, Fowler
et al. estimated that around 94% of the computation resources
in surface codes may be devoted to T-state factories [75].
Although subsequent optimizations [76], [77] have reduced
this fraction to approximately 30%—70%, these state factories
can still constitute a substantial portion of the overall resource
cost. Therefore, optimizing 7-state preparation and distillation
can substantially improve system-level performance, while the
achievable speedup is bounded by Amdahl’s law [78], which
is given by Equation 4.

v
(1—fT)+%

where fp denotes the fraction of the total cost dominated by
T-gate resources, yr is the speedup achieved for 7T-gate, and
1 — fr represents the fraction unaffected by the optimization®,
such as Clifford operations, measurement, and decoding.

A fault-tolerant T-gate can be implemented indirectly by
consuming a T-type magic state, |A) = T|+) = %(|0) +
e™/4|1)) along with Clifford gates, including CNOT and
S, standard basis measurements, and classical feedforward.
In this approach, known as magic state injection or gate
teleportation, a CNOT is applied to the data qubit (i.e., the
input state to which the T-gate is ultimately applied) as the
control and the auxiliary magic state as the target [79]. The
CNOT gate is followed by a measurement on the magic state,
whose outcome determines the conditional correction on the
data qubit. In particular, the desired 7'-gate is realized by either
applying an S-gate'® on the data qubit if the measurement

“4)

S, overall =

For example, if 50% of the computational cost is attributable to T-state
factories, then even an arbitrarily large speedup on this component yields at
most a 2x overall speedup.

10The correction can be either an S := diag(1,4) or ST := diag(1, —i)
operation depending on the injection circuit and measurement convention.
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(b) Distiller

(a) Logical magic state injection
Fig. 4: Magic state injection.

outcome is 1 or applying no correction if the measurement
outcome is 0 [80].

In logical-level circuits, an injected physical magic state
|T) must be encoded into a logical magic state |T'), which can
suppress the error rate to approximately P, ~ O(p/2) [81]. As
illustrated in Figure 4(a), this transformation replaces physical
operations with fault-tolerant gadgets, highlighting that magic
state injection works at the logical level [82]. However, this
level of suppression is insufficient for large-scale FTQC that
requires a large number of logical T gates''. Therefore,
additional magic state purification mechanisms are required
to prepare high-fidelity logical T-type magic states [83].

A standard approach is magic state distillation (MSD),
a probabilistic process that consumes multiple noisy magic
states and generates fewer higher-fidelity magic states [84].
As depicted in Figure 4(b), a distillation circuit, or distiller,
takes a collection of noisy encoded magic states and measures
all outputs except one of them. If the measured syndrome
is consistent with successful distillation, the top output is
accepted as a higher-fidelity logical magic state, which may
be consumed in a magic state injection circuit or used as
an input to subsequent distillation rounds for further error
suppression. Otherwise, the output is rejected, and the process
must be repeated. Although several distillation protocols exist,
they share the common principle of using stabilizer code
structure and Clifford operations to probabilistically suppress
non-Clifford magic state errors. Magic state injection has
been experimentally validated in terms of overhead and prac-
ticality across several platforms, including superconducting
qubits [79], trapped-ion qubits [85], and quantum dots [86].

Although magic state distillation enables fault-tolerant real-
ization of non-Clifford gates, it introduces substantial space-
time overhead. For example, in the standard /5-fo-1 distil-
lation protocol [69], fifteen noisy logical magic states |T)
are consumed to produce one higher-fidelity |T') state, with
output error scaling approximately as P, ~ O(35p®). For
instance, a physical magic state error rate of p ~ 103 gives
Pp, =35(1073/2)3 ~ 4.4 x 107, where the factor of 2 in the
denominator accounts for the mapping from the physical error
rate to the logical error rate, as described above. Achieving
even lower logical error rates, e.g., Pr, =~ 6 X 1010, requires
a space-time footprint on the order of ~ 3 x 10 qubit.rounds,
highlighting the high overhead of MSD [87]. Several op-
timization techniques have been introduced to reduce this
overhead, including postselecting the injection [88], lattice

Eor example, if p &~ 1073, the injected magic state may still have an
error on the order of 5 x 10~%, which is far too large for quantum algorithms
requiring 109-10% logical T-gates [83].



TABLE IV: Comparative overview of magic state cultivation
and distillation

Magic state Magic state

Metric

cultivation distillation
Core idea One-to-one Many—to—f)ne/
Many-to-fewer
Operation level Physical Logical
Input magic states One Multiple
Error reduction Bounded Arbitrarily low
fidelity error rates (iteration)
Limitation Postselection cost wall High space-time
and limited repeatability overhead
Cheaper Stronger error
Trade-off (~ 10x) suppression (~ 10~12)

Inside a code block Concatenated on top

Code position of other codes

surgery instead of braiding [89], reducing the code distance
where the distillation code protects the computation code [90],
and exploiting the complementary gap to get a better trade-
off between attempts and residual logical errors [91]. Never-
theless, magic state distillation remains one of the dominant
resource bottlenecks in large-scale FTQC.

This bottleneck motivates alternative approaches, such as
magic state cultivation (MSC), which reduces reliance on
large distillation factories and reduces space-time overhead'”
by gradually improving a single injected magic state at the
physical level [92]. In contrast to MSD, which follows a many-
to-one or many-to-fewer resource conversion, MSC follows a
one-to-one refinement process in which a single noisy magic
state is progressively improved through local stabilizer checks,
code growth, and postselection procedures [93]. At a high
level, MSC consists of three stages, i.e., injection, cultivation,
and escape. In the injection stage, an initial low-distance
encoded T'-state is prepared using a QECC, such as distance-
3 color codes. During the cultivation stage, the encoded state
gradually grows in code distance, for example, from d = 3 to
d = 5. In the escape stage, the code distance grows rapidly to
the target code distance, such as d = 15, and then waits for
the decoder to evaluate confidence information, including the
complementary gap, to determine whether the cultivated state
should be accepted or discarded and the protocol restarted.
Although MSC can substantially reduce space-time overhead,
it does not generally provide an arbitrarily low error rate
through an iterative process [84]. Its reliance on postselection
limits the repeatability and introduces a postselection cost wall,
in which as the target state fidelity increases, the acceptance
probability decreases, leading to more frequent rejection (i.e.,
by postselection) and restarts. Table IV summarizes the key
differences between MSD and MSC across parameters that are
critical for FTQC. Overall, cultivation provides a cheaper and
potentially order-of-magnitude lower overhead pathway when
moderate magic state fidelity is sufficient, which makes it a
promising candidate for implementing non-Clifford gates in
near-term FTQC systems.

Beyond magic state-based techniques, code switching, code
deformation, and gauge fixing constitute complementary fault-

2For example, cultivation can produce one magic state every 3 x 103
qubit.rounds at a logical error rate of approximately P;, ~ 6 x 1010,
representing a substantially lower space-time overhead than MSD [92].
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tolerant mechanisms for realizing logical gate operations. Code
switching refers to a fault-tolerant paradigm in which a logical
quantum state is transferred between two distinct QECCs to
enable logical operations that are non-transversal or resource-
intensive in a single QEC code. Although code switching
exploits the complementary properties of two distinct QECCs,
it incurs nontrivial overhead due to the conversion procedures,
whether they are based on teleportation, stabilizer re-encoding,
or intermediate code deformation, which must be implemented
fault-tolerantly and must preserve the logical information
throughout the process [94]. Gauge fixing leverages a similar
strategy within a subsystem code family, as discussed in
section V, where distinct logical encodings are obtained by
measuring (i.e., fixing) different sets of gauge operators rather
than transferring the logical state between two distinct codes.
The measurement projects the system into alternative stabilizer
subspaces associated with the same underlying subsystem
code. This enables the realization of a universal fault-tolerant
gate set whose elements are not simultaneously transversal
within a single subsystem code. In this sense, gauge fixing
can reduce the overhead associated with full code switching
by avoiding complete re-encoding or state transfer, while still
exploiting multiple effective code structures.

Code switching can be realized between closely related
code families with different parameters [94] or structures,
such as between two- and three-dimensional color codes [95]
or between two- and three-dimensional hypergraph product
(HGP) codes [96], or between distinct code families with
complementary transversal gate sets [97], [98], such as be-
tween color codes and surface codes. Experimental studies
have validated the practical implementation of code switch-
ing across trapped-ion platforms [99]. These demonstrations
highlight the practical relevance of code transformations as a
complementary route to universal FTQC.

Code deformation is another fault-tolerant technique in
which logical operations are implemented by dynamically
modifying the stabilizer structure of a QECC, particularly in
topological codes. The logical information remains protected
throughout the process as the code is continuously transformed
between valid stabilizer configurations. Code deformation can
be realized through several hardware-friendly operations, in-
cluding boundary deformation, defect (e.g., hole) movement,
braiding, and lattice surgery [100]. Lattice surgery, a promi-
nent form of code deformation in the surface code, realizes
logical operations through merge-and-split procedures and
joint Pauli measurements between code patches [101], [102].
The overhead and practical feasibility of lattice surgery have
been experimentally validated on superconducting qubits [103]
and trapped-ion qubits [104]. Furthermore, hybrid approaches
that combine multiple fault-tolerant techniques, such as in-
tegrating magic state injection with code switching [85], as
well as qubit modality-specific approaches, such as neutral-
atom-based methods [105], have been developed to enable the
implementation of a universal fault-tolerant gate set.

C. Execution-time Measures

Although fault-avoidance techniques aim to provide more
reliable components, residual device, environmental, and op-



BABAIE et al.: LARGE-SCALE FAULT-TOLERANT QUANTUM COMPUTING: A SURVEY 11

erational errors remain unavoidable during computations and
must be continuously contained at execution time, particularly
at the logical level, to prevent their accumulation. Accordingly,
as illustrated by the blue boxes in Figure 3, error correction
procedures are applied whenever there is an opportunity to
contain accumulated errors. These approaches encompass a
broad class of measures, including quantum error correction,
error suppression, and error mitigation. It is important to
emphasize that these techniques typically not only introduce
additional overhead in the form of gate operations, circuit
depth, and ancilla qubits, but also introduce new potential
error sources and implementation complexity. Consequently,
the usefulness of each technique is characterized by a break-
even point, referred to as the threshold, that delineates the
trade-off between the additional errors introduced by the QEC
procedure and its error suppression capability.

Quantum error correction protects quantum information
by encoding a logical qubit across multiple physical qubits,
thereby enabling error detection and correction through stabi-
lizer measurements without directly measuring or collapsing
the encoded logical state’>. QEC codes exhibit substantial
diversity in terms of their construction, code parameters,
stabilizer or gauge structure, and underlying algebraic or topo-
logical design. They differ in hardware requirements, including
qubit connectivity, measurement capabilities, gate locality, and
complexity of decoding algorithms [106]. These differences
directly impact key performance metrics, including logical
error rate, QEC threshold, QEC overhead, and scalability.
From a structural perspective, QEC codes can be categorized
into several families, which are discussed in section V.

Error suppression refers to the class of techniques that re-
duces the likelihood and impact of errors during quantum com-
putation rather than explicitly detecting and correcting them
through QEC. These techniques typically serve as the first
layer of execution-time protection because they incur relatively
low overhead while reducing effective physical error rates,
thereby facilitating subsequent QEC measures. Error suppres-
sion can be conducted through several approaches, including
dynamical decoupling (DD) [107], decoherence-free subspaces
(DFS) [108], noise-aware control [31], and Hamiltonian engi-
neering [109]. Dynamical decoupling suppresses decoherence
by applying carefully designed sequences of control pulses that
effectively average out environmental noise and extend qubit
coherence without introducing redundancy [110]. For instance,
qubits at idle or wait locations'* are particularly susceptible
to decoherence and error accumulation. Such errors can be
partially suppressed by inserting sequences of unitary and their
inverse operations, whose ideal net action is UU T =1 By
dividing the wait location between U and U, the accumulation
of certain noise components can be suppressed. Decoherence-
free subspaces provide a passive error suppression mechanism
by encoding quantum information into subspaces or subsys-

BFrom a thermodynamic perspective, QEC can be viewed as an active
process that removes entropy from encoded quantum states, analogous to a
refrigerator or heat pump, thereby maintaining the integrity of logical qubits
during computation.

14For instance, the time interval between initialization and a subsequent
CNOT gate on the third qubit in Figure 3.
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Fig. 5: Zero-noise extrapolation.

tems of the Hilbert space that are invariant under specific
error channels, which eliminates the need for active error
correction or stabilizer measurement [33]. In contrast, noise-
aware control techniques, such as pulse shaping, enhance
gate fidelity by tailoring time-dependent control fields to
minimize sensitivity to noise, suppress control imperfections,
and limit leakage outside the computational subspace [111].
Finally, Hamiltonian engineering improves system robustness
by modifying the effective Hamiltonian through designed
control fields, couplings, or encoding strategies. This can
reduce sensitivity to noise, suppress dominant errors, enhance
coherence, and improve operation fidelity [112].

D. Post-processing Strategies

As the final layer in the pursuit of FTQC, post-processing
strategies improve computational fidelity, particularly in near-
term and pre-fault-tolerant regimes, where scalable QEC re-
mains experimentally challenging, and the desired logical error
rates required for fault-tolerant application-scale quantum
computing are not yet attainable [64]. Post-processing methods
compensate for noise-induced errors by classically processing
measurement data collected after each circuit execution, rather
than modifying the underlying quantum circuit or actively cor-
recting errors during execution. Their effectiveness, however,
depends on the accuracy of the noise model, the availability
of calibration data, the structure of the observables, and the
depth and size of the circuit. These methods typically increase
sampling complexity, since they often transform systematic
bias into statistical variance [113]. However, due to stochastic
noise, these techniques require multiple executions (i.e., shots)
and extensive sampling to average out additional uncertainties.
A variety of post-processing approaches have been developed,
including zero-noise extrapolation (ZNE) [114], probabilistic
error cancellation (PEC) [115], tensor network error mitigation
(TEM) [116], and propagated noise absorption (PNA) [117],
all of which are broadly applicable across different qubit
modalities.

Zero-noise extrapolation estimates the ideal, i.e., noise-
free, expectation value of an observable by executing a given
quantum circuit at multiple artificially amplified noise levels
and extrapolating the measured results to the zero-noise limit.



Let (O)(\) denote the expectation value of an observable
under a noise amplification factor A. As illustrated in Figure 5,
the observable is first measured at the native noise level,
typically when A\ = 1, to obtain the unmitigated value, denoted
by a square in Figure 5. The effective noise strength is then
systematically increased, i.e., A > 1, to generate a set of
noisy measurements, represented by circles in Figure 5. By
analyzing the dependence of (O)(\) on A, an extrapolation
method, such as linear, polynomial, or Richardson, is applied
to infer the ideal expectation value (O)gea1, in the zero-noise
limit A — 0, indicated by a star in the Figure. Noise amplifi-
cation can be implemented using several techniques, such as
gate folding, where a gate U is replaced by UUU to increase
accumulated error, and pulse stretching, where control pulses
are lengthened to increase exposure to decoherence [114].
Despite its conceptual simplicity, ZNE introduces practical
challenges, as it requires controlled noise amplification and
repeated circuit execution. Nevertheless, when the extrapola-
tion model is accurate, it can produce estimates substantially
closer to the ideal expectation value [118].

Probabilistic error cancellation is a canonical error mitiga-
tion technique that reconstructs the ideal expectation value
by expressing noisy operations as a linear combination of
implementable operations and the inverse of the quantum
channel obtained through quasi-probability sampling and clas-
sical post-processing. By combining measurement outcomes
with appropriate weights, including negative coefficients, PEC
yields an unbiased estimator of the ideal expectation value.
Although each circuit execution is subject to noise, the aggre-
gated result cancels noise statistically, thereby approximating
the noise-free observable [115]. As illustrated in Figure 6,
consider a width-n', depth-d circuit in which an ideal gate
U; is implemented as a noisy operation U; = & o U;, where
&; denotes the associated quantum channel. Since physical
quantum channels are generally not directly invertible on hard-
ware, PEC approximates the inverse quantum channel through
a linear decomposition of implementable noisy operations,
5{1 ~ >, 4 &, where ¢; are quasi-probability coefficients
and &; are implementable operations. This introduces an anti-
noise channel that counteracts the effect of &;. Accordingly,
the ideal expectation value is reconstructed through classical
post-processing as (O)igeal = Y ; ¢; (O);. Although PEC can
produce an unbiased estimator of the ideal expectation value,
it incurs sampling overhead and depends on accurate noise
characterization, which limits its scalability for utility-scale
FTQC [119]. To address this limitation, Xie et al. [19] intro-
duced space-time noise inversion, which avoids full noise char-
acterization by leveraging a small set of accurately estimated
error parameters. This approach reduces sampling overhead
and provides robustness against parameter fluctuations, which
offers a promising direction toward large-scale FTQC.

The sampling overhead of PEC can remain significantly
large even under optimistic hardware assumptions. For exam-
ple, even if hardware accelerations reduce the expected accu-
mulated error count of a circuit to the order of 16, estimating

5Circuit width refers to the total number of qubits, including data and
ancilla qubits, simultaneously involved in a quantum circuit.
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an observable to within about 5% accuracy may still require
a sampling overhead of ~ 10°. This corresponds to roughly
4 x 108 circuit executions, corresponding to approximately
two to three days of quantum runtime when each execution
takes about 0.5ms'® [116]. This motivates the development of
methods that reduce the sampling burden of post-processing-
based mitigation techniques. Moreover, the accuracy and sam-
pling complexity of post-processing techniques are strongly
influenced by the discrepancy between the measured outcomes
and the corresponding ideal expectation values [120].

Recent advances have demonstrated that classical algo-
rithms based on Pauli propagation (PP) can efficiently ap-
proximate expectation values of arbitrary observables associ-
ated with quantum circuits, which reduces mitigation over-
head [55]. Building on this idea, IBM developed Pauli-Prop,
a Rust-based Qiskit add-on'” for approximating the evolution
of operators in the Pauli basis under the action of quantum
gates and quantum channels. Eddins et al. [121] leveraged
Pauli propagation to introduce the concept of shaded lightcone
(SLC), which refines PEC by reducing the sampling overhead.
The key insight is that not all error channels contribute
equally to the bias of a given observable. By identifying and
selectively mitigating the subset of error channels within the
relevant causal region that most strongly affects the target
observable, SLC-based PEC improves the bias—variance trade-
off. A Python-compatible implementation of this framework'®
facilitates its integration into practical quantum workflows.

Tensor network error mitigation is a hybrid classical—
quantum post-processing technique that reduces the impact of
noise with near-optimal sampling overhead. In this approach,
noisy quantum circuits and states are represented as tensor net-
works [122], where quantum gates are mapped to tensors and
quantum channels are incorporated as additional tensors. TEM
approximates the inverse of the global quantum channel and
applies it to measurement data obtained from informationally
complete measurements. These data are then processed using
classical tensor network contraction to estimate noise-free
expectation values [123]. Because the mitigation is performed
classically, TEM does not alter the underlying quantum circuit
and can simultaneously estimate multiple observables from
the same dataset. Furthermore, tensor network approximation
and truncation schemes can be employed to control classical
computational complexity by discarding weak correlations or

164 % 108 x 0.5ms = 2 x 10% s & 2.3 days.
https://github.com/Qiskit/pauli- prop
8https://github.com/Qiskit/qiskit-addon-slc
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TABLE V: Comparative overview of quantum error mitigation techniques

Technique Sampling Overhead’ Circuit Modification®  Classical Cost? Scalability * Main Bottleneck
ZNE Moderate (noise-level dependent) Yes Low Limited (noise amplification) Extrapolation error
PEC High (depth-dependent) Yes Moderate Poor (variance explosion) Variance/sampling overhead
PNA Problem-dependent (< PEC) No Moderate-high Structure-dependent Operator growth
TEM Near-optimal (information-theoretic) No High Limited by tensor contraction Classical complexity

T refers to the number of circuit executions required to achieve a target accuracy;
must be modified; ¥ reflects the computational cost of classical post-processing;

strength increases.

suppressing negligible noise contributions. Filippov et al. have
shown that TEM can achieve lower sampling overhead than
PEC and ZNE under realistic noise models [116].

In a related direction, propagated noise absorption mitigates
errors by incorporating the inverse effect of noise directly
into the observable through operator propagation in the Pauli
basis [117]. Rather than modifying the circuit or relying on
quasi-probability sampling, PNA transforms the target observ-
able into a noise-mitigated operator whose expectation value
on the original noisy circuit approximates the ideal result. This
approach shifts the mitigation burden to classical processing
of operators, which can reduce stochastic circuit sampling and
associated overhead. IBM has developed a relevant Python-
compatible Qiskit add-on, qiskit-addon-pnalg. However, PNA
relies on accurate noise characterization and efficient operator
propagation, and it may become computationally demanding
for large-scale systems and non-Clifford-intensive circuits.
Compared with SLC-based PEC, PNA offers a complementary
trade-off between computational cost and mitigation accu-
racy [124]. Table V compares these mitigation techniques in
terms of structure and scalability. ZNE is conceptually simple
but requires controlled noise amplification and remains limited
by extrapolation error. PEC can provide unbiased estimates but
suffers from potentially severe sampling overhead. PNA avoids
explicit circuit modification and can reduce sampling demands,
but its effectiveness depends on efficient operator propagation.
TEM can achieve favorable sampling behavior and reuse the
measurement stream across observables, but its scalability is
limited by tensor network contraction complexity.

Although quantum error mitigation is traditionally per-
formed as a post-processing technique, Martin et al. [125]
introduced a pre-processing framework in which the mea-
surement operator itself is modified such that measurement
of the noisy quantum state directly estimates the noiseless
expectation value. Given a noisy state p and a target observable
O, the method constructs a surrogate observable O satisfying
Tr(Op) Tr(Op), where p denotes the ideal noiseless
state. By exploiting prior knowledge of the underlying noise
processes and tensor network representations [126], this frame-
work can outperform conventional TEM in terms of average
error, circuit depth, and computational complexity.

~
~

E. Theoretical Foundations and Theorems

Quantum error containment approaches and fault-tolerant
implementations exploit various forms of redundancy, which
also introduce new sources of error and degrade computational

https://github.com/Qiskit/qgiskit-addon-pna

© indicates whether the original quantum circuit or its implementation

* captures the dominant limitation as system size, circuit depth, or noise

fidelity. The central question in FTQC is therefore whether
the benefit of redundancy can outweigh the additional errors
introduced by its implementation [127]. The quantum fault—
tolerance theorem establishes that any quantum algorithm
can be transformed into a fault-tolerant implementation if
the physical error rate satisfies p < p5h”, where phT > 0
refers to a constant fault-tolerant threshold. In this case, an
N-gate circuit can be simulated with arbitrarily small logical
error using a fault-tolerant encoded circuit with N polylog(N)
overhead?® [128]. This theorem establishes the theoretical
foundation for scalable quantum computing by guarantee-
ing that once physical qubits are sufficiently accurate (i.e.,
maintaining physical error rates below the threshold), scal-
able quantum computation can be realized by increasing the
number of physical. More rigorous threshold analyses, such
as the extended-rectangle (exRec) and malignant-set frame-
works, further showed that the thresholds are not universal
constants [129], [130].

A properly designed fault-tolerant implementation sup-
presses the logical error rate from O(p) to O(p'*1)?!, where
t denotes the number of correctable errors. Logical errors
can be further suppressed through recursive encoding with
concatenated quantum codes. For distance-3 codes, the logical
error rate after r concatenation levels scales approximately as
PL(T) ~ (Cp)?"/C, where C depends on the code and fault-
tolerant gadgets. When Cp < 1, the logical error rate decreases
rapidly with concatenation level, at the cost of increasing
space-time overhead [131]. These results establish the theo-
retical scalability of FTQC while emphasizing that practical
thresholds depend on the complete encoded architecture rather
than on the QECC alone.

Beyond threshold conditions, no-go and locality theorems
impose fundamental constraints on fault-tolerant logical op-
erations. The Bravyi—Konig theorem extends the Eastin—Knill
theorem, as discussed in section III, by showing that, for a
topological stabilizer code in D spatial dimensions, any logical
gate implementable by a constant-depth geometrically local
circuit must lie within the D-th level of the Clifford hierar-
chy [132]. Therefore, two-dimensional topological stabilizer

20Typically, pf‘;LT < p?hEc because the fault-tolerant threshold depends

not only on the underlying QEC code but also on the strategies leveraged for
fault-tolerant implementations of state preparation, logical gates, syndrome
extraction, and measurements. Moreover, the pseudo-threshold, denoted by
p*, and typically satisfies P* < pf;LT refers to the physical error rate at
which the logical error rate of a finite-size fault-tolerant scheme equals the
physical error rate, i.e., pr,(p*) = p*.

21 Fault tolerance improves reliability when p < L, where C' denotes the
malignant-pair constant inferred from the fault-tolerant gadget analysis. For
the concatenated Steane code, C is typically on the order of 10% [129],
yielding threshold estimates almost pf;lT ~ 104
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codes cannot realize a universal logical gate set using local
constant-depth circuits alone, and practical FTQC architectures
must incorporate multiple fault-tolerant mechanisms. More-
over, Gottesman [133] showed that the complexity of a fault-
tolerant circuit depends not only on the number of physical
qubits but also on the total number of locations.

Spatial locality also imposes fundamental constraints on
QECC parameters. The Bravyi-Terhal no-go theorem [134]
establishes that two-dimensional geometrically local stabilizer
codes cannot provide a passive self-correction feature at finite
temperature because their energy barrier remains bounded,
thereby necessitating active QEC. Moreover, the distance of a
geometrically local stabilizer code in D dimensions is bounded
as d = O(n'~D), which reduces to d = O(,/n) in two-
dimensional lattices. The Bravyi—Poulin—Terhal (BPT) [135]
bound constrains both scaling of k£ and d in a D-dimensional
lattice with local stabilizer interactions, as given in Equation 5.

kdPT < O(n) (5)

In two-dimensional architectures, Equation 5 reduces to
Equation 6.
kd* < O(n) (6)

This bound precludes two-dimensional geometrically local
QECC from simultaneously achieving constant rate and linear
distance. Accordingly, the normalized quantity kni is used as
a finite-size performance metric for two-dimensional quantum
codes, in particular compared with the toric code that has k =
2, d = L, and n = 2L2, and therefore saturates the BPT
scaling up to constant factors’?, as discussed in section V.

Regardless of geometric locality, several coding bounds
characterize the trade-off among block length, dimension, and
distance. The quantum Singleton bound, also referred to as the
Knill-Laflamme bound, establishes that any [[n, k, d]] quantum
code satisfies n — k > 2(d — 1), showing that larger code dis-
tance necessarily requires additional physical qubits*® [136].
Codes that saturate the quantum Singleton bound with equal-
ity are called quantum maximum distance separable (MDS)
codes?*. Moreover, a non-degenerate [[n, k, 2t + 1]], code®
capable of correcting arbitrary errors on up to ¢ qudits must
satisfy the quantum Hamming bound [137], also known as the
sphere-backing bound, given by Equation 7.

K (th(cf — 1y (;‘)) <q" 7

=0

where K is the dimension of the codespace. By considering
q = 2 for quantum codes to cover all non-identity Pauli errors,
ie, X, Z, and Y errors, and K = 2k, Equation 7 can be
written as 8.

2

n
23This bound is derived from the classical Singleton bound, k < n—d+1,
which is multiplied by two due to the co-cloning theorem.
24For instance, the [[5,1,3]] code is an MDS code. More generally, the
family of [[n,n — 2, 2]] codes also constitutes quantum MDS codes for even
n

2 kd? _

25Quantum Hamming bound for degenerate quantum codes remains an open
problem.
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where (?) 37 counts weight j Pauli errors. A non-degenerate
code that saturates this inequality is called a perfect quantum
code. For instance, the [[5, 1, 3]] code is both a quantum MDS
code and a perfect quantum code because it saturates the
quantum Singleton and Hamming bounds?. By contrast, the
[[7,1,3]] Steane code is neither a quantum MDS code nor a
perfect code because there is a lot of wasted space?’.

Although the Singleton and Hamming bounds restrict
achievable code parameters, the quantum Gilbert—Varshamov
bound [138] provides an existence guarantee’®, and defines
the lower bound of quantum codes as Equation 9.

2’“(;23]' <’;)) > on )

The normalized parameters R = k/n and § = d/n, which
represent the code rate and relative distance, often called
distance rate, respectively, capture the fundamental trade-off
between QEC overhead and error protection. For large n, the
bound can be expressed as Equation 10.

R>1—ho(0) —dlogy 3, (10)

where

hq(6) = —dlog, 6 — (1 — 0)logy(1 —d) (11)

is the binary entropy function. This bound establishes
the existence of asymptotically good quantum code fami-
lies with a nonzero constant encoding rate R > (0 and
a nonzero constant relative distance § > 0, provided that
h2(0) + 0logy,3 < 1. It is worth noting that Equation 10
is an existence bound than a necessary condition that every
asymptotically good code family must satisfy. The contrast

21 (g) x 3%+ (7) x 3!

2t | (g) x 3%+ () x 8!
available Hilbert space

2If n,k, and d satisfy in Equation 9, an [[n, k, d]]4 exists.

=32<2°

= 44 < 27, it occupies only part of the
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TABLE VI: QEC-relevant characteristics of qubit modalities

Modality Noise Bias Correlated Errors Measurement Speed Topological Code Fit qLDPC Fit
Superconducting Dephasing-biased Crosstalk + leakage Fast (100s ns—us) Excellent Moderate (locality constrained)
Trapped-ions Almost symmetric Global motional modes Slow (ps—ms) Good Strong (long-range connectivity)
Photonic Erasure-biased Loss and source correlations Fast (ns scale) Good (MBQC)T Promising (network-native)
Neutral-atoms Platform-dependent bias Laser-induced correlations s scale Good Promising (reconfigurable geometry)
Spin Qubits Dephasing-biased Capacitive coupling crosstalk Fast (< pus) Good (local layouts) Promising (CMOS-scalable)

TMBQC: Measurement-based quantum computation.

between the Gilbert—Varshamov existence region and the BPT
locality bound highlights a fundamental architectural trade-
off. For an asymptotically good code family, let k/n = C; and
d/n = Cy, where C7,C2 > 0 are constants. Substituting these
values into the two-dimensional locality constraint of Equa-
tion 6 yields (C1n)(Can)? = C1Cyn?, which is not upper-
bounded by < O(n) (i.e., is incompatible with the requirement
kd? = O(n)). Therefore, asymptotically good quantum codes
cannot be realized using strictly geometrically local stabilizer
checks in a two-dimensional Euclidean architecture [50]. This
incompatibility motivates the development of qLDPC, long-
range couplers, and non-local stabilizer measurements, as
discussed in section V. Figure 7 illustrates the asymptotic rate—
distance trade-off for binary quantum codes. The Singleton
and Hamming bounds impose upper limits on achievable code
parameters, whereas the Gilbert—Varshamov bound identifies
a region in which code existence is guaranteed®.

Collectively, these theorems and bounds establish the the-
oretical feasibility of scalable FTQC while exposing funda-
mental trade-offs among block length, encoding rate, code
distance, locality, and implementation overhead. Recent exper-
iments have begun to validate key FTQC requirements across
multiple qubit modalities, as discussed in the subsequent
sections.

IV. QUANTUM HARDWARE FOR FTQC

Alongside theoretical advances in QECCs and FTQC,
progress in quantum hardware is equally essential for realizing
utility-scale FTQC. Key requirements include long coherence
times, high-fidelity gates and measurements, scalable qubit
connectivity, high fabrication yield, low-latency control elec-
tronics, cryogenic and cabling engineering, and system-level
interconnects. In this section, we explore the architectural and
operational characteristics of major qubit modalities and eval-
uate their suitability for implementing fault-tolerant protocols
and supporting recent theoretical advances.

A. Qubit Modalities for Scalable and heterogeneous FTQC

Beyond architectural features, each qubit modality is asso-
ciated with intrinsic physical features that affect its compat-
ibility with particular QEC code families. The QEC-relevant
characteristics of the major qubit modalities are summarized
in Table VI, which highlights how their features influence
their compatibility with topological and gLDPC codes. Archi-
tectures with strong geometric locality and nearest-neighbor

2This figure provides a qualitative comparison rather than an exact
numerical plot because the Hamming and Gilbert—Varshamov bounds contain
the binary entropy function.

connectivity*® naturally align with topological codes, whereas
modalities supporting long-range interaction and reconfig-
urable geometries are suited to qLDPC constructions and non-
local stabilizer generators [139]. In addition to connectivity
constraints, dominant noise mechanisms further influence code
compatibility. The movement ability of ions in trapped-ion
systems enables all-to-all connectivity, which facilitates fault-
tolerant operations with fewer physical qubit overhead [104].
Photonic systems are typically erasure-dominated due to pho-
ton loss [140], while several solid-state platforms, includ-
ing superconducting and spin qubits, may exhibit dephasing-
biased noise characterized by T, < T, implying p, > p,.
Such biased-noise models motivate tailored QEC codes and
decoders that exploit bias to improve thresholds and reduce
overhead [30]. Moreover, measurement speed also determines
syndrome extraction latency, the feasibility of real-time decod-
ing, and the latency of feedback control [35].

Recognizing modality-dependent strengths and limitations
motivates hardware-aware FTQC and the use of heteroge-
neous quantum computing architectures [141]. In HeDQC
architectures, QEC operations can be distributed across QPUs
according to their native advantages. For instance, data qubits
may reside in QPUs that offer longer coherence time (e.g.,
trapped-ion), while ancilla/check qubits may reside in QPUs
that support fast measurement and reset operations (e.g., super-
conducting circuits). Figure 8 illustrates a generalized HeDQC
architecture in which specialized nodes perform different tasks
based on the best-suited qubit modality. Compute nodes lever-
age fast-gate modalities for rapid processing, memory nodes
utilize long-coherence qubits for stable storage [142], and
communication interfaces rely on photonic qubits to intercon-
nect with other HeDQC modules [143]. Quantum transducers
facilitate coherent conversion between different modalities,
while a top-level classical control system coordinates system-
level operations. It is worth noting that quantum switches
are integral components of long-distance HeDQC systems.
Recently, Cisco introduced a prototype universal quantum
switch [67] capable of interconnecting quantum systems from
different hardware vendors by translating between heteroge-
neous quantum information formats while preserving quantum
coherence. Operating over existing room-temperature fiber-
optic infrastructure with low signal degradation, such archi-
tectures are expected to provide a key interconnect layer for
scalable networked FTQC.

30Nearest-neighbor connectivity refers to architectures in which qubits can
directly interact with adjacent qubits in a fixed layout (e.g., planar super-
conducting platforms). Therefore, interaction between non-adjacent qubits
requires multiple additional operations (e.g., SWAP gates), which increases
space-time overhead.



Du et al. introduced a related modular architecture in which
a shared-quantum gate processing unit (S-QGPU) executes
remote gate operations (RGOs) between distributed QPUs.
The S-QGPU comprises a pool of small (2 x 2) processing
units that mediate entangling operations across modules. Ac-
cording to the evaluations, this architecture can be more cost-
effective than conventional entanglement-based interconnected
paradigms by allowing each QPU to allocate more qubits to
computations and enhance computational capacity [144].

Beyond the intrinsic suitability of qubit modalities for spe-
cific QEC families, a second wave of considerations concerns
their scalability and system-level compatibility with DQC
and DQECCs [145]. DQC-friendly and modular-compatible
structure of each qubit modality depends on architectural
scalability, interconnect mechanisms, fabrication maturity, and
the ability to generate high-fidelity inter-module entangle-
ment [146]. Table VII compares major qubit modalities in
terms of their compatibility with DQC and DQEC. Supercon-
ducting circuits have demonstrated relatively large integrated
processors, but are constrained by cryogenic wiring, pack-
aging, and control I/O scaling [107]. Trapped-ion platforms
provide long-range connectivity, useful for DQEC, but scaling
is limited by laser control complexity, trap engineering, and
motion management [34]. Photonic architectures are typically
network-oriented and well-suited to distributed entanglement
generation, yet remain challenged by photon loss, source
efficiency, and detector requirements [63]. Neutral-atom plat-
forms offer flexible geometries and large reconfigurable arrays,
while they face constraints related to laser stability, atom re-
loading, and array control [105]. Semiconductor spin qubits
are promising for dense CMOS-compatible integration and
long-term manufacturability [57], but currently face fabrica-
tion variability and interconnect maturity challenges. These
modality-dependent trade-offs determine how logical qubits
can be partitioned, interconnected, and protected across dis-
tributed architectures, ultimately shaping their viability for
large-scale FTQC [147].

Several studies have demonstrated the relevance of
hardware-aware QEC and FTQC. Takeda et al. [148] in-
troduced a three-qubit QEC scheme for protecting against
dephasing errors in spin qubits. Their architecture leverages
a iToffoli gate to perform a three-qubit conditional rotation,
enabling direct correction of phase-flip errors within a compact
device. By addressing the phase-flip errors, the dominant error
of spin qubits, arising from quasi-static phase noise, their study
highlights the potential of spin qubits for scalable FTQC. Xue
et al. [149] demonstrated a silicon spin qubit processor with
single- and two-qubit gate fidelities exceeding 99.5%. These
fidelities place the corresponding physical error rates ~ 1%,
approaching the regime required for surface code correction
and highlighting the features of semiconductor spin qubits in
scalable FTQC implementations.

Neutral-atom architectures have also shown rapid progress
toward large-scale programmable QEC schemes. Bluvstein et
al. [150] demonstrated a 448-qubit neutral-atom processor
supporting surface code correction below threshold. Moreover,
they implemented universal logical operations using three-
dimensional codes and illustrated logical entanglement, lattice
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surgery, and teleportation-based gates. Chiu et al. [151] also
utilized an atom reloading mechanism to sustain continuous
operation of a 3,000-atom array for more than two hours,
demonstrating the potential of neutral-atoms for maintaining
large qubit registers over long computation times. These
achievements position neutral-atoms as a promising candidate
for scalable, universal FTQC architectures.

B. Quantum Data Center Interconnects for FTQC

Alongside advances in quantum processors, scalable FTQC
requires advances in system-level control and interconnect
architectures that can support both intra-QPU long-range in-
terconnections within quantum modules and inter-QPU com-
munication across multiple QPUs. For instance, Wang et
al. [152] introduced a wireless terahertz cryogenic interconnect
that connects millikelvin qubits with room-temperature control
electronics while reducing the heat-to-information transfer
ratio. Their architecture employs CMOS-based transceivers
operating at 260 GHz, together with a cold-to-hot egress and
a hot-to-cold ingress, illustrating how hardware interconnect
innovation can support scalable FTQC systems.

As quantum systems scale beyond monolithic processors,
fault-tolerant operations increasingly rely on the ability to
distribute entanglement, execute non-local gates, and coordi-
nate distributed stabilizer measurements with low latency and
high fidelity [147]. Several classes of couplers are therefore
required, including the C-coupler [153] for on-chip non-local
connectivity within a quantum memory, the M-coupler for
chip-to-chip connections to form a larger chip within a mod-
ule, and the [-coupler for module-to-module communication
through cable or microwave links. At a larger scale, efficient
entanglement distribution architectures [154] are required to
interconnect multiple QPUs and realize a quantum data center
(QDC). A QDC provides this infrastructure by integrating
QPUs, communication qubits, optical or microwave links,
switching fabrics, routing mechanisms, and shared entangle-
ment generation resources. From the perspective of large-
scale FTQC, the QDC interconnect directly affects the latency,
fidelity, synchronization overhead, and resource contention
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TABLE VII: Modality-dependent characteristics associated with DQC and DQEC

Modality Scaling Bottleneck

Connectivity Mechanism

Available QPU Size DQEC Potential

Superconducting Cryogenic wiring, control I/O
Trapped-ions Laser control, trap scaling
Photonic
Neutral-atoms
Spin qubits

Laser stability, atom loss
Device non-uniformity

Microwave coupling
Photonic interconnects
Source and detector efficiency Native optical networking
Rydberg interactions

Electrical coupling

~ 100 — 1000 qubits
~ 10 — 100 qubits per trap
Cluster-state dependent
~ 100 — 1000 atoms
~ 10 — 100 qubits

Moderate (modular cryo emerging)
Strong (remote entanglement)
Very strong (flying qubits)
Promising (reconfigurable geometry)
Emerging (CMOS integration)

associated with non-local gates, inter-QPU communication,
and distributed stabilizer measurements [155].

In general, QDC interconnects can be classified into switch-
centric and server-centric architectures. In switch-centric ar-
chitectures, such as Clos [156], Fat-Tree [157], and Hy-
perX [158] topologies, QPUs act primarily as endpoints
connected through dedicated optical switching fabrics. As
illustrated in Figure 9(a), QPUs may be organized into racks,
with intra-rack communication supported by top-of-rack near-
infrared (NIR) switches. These switches operate near the native
resonant frequency of the communication qubits and may
integrate photon detectors and quantum resources required
for ebit’! generation, including Bell-state measurement (BSM)
modules and entanglement sources. Inter-rack communication
is supported by higher-level telecom switches, which oper-
ate at fiber-compatible wavelengths and are compatible with
standard photonic components. Although this architecture can
provide direct or near-direct optical connectivity among QPUs
and reduce reliance on intermediate quantum processors, its
scalability may be limited by the cost and complexity of
large switch fabrics, including switch port count requirements,
optical channel availability, and BSM resources provisioning.

In server-centric architectures, such as QFly [146],
BCube [159], and DCell [160] architectures, QPUs or quan-
tum servers participate in establishing multi-hop entanglement
paths. As shown in Figure 9(b), each QPU may be equipped
with multiple communication ports or network interfaces. In
contrast to switch-centric architecture, this architecture does
not generally provide all-to-all direct connectivity. Instead,
end-to-end ebits between some QPU pairs must be established
through multi-hop repeater chains, where intermediate QPUs
generate elementary entangled links and perform entanglement
swapping. For example, in the BCube architecture [159], a
level-k architecture with n-port switches can accommodate
n**1 QPUs and each QPU requires k + 1 communication
ports. This modularity improves scalability and path diversity,
but it also introduces additional scheduling and resource
management challenges because intermediate QPUs consume
communication qubits and may become a bottleneck. Since
QDC architectures are adapted from classical data-center
networking, other scalable classical interconnects may also
motivate quantum counterparts. For example, RNG [161], the
first flat data-center architecture experimentally developed on
Amazon servers, can motivate new directions for reducing
hierarchical switching overhead in future QDC designs.

The QDC interconnects also require the link-level pro-
tocols to generate point-to-point entanglement. Depending
on the hardware interface and communication distance,

310ne unit of entanglement corresponding to an entangled Bell pair.

ebits may be generated using emitter-emitter’?, emitter-
scatterer>, or scatterer-scatterer®* protocols. The emitter-
emitter and emitter-scatterer protocols are primarily suit-
able for short-range intra-rack communication, whereas the
scatterer-scatterer protocol can support longer inter-rack
communication through telecom-compatible photons, non-
degenerate entanglement sources, and BSM resources [154].

Although QDC architectures are inspired by classical data-
center networks, they establish entanglement paths for tele-
gate and tele-data operations, rather than forwarding quan-
tum packets. Although bipartite Bell pairs support point-
to-point interactions, coordinated operations across multi-
ple modules may require multipartite entangled resources.
A representative example is the m-qubit GHZ state [53],

|GHZ,,) = % <|0>®n+|1>®” , which provides strong
global correlations suitable for distributed parity measure-
ments and stabilizer-based operations. However, the GHZ
state is highly fragile to qubit loss, as tracing out a sin-
gle qubit destroys the entanglement among the remain-
ing subsystems. In contrast, the W state [162], |[W,) =
#(\100-~-O>+|010-~0>+~~+|0~--01>), offers a dis-
tinct multipartite resource whose residual subsystems can
remain entangled after the loss of one qubit, promising for
lossy quantum networks and distributed FTQC. Consequently,
the suitability of a QDC architecture for FTQC depends
not only on its connectivity graph but also on the type
and quality of entanglement it can distribute, together with
the entanglement generation rate, heralding probability, link
fidelity, communication qubit availability, optical loss, switch
latency, and resource contention [147].

V. QUANTUM ERROR CORRECTION FOR FTQC

Quantum error correction is the central operation-time mea-
sure for suppressing physical errors to the logical error rates
required for FTQC. A subspace quantum error-correcting code
is typically characterized by parameters [[n, k, d]], where n,
k, and d denote the number of physical qubits, the number
of encoded logical qubits, and the code distance, respectively.
The distance is the minimum weight of a nontrivial logical
operator, equivalently the minimum number of physical qubits

32Both nodes emit a photon entangled with their local qubit state. The
photons interfere at an intermediate station, where a successful Bell state
measurement heralds entanglement between two QPUs.

330ne node (i.e., emitter) generates a photon entangled with its local
communication qubit and sends it to the second QPU (i.e., scatterer). A
successful photon detection event at the second QPU heralds entanglement
between the two communication qubits.

34Both communication qubits act as scatterers, while external entanglement
sources generate photon pairs that are sent toward both QPUs and a BSM mod-
ule; successful photon detections and a BSM outcome herald entanglement
between the QPUs.
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that must be acted on to transform one logical state into
another [37].

For many QECC families operated below threshold, the log-
ical error rate £; decreases approximately exponentially with
increasing code distance. This behavior is typically expressed
by the Empirical scaling relation, given by Equation 12.

d+1

a-e(2)
Pth

where p and p;, denote the physical error rate and the QEC
threshold, respectively, and C is a constant that depends on
the code family, syndrome extraction circuit, and noise model.

Equivalently, the ratio ;- can be interpreted as the inverse

of the logical error suppression factor, i.e., 1% = . where

— _&a
A= Eayo

when the code distance is increased by two®> [75]. Although
increasing the code distance can, in principle, suppress the
logical error rate, it also requires larger code blocks, additional
stabilizer measurements, more ancilla qubits, and greater de-
coding complexity. These additional resources introduce new
error locations and may offset the benefits of increasing code
distance [163]. This trade-off can be analyzed in terms of QEC
threshold, as discussed in section III.

In general, constructing logical qubits (LQs) is both a
coding-theoretic and an architectural challenge because the
placement of data and check qubits determines stabilizer mea-
surement locality, decoding complexity, syndrome extraction
scheduling, and control overhead, specifically in distributed
QECCs [164]. Figure 10 illustrates how these architectural
considerations differ between monolithic and distributed quan-
tum computing. In MQC, as depicted in Figure 10(a), all
physical qubits associated with an LQ block and correspond-
ing syndrome extraction (SE) circuit reside within a single
QPU, forming local logical qubits (LLQs) [9]. Although this
arrangement benefits from localized operations, shorter intra-
QPU communication, and simpler control, it is constrained by
a finite qubit count, intra-QPU resources, and wiring density,
which bound the number and size of LLQs. As depicted in
Figure 10(b), in DQC, LQs may either remain local within
individual QPUs (e.g., LQ#1 through LQ#i) or be organized
as distributed logical qubits (DLQs), whose data and/or check
qubits are partitioned across multiple QPUs (e.g., LQ #i+2 and
LQ #j+1) [9]. DLQs can relax single-QPU capacity constraints

(12)

quantifies the improvement in logical error rate

35For example, Azs = g—g represents the logical error suppression factor

obtained by increasing the code distance from d = 3 to d = 5.

and enable larger code blocks or non-local stabilizer structures,
but they introduce new system-level requirements. In particu-
lar, DQECCs require cross-QPU coordination, entanglement-
assisted stabilizer measurements, synchronization of local SE
circuits, decentralized syndrome aggregation, and distributed
decoding. These functions are supported by a control backbone
that may include classical coordination electronics, syndrome
processing units, inter-QPU communication links, and, at the
cryogenic level, a shared cryogenic backplane for hosting
multiple QPUs and routing control signals. Therefore, while
DQC expands the architectural design space for scalable QEC,
it shifts the overhead associated with local qubit resources to
inter-QPU concerns.

The [[9,1,3]] Shor code is the first introduced QECC
capable of correcting an arbitrary single-qubit error [165].
This code is a concatenation of two 3-qubit codes to encode
one logical qubit into nine physical qubits*®. Subsequently,
Steane [167] proposed a more efficient [[7,1,3]] CSS code,
which achieves the same error-correcting capability with lower
QEC overhead. Laflamme et al. [168] later developed the
[[5,1,3]] code, in which saturates the quantum Hamming
bound [137] and quantum Singleton bound [136].

These algebraic codes established the foundations of ac-
tive QEC and motivated the development of structured code
families with distinct parameters, stabilizer constructions, and
logical operations. In the following subsections, we explore
several prominent families, including topological, subsystem,
qLDPC, and dynamical codes, with emphasis on their con-
structions, recent experimental demonstrations across different
qubit modalities, and existing distributed implementations.

A. Topological Codes

Topological codes constitute a prominent class of CSS
QECCs in which quantum information is encoded into global
topological degrees of freedom of an underlying geometric
manifold, such as a torus or a planar surface. In these construc-
tions, stabilizer generators are geometrically local and logical
operators correspond to non-contractible topological loops on
the underlying lattice, which makes the encoded information
robust against local and uncorrelated errors [169].

The structure of homological CSS codes is determined by
the topological invariants of the underlying cell complex. For
an orientable surface, the Euler characteristic () is given by

36Concatenation of two classical codes can yield robust, bias-adapted codes
with reduced overhead, such as elevator codes, which are a concatenation of
repetition phase-flip codes and high-rate bit-flip codes [166].
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TABLE VIII: Topological properties of common surfaces
relevant to homological CSS codes.

Surface g x bo b1 b2 k Example Code
Sphere 0o 2 1 0 1 0 None
Torus 1 0 1 2 1 2 Toric code
Double torus 2 -2 1 4 1 4 Toric code (k = 4)
Triple torus 3 4 1 6 1 6  Toric code (k = 6)

x =V —FE+F, where V, E, and F' denote the number of ver-
tices, edges, and faces, respectively. This property also holds
for all convex Platonic solids, such as the tetrahedron, cube
(hexahedron), and octahedron®’. Equivalently, for a closed
orientable surface of genus g, the Euler characteristic satisfies
X = 2 — 2g, where g refers to the number of handles on the
surface. It can also be expressed in terms of Betti numbers
as x = bgp — by + by — bs + ---, where b; denotes the i-th
Betti number of the surface. In two-dimensional homological
CSS codes on closed orientable surfaces, by corresponds to the
number of connected components, by represents the number
of non-contractible loops (e.g., the number of encoded logical
qubits), and b, defines the number of cavities (e.g., closed sur-
faces) [170]. Table VIII summarizes topological quantities for
representative closed orientable surfaces and their implications
for homological CSS codes.

From the perspective of code parameters, standard two-
dimensional topological stabilizer codes obey the locality
constraints imposed by the BPT bound. In particular, surface
code and toric code families typically encode a constant
number of logical qubits, K = O(1), while achieving distance
d = O(y/n), thereby saturating the BPT scaling up to
constant factors. This locality-preserving structure makes them
well-suited to architectures with nearest-neighbor interactions,
although it also implies substantial space overhead when very
low logical error rates are required [75]. Motivated by this
topological perspective, we briefly review several prominent
families of topological QECCs, including toric codes, surface
codes, and color codes.

37For instance, a cube has V = 8, E = 12, and F = 6, consistent with
the Euler characteristic.

1) Toric Code: The intuition behind toric codes can be
traced back to the classical repetition code, which can be
viewed as a one-dimensional cyclic code. Kitaev [171] ex-
tended this idea to two dimensions and introduced the toric
code as the Cartesian product of two cyclic codes that inde-
pendently correct bit-flip and phase-flip errors. This code is
defined on an L x L square lattice with periodic boundary
conditions in both spatial directions, forming [[2L?2,2, L]]
codes on a torus. Physical qubits are placed on 2L? edges.
The X-type stabilizer generators, often called star operators,
are associated with vertices and act on the four incident edges,
while Z-type stabilizer generators, often called plaquette op-
erators, are associated with faces and act on the four boundary
edges of each plaquette.

Due to global constraints, there are L? — 1 independent
X-type and L? — 1 independent Z-type stabilizer genera-
tors®®. Logical operators correspond to tensor products of
Pauli operators along non-contractible loops around the two
independent cycles of the torus, which cannot be expressed
as products of stabilizer generators. Each lattice encodes two
logical qubits®®, and the code distance*® scales linearly with
the lattice dimension as d = ©(v2L2?) = O(L).

The periodic boundary conditions of the toric code pose
significant engineering challenges for planar quantum hard-
ware because they require effective wrap-around connectivity.
For this reason, planar surface code variants are often more
practical for experimental implementation, while preserving
the same stabilizer structure and asymptotic distance scaling.
Nevertheless, toric code has been experimentally explored
across several architectures, including superconducting [169],
trapped-ion [46], neutral-atom [172], and photonic [140] plat-
forms.

2) Surface Code: The surface code is a planar variant
of the toric code in which periodic boundary conditions are

3A lattice contains L2 star operators and L2 plaquette opera-
tors, however, the product of each type of operator is the identity,
H5i1 Sq(,X) H%il S;Z) = I Therefore, one stabilizer from each set
must be eliminated to achieve independent stabilizer generators.

3The number of logical qubits corresponds to the number of independent
homologically nontrivial cycles.

4OThe length of the shortest non-contractible loop.
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replaced by open boundaries, which eliminates the need for
a toroidal layout and makes the code compatible with two-
dimensional hardware architectures with local interactions.
Although this reduces the number of logical qubits to one,
yielding [[2L2,1, L]] codes, it preserves favorable distance
scaling [75]. Its geometric locality, low-weight stabilizer gen-
erators®! (e.g., £ = 4), high error thresholds (e.g., on the order
of ~ 1% under the circuit-level noise model), and scalable
code distance position the surface code as one of the leading
candidates for QEC on superconducting and other nearest-
neighbor hardware platforms.

From an experimental perspective, the surface code has been
implemented and validated across multiple qubit modalities.
Krinner et al. [173] implemented distance-3 surface codes on
a 17-qubit superconducting QPU and demonstrated repeated
QEC cycles. Their evaluations showed that the logical error
probability was below 3% per cycle and logical fidelity
reached approximately 99.6% with a minimum-weight per-
fect matching decoding algorithm. This work provides an
important experimental validation of surface code capabilities
even for small logical qubits, which are feasible on near-
term quantum hardware. Zhao et al. [174] experimentally
evaluated the repeated error correction capability of distance-
3 surface codes on a 17-qubit superconducting processor,
called Zuchongzhi 2.1. Their results demonstrated logical error
suppression through consecutive error correction cycles.

Google experimentally validated below-threshold surface
codes on its Willow superconducting processor. They reported
that the logical error rate is suppressed by a factor of A =
2.14+0.02 by increasing the code distance by two. Moreover,
the lifetime of the logical qubit exceeded that of the best physi-
cal qubit by a factor of 2.44-0.3, highlighting operation beyond
the break-even point. Additionally, repetition code experiments
up to distance 29 further revealed that logical performance is
ultimately limited by rare correlated error events, occurring
approximately once every hour or every 3 x 10° cycles [175].
The results demonstrated significant hardware advances in
Google’s 105-qubit Willow QPU compared with its earlier 49-
qubit Sycamore QPU [176]. In particular, the qubit relaxation
time, 7%, improves from 20 us to 70 us, while the 2Q gate
error decreases from 0.6% to 0.4% and the 1Q gate error
from 0.1% to 0.05%. Furthermore, the idle error rate was
reduced from 2.5% to 0.8% (i.e., through a DD technique as
discussed in section III), and the readout error decreased from
2% to 0.8%. In addition to these hardware-level improvements,
the experiment also demonstrated enhanced performance in
terms of logical error suppression, longer coherence time, and
improved detection probabilities.

Surface code implementations have also been investi-
gated across various modalities beyond superconducting
qubits. Berthusen et al. [177] implemented [[33,1,4]] four-
dimensional surface codes on Quantinuum’s H2 trapped-ion
processor*? and demonstrated single-shot QEC using bare
ancilla qubits. Their experimental results showed that the 4D

41 Stabilizer weight refers to the number of data qubits on which a stabilizer
generator acts.

42The corresponding hardware specifications and datasets are available at
https://github.com/Quantinuum/quantinuum-hardware- specifications.
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code outperforms 2D surface code memories in both fault-
tolerant and single-shot error correction regimes. Igbal et
al. [1] leveraged mid-circuit measurement and feedforward
on Quantinuum’s HI trapped-ion processor to realize deter-
ministic non-unitary dynamics and a constant-depth, real-time
procedure for preparing a toric code ground state. In photonic
systems, Yao et al. [178] experimentally demonstrated topo-
logical QEC on photonic qubits, which encoded state can be
protected against arbitrary single-qubit errors.

Recent code design efforts have also endeavored to reduce
the overhead of surface codes. The Yoked surface codes,
introduced by Gidney et al. [179], concatenated surface code
patches into a high-density parity-check code to form a hier-
archical architecture arranged on a rectangular grid. The inter-
patch parity checks, called yokes, are measured using lattice
surgery, enabling the scheme to operate under nearest-neighbor
connectivity constraints. The design targeted realistic physical
error rates on the order of 10~3 and reduced the number
of physical qubits per logical qubit by up to approximately
a factor of three compared with conventional surface code
memories, making it promising for two-dimensional FTQC
architectures. Bone et al. [180] developed a distributed surface
code implemented with nitrogen-vacancy centers in diamond,
where a four-qubit GHZ state supports stabilizer measurements
across separate nodes. Their model showed that realistic
decoherence during entanglement generation reduces the gate
and measurement error thresholds by at least a factor of three
relative to idealized noise models and identified the entangle-
ment generation to decoherence rate ratio of approximately
4 x 10% as a benchmark for fault-tolerant operations.

3) Color Code: Color codes are a family of two-
dimensional topological stabilizer codes defined on trivalent
lattices whose faces are three-colorable. In the standard con-
struction, data qubits are placed at the lattice vertices, and each
face supports both an X-type and a Z-type stabilizer acting
on the qubits around that face. These codes can be constructed
on a variety of three-colorable lattice structures embedded
in different geometric surfaces (e.g., the 7-qubit color code
can also be viewed as a geometric generalization of the
Steane code [181]). Their geometric locality makes color codes
compatible with two-dimensional hardware layouts, including
superconducting and neutral-atom platforms.

A primary advantage of color codes is their ability to im-
plement the full Clifford group transversally, which facilitates
fault-tolerant logical gate constructions [182]. This property
makes color codes promising for operations requiring frequent
Clifford gates and for code switching techniques, detailed
in section III, in which different code families are used for
different logical tasks. However, color codes typically exhibit
lower QEC threshold than surface codes and have higher-
weight stabilizer generators, which can increase circuit depth,
measurement complexity, and susceptibility to correlated hook
errors during syndrome extraction. In addition, color code
decoding is more complex than that of the surface code
because it is not directly reducible to a single minimum-weight
perfect matching problem, which can result in slower and
often less accurate decoding procedures. Google Quantum AI’s
researchers, Gidney and Jones, have shown that color codes
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Fig. 11: HGP construction from two classical Tanner graphs.

require roughly twice as many physical qubits as the surface
code to achieve a similar logical performance [183].

Recent studies have also explored the potential of color
codes to reduce the overhead of non-Clifford resource prepa-
ration. Google has reported experimental implementations of
color codes on superconducting qubits, demonstrating their
potential for producing high-fidelity magic states for magic
state cultivation [98]. Although surface codes remain the
primary framework for computational tasks, color codes may
offer advantages for specialized operations such as magic state
generation and code switching. Experimental and platform-
specific studies have further examined color code implementa-
tions in trapped-ion systems [85], [181] and neutral-atom [184]
platforms, highlighting their potential role in hardware-aware
FTQC architectures.

B. qgLDPC Codes

Quantum low-density parity-check (LDPC) codes consti-
tute a promising class of QECCs for scalable FTQC be-
cause they achieve a constant encoding rate with substan-
tially improved distance scaling. In particular, combining two
asymptotically good classical LDPC codes with parameters
[, ©(n),©(n)] via geometric or hypergraph product construc-
tions yields a quantum LDPC (qLDPC) code with parameters
[[©(n?),0(n), Q(y/n)]] [185]. In contrast to two-dimensional
topological codes, which are constrained by geometric lo-
cality and imply the BPT trade-off, qLDPC codes relax
this restriction by keeping stabilizer generators sparse while
allowing them to be geometrically non-local, as discussed in
section III. This flexibility improves the rate—distance trade-off
and makes qLDPC codes promising for reducing QEC over-
head, particularly in modular, reconfigurable, or distributed
architectures that can support long-range connectivity and non-
local stabilizer measurements. Interest in qLDPC codes further
intensified after Gottesman’s study [133], which demonstrated
that families of constant-rate quantum codes can enable FTQC
with constant overhead under some assumptions.

A canonical construction of qLDPC codes is the hypergraph
product codes introduced by Tillich and Zémor, which are con-
structed via a Kronecker product of two classical binary codes
(Cy CF2 and Cy C F3), represented by Tanner graphs*, or
equivalently by sparse parity-check matrices H; € F5'*"* and
Hy € F327"2 [186]. The HGP code places data qubits on two
spaces, (V1 x V3) and (C; x Cs), where V; and C; denote
variable and check node sets of the Tanner graph associated
with H;, respectively. The X-type checks are indexed by
C1 x Vs, while the Z-type checks are indexed by Vi x Cs,
which can be written in product form, given in Equation 13.

Hx =[H1® 1, | I, ® H] |

13
Hz = [I,, ® Hy | H ®1I,,] (13)

The HGP structure guarantees the CSS commutativity con-
dition Hx H. = 0 by construction. Figure 11 illustrates this
product structure, in which data qubits occupy the product of
variable—variable (i.e., double-circle) and check—check (i.e.,
double-square) node sets, while X- and Z-type stabilizer gen-
erators arise from the corresponding check—variable product
spaces**. For input codes with parameters [n;, k;, d;], the HGP
construction yields a quantum code with parameters [[n =
ning + (n1 — k‘l)(’l’Lg — k‘g), k=kiks, d= min{dl,dg}]].

Quantum LDPC codes, unlike their classical counterparts,
cannot be constructed using naive random sparse construc-
tions because of the commutation constraints of the stabi-
lizer generators. Therefore, Evra et al. [187] broke the /n
distance barrier by incorporating the Kronecker product of
good LDPC codes and high-dimensional expenders (HDX), in
particular Ramanujan complexes. Their construction achieved
d € Q(y/nlogn) for three-dimensional Ramanujan complexes
and d € (\/ n log n) for two-dimensional Ramanujan com-
plexes. Moreover, the distance of qLDPC codes has been
improved to d € ©(y/nlog®n) using an iterated Kronecker
product of two cosystolic expenders, introduced by Kaufman
and Tessler [188]. Hastings et al. [189] introduced fiber
bundle codes, which augment tensor product constructions
with twisting to improve distance scaling. In this construction,

a random classical code serves as the base and a cycle graph
3/5
n

polylog(n)

and the number of encoded qubits scaling k € O(n?/?).
Panteleev and Kalachev [190] introduced lifted product

codes, which improve the distance scaling of qLDPC con-

structions to d € (%), for 0 < o < 1, while the
number of logical qubits scales as k € ©(n®log(n)). Lifted
product codes combine graph lifting techniques from classical
LDPC codes and algebraic product constructions. Breuckmann
and Eberhardt introduced balanced product (BP) codes, which
combine two codes sharing a group symmetry through a
quotient of their tensor product. This construction achieves
distance and dimension scaling d € Q(n3/?) and k € ©(n*/%),
respectively [191]. For classical codes C' and D with a group

serves as a fiber, yielding distance scaling d € (2

43A Tanner graph is a bipartite graph representation of a parity-check
matrix, where variable nodes correspond to code bits and check nodes
correspond to parity-check constraints.

“The constructed HGP code contains a total of 40 connections, of which
only three representative connections are depicted in Figure 11 for clarity.
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action H, acting on the left of C' and on the right of D, the BP
is denoted by C @ D. This construction can be viewed as a
quotient of the tensor product C® D under the symmetry group
action H, where elements belonging to the same orbit are
identical. By factoring out these symmetries, the construction
reduces the number of physical qubits while preserving the
sparse structure and improving code parameters.

Despite their promising asymptotic properties, implement-
ing qLDPC codes on available platforms, especially in super-
conducting architectures is challenging, because their stabilizer
generators are non-local and incompatible with planar nearest-
neighbor layouts. Several approaches have been proposed to
bridge this gap. Tremblay et al. introduced an [-planar structure
and stabilizer measurement scheduling via optimized edge
coloring [192]. Moreover, long-range operations mediated by
resonator-induced phase interactions offer another possible
pathway for realizing qLDPC codes in superconducting sys-
tems [193]. Alternatively, reconfigurable atom-array platforms
offer a complementary approach, as their dynamic connectivity
can support non-local stabilizer measurements while maintain-
ing relatively low decoherence [194].

Strikis and Berent [143] proposed a modular implementa-
tion of HGP codes by tailoring the hardware connectivity to
the code structure. In their construction, a repetition code and a
two-dimensional surface code define the intra-modular connec-
tivity and inter-modular connectivity, respectively. The tensor
product of these two codes constitutes a three-dimensional
surface code, which can be applied to a special case of BP
codes and to construct fiber bundle complexes. This frame-
work could be generalized by permitting heterogeneous intra-
modular connectivity across multiple modules.

Riverlane researchers introduced a novel family of gLDPC
codes, known as directional codes, and mapped them
onto commonly available hexagonal and square-grid topolo-
gies [195]. They have leveraged the iSWAP gate®, which is
well-suited to superconducting qubits, to reduce the need for
long-range interactions. The simulation results indicated that
directional codes outperform both the rotated planar code
(RPC) and bivariate bicycle codes, requiring only 18.75%—
45% of the physical qubits needed by these codes under the
physical error rate of p = 1073 and code distances up to
10. This research not only demonstrated the compatibility
of qLDPC codes with available hardware connectivity con-
straints, but also reduces the reliance on complex, long-range,
high-connectivity architectures for FTQC.

Progress in semiconductor spin qubits also indicates the fea-
sibility of qLDPC code implementations. Undseth et al. [196]
developed a silicon spin qubit platform with a coherent shut-
tling bus that enables dynamic connectivity across multiple
sites, and configured an effective five-qubit QPU capable of
implementing X- and Z-type stabilizer generators of weight
up to four. They further demonstrated a |GHZ5) state, the
largest state realized with gate-defined semiconductor spins,
and leveraged shuttling and quantum non-demolition (QND)
spin measurements to initialize, control, and tune all single-

Tt is a two-qubit quantum gate that exchanges the states [01) and |10)
while introducing a phase factor ¢, leaving |00) and |11) unchanged.
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Fig. 12: Bivariate bicycle code representations.

and two-qubit operations. This architecture provides a promis-
ing pathway for implementing JLDPC codes and dynamical
codes. In a complementary direction, Tamiya et al. [197] pro-
posed a hybrid fault-tolerant architecture combining qLDPC
codes and concatenated Steane codes to address the implemen-
tation and space—time overheads. The analysis based on partial
circuit reduction, demonstrated that the proposed construction
achieved constant space overhead and polylogarithmic time
overhead. This study shows promise for low-overhead FTQC
architectures by (i) explicitly accounting for non-zero classi-
cal processing times and the associated error accumulation,
(i) employing a hybrid coding strategy that combines non-
vanishing-rate qLDPC codes with concatenated codes, and (iii)
enabling a modular assessment framework.

1) Bivariate Bicycle Codes: Bravyi et al. [54], IBM re-
searchers introduced bivariate bicycle (BB) codes, a struc-
tured family of qLDPC codes that generalizes earlier bicycle
code constructions [198]. BB codes can achieve substantially
lower QEC overhead than surface codes at comparable logical
performance, provided that the underlying hardware supports
the required long-range connectivity. These codes can be
viewed as an extension of the two-dimensional toric code,
with weight-six stabilizer generators that are not necessarily
geometrically local. BB codes are CSS codes defined by
parity-check matrices, Hx = [A| B] and Hz = [B" | AT],
where the sparse commuting binary matrices A and B are
constructed from the z- and y-type cyclic shift operators given
by Equation 14.

=51,
A:Ial +ya2 +ya3

y:I€®Sm

B=yh 4atr 4t Y

where Sy and [,,, denote the ¢ x ¢ cyclic shift matrix and
the m x m identity matrix, respectively, and all addition are
performed over Fy. Since x and y commute, the resulting
matrices A and B also commute, which satisfy the CSS
commutativity condition.

Figure 12 illustrates two complementary representations of
BB codes. Figure 12(a) shows the tripartite Tanner graph
representation, in which data qubits are divided into two
equal registers of size 7, corresponding to the two matrix
blocks in Hx and Hyz. Figure 12(b) illustrates the two-
dimensional representation with periodic boundary conditions,
where each stabilizer acts on six data qubits, yielding a
weight-six qLDPC code. The x-type and z-type permutations
shift the basis vector along z-axis (mod ¢)) and y-axis
(mod m), respectively. For example, z* and y* mean three
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vertical shifts and two horizontal shifts, respectively*®. These
shifts which stabilizer checks each data qubit. These shifts
determine the incidence relationships between data qubits and
stabilizer checks. Since A and B each contain three cyclic
shift terms, every row of Hy and Hz has weight six*’.
Various BB code families can be constructed by varying
£, m, and permutation degrees (i.e., a; and b;). Table IX
summarizes BB codes and their finite-size performance. For
instance, Hx = [m3 +y+y? |y +a+ x2] for the first
code, [[72,12,6]], can be represented as Equation 15.

Hy = (56®IG)S+(16®S6)+(I6®56)2 |
(I6 @ S6)® + (Se ® Ig) + (Se @ Ig)?
[ (SE@Is)+ (Is ® Ss) + (Is ® S2) |
o (16®S§’)+(S<;®IG)+(S§®IG)
The total number of physical qubits and the hardware encod-
ing density*® are given by n = 2¢m and r = %, respectively.
Two highlighted codes in Table IX exhibit favorable finite-
size performance, relatively high encoding rates, and moderate
physical qubit requirements, supporting their implementation
on available systems. The code highlighted in yellow is known
as the gross code (i.e., denotes dozen dozens), while the code
highlighted in purple is refereed to as the fwo-gross code.
IBM evaluations demonstrated that BB codes offer promising
performance on superconducting qubits. In particular, the gross
code can achieve a QEC threshold of approximately 0.7%
with shallow, i.e., depth-six, syndrome extraction circuits. A
total of 288 physical qubits, consisting of 144 data qubits and
144 check qubits, can encode 12 logical qubits and preserve
them for nearly 10° QEC cycles, while a comparable logical
performance on the surface code would require on the order
of 3,000 physical qubits [54].

15)

TABLE IX: Representative bivariate bicycle codes and
finite-size performance

[[n, k, d]] r  (£&,m) A B kd?/n
[72,12,6]] 1/12 (6,6) z>4y+y> y>4z+z> 6.0
[[98,6,12]] 1/32 (7,7) z3+y°+y® y?+a3+2° 8.82
[[108,8,10]] 1/27 (9,6) z+y+y? y3+az+22 7.4
[[144,12,12]] 1/24 (12,6) z34y+y? y34+ax+z® 120
[[162,8,14]] 1/40 (3,27) 14+y%+y** y'24+z4+22 9.68
([288,12,18]] 1/48 (12,12) z’4y°+y" y’4az+a® 13,5
[[180,8,16]] 1/45 (6,15) z°+y+y? y°+z*+2> 11.38

From an architectural perspective, IBM [199] has demon-
strated that BB codes naturally support modular QEC, pro-
viding a promising pathway toward large-scale FTQC. As
illustrated in Figure 13, IBM proposed a scalable modular
architecture in which each interconnected module comprises a
quantum memory based on either the gross code or two-gross
code and a logical processing unit (LPU). The LPU incor-
porates additional physical qubits to implement Clifford gates
via generalized lattice surgery [139]. This modular architecture

g2 (i,5) = (i+1mod €, §), y:(i,5)~ (i, j+ 1 mod m).

4TThe term bivariate refers to the two commuting variables x and y, while
the bicycle reflects the cyclic-shift structure inherited from classical bicycle
code constructions.

“8Hardware encoding density rate accounts for both n data qubits and 7
check qubits, required to encode k logical qubits.
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Fig. 13: Modular FTQC based on BB code.

relies on several classes of couplers, i.e., C-coupler [153]
for on-chip non-local connectivity, the M-coupler for chip-
to-chip connections, and the [-coupler for module-to-module
interconnections. Different modules are connected to each
other as well as to magic state factory (MSF) through uni-
versal adapters [200] that support joint measurement between
logical qubits encoded in different quantum memories. These
adapters can also support heterogeneous QECC, allowing log-
ical operations between logical qubits encoded with different
codes. Such interactions can be realized using inter-module
microwave [-couplers. Moreover, an MSF is integrated for gen-
eration, preparation, and distillation of magic states required
for fault-tolerant implementation of non-Clifford gates. Xu et
al. [201] proposed a BB-specific MSF design that mitigates
the error rate at a smaller qubit footprint while preserving a
favorable space-time overhead.

Experimental and theoretical extensions of BB codes further
demonstrate their relevance to hardware-aware qLDPC im-
plementations. Wang et al. [202] experimentally implemented
distance-4 BB codes and distance-3 punctured BB codes on a
32-qubit superconducting processor using overlapping long-
range couplers in a two-dimensional layout. Their experi-
ments enabled simultaneous measurement of non-local weight-
6 stabilizer generators and achieved logical error rates of
approximately 8.91% and 7.77% per logical qubit per cycle
for the BB and punctured BB codes, respectively. Recent
extensions further enhanced the capabilities of BB codes.
Wang and Mueller [203] experimentally investigated a novel
subclass of BB codes, referred to as coprime-BB codes, on cold
atom qubits using product generating variables. Their con-
struction yielded short- to medium-length codes and reduces
both atom movement latency and the number of movements
required for syndrome extraction. Voss et al. [204] developed
multivariate bicycle codes, in particular trivariate bicycle (TB)
codes, which reduce stabilizer weights from six to five. They
demonstrated that this enhancement enables the encoding of
four logical qubits with distance five using only 60 physical
qubits, compared with 200 physical qubits required by the
surface code construction. Shaw and Terhal [205] similarly
reduced the connectivity degree of BB codes to five by intro-
ducing the generalized parity-check circuit design principle,
known as morphing circuits. Guo et al. [206] introduced Z
semidirect Z (ZSZ) codes, which not only exhibited BB-like
performance (i.e., threshold around 0.5%) under the circuit-
level depolarizing noise model, but also can be realized with
neutral-atoms trapped in movable tweezer arrays. Therefore,
the entire syndrome extraction cycle can be implemented
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efficiently through simple global atomic array motions. More-
over, the proposed codes demonstrated substantially improved
sustainable thresholds of approximately 0.095%, compared
with roughly 0.06% for the four-dimensional toric codes.

Several studies have also generalized or adapted the BB
code structure. Liang et al. [207] leveraged the twisting
structure of BB codes, formulated via a ring-theoretic per-
spective, to generalize toric code constructions to twisted tori
with larger logical dimensions. They developed a family of
weight-six generalized toric codes, including [[254, 14, 16]]
and [[294, 10, 20]] codes, which achieved improved finite-size
performance values of 14.11 and 13.61, respectively. These
values exceed the 13.5 finite-size performance of the two-
gross code (i.e., the best reported BB code listed in Table IX).
Mourad Halla [208] generalized this construction to qudit
systems, enabling its application to higher-dimensional quan-
tum codes. Jacoby et al. [209] introduced Stairway codes by
applying dynamic Floquet-style measurement scheduling, as
discussed later in this paper, to BB code structures, where each
stabilizer generator is decomposed into a periodic sequence of
pairwise measurements. These codes achieveed performance
comparable to semi-hyperbolic Floquet codes using fewer
than 300 physical qubits, in contrast to more than 1,300
physical qubits required by the corresponding semi-hyperbolic
constructions. Chandra et al. [210] proposed a distributed
implementation of BB codes across multi-QPU architectures.
They partitioned the gross code among 4, 6, and 12 QPUs,
each assumed to support all-to-all internal connectivity, and
evaluated the resulting logical error rates using Monte Carlo
simulations with a BP+OSD decoding algorithm. Finally,
Bhave et al. [211] introduced BiBiEQ, an enhanced variant of
BB codes specifically designed to improve resilience against
erasure errors.

C. Subsystem Codes

Although stabilizer codes have been experimentally vali-
dated across multiple qubit modalities, their syndrome ex-
traction circuits may involve high-weight and asymmetric
stabilizer measurements, which increase circuit depth and sus-
ceptibility to error propagation. For example, in Shor’s code,
the X-type stabilizer generators have weight six, while the
Z-type stabilizer generators can be generated by weight-two
parity checks [165]. Subsystem codes provide an alternative
QEC construction in which high-weight stabilizer generators
can be inferred from the measurement of gauge operators.
This reduces syndrome extraction complexity and makes sub-
system codes promising candidates for FTQC, particularly
in architectures where direct high-weight measurements are
costly. Their gauge structure also provides flexible gauge-
operator measurements, which can be tailored to improve code
performance under biased noise. For instance, X X -type check
measurements can be performed more frequently when phase-
flip errors dominate [212].

The theoretical foundation underlying subsystem codes is
provided by operator quantum error correction (OQEC) [213].
In OQEC, quantum information is encoded into a protected
subsystem A of a codespace C = A ® B, where B is
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an auxiliary gauge subsystem that may evolve under noise
without affecting the logical information stored in subsystem
A. In general, stabilizer codes, also known as subspace codes,
correspond to the special case of subsystem codes in which
the gauge subsystem B is one-dimensional [37]. Therefore,
errors need only be corrected modulo transformations acting
on B, since changes in B do not affect the protected subsys-
tem A. This strategy unifies active quantum error correction
protocols with passive error-avoidance schemes*’, such as
decoherence-free subspaces (DFS) [33] and noiseless sub-
systems. In decoherence-free subspaces, the relevant noise
acts trivially on the protected subspace, whereas in noiseless
subsystems, noise may act only on the gauge subsystem while
leaving the encoded logical information unaffected [55].

Subsystem codes constitute a stabilizer-based realization of
OQEC codes through a generally non-Abelian gauge group
G. The stabilizer group is given by the center of the gauge
group, S = Z(G), up to phases>’. These codes decompose
the Hilbert space as H = (C;, ® Cg) ® O+, where C, is the
protected logical subsystem that stores the encoded quantum
information, Cg is the gauge subsystem, and C'* denotes the
orthogonal complement outside the codespace C' = Cp ® Cg.
A subsystem code is characterized by parameters [[n, k, g, d]],
where g denotes the number of gauge qubits and d is the mini-
mum weight of a nontrivial logical operator in N'(S)\G [214].
A subsystem code with n physical qubits and r independent
stabilizer generators satisfies the dimension relation given in
Equation 16.

n—r=k+g (16)

Gauge qubits do not store logical information and therefore
do not require active protection. This gauge freedom allows
high-weight stabilizer generators to be decomposed into prod-
ucts of lower-weight gauge operators, which reduces depth of
syndrome extraction circuits and mitigates error propagation
during stabilizer measurement, both of which are important
requirements for FTQC.

A canonical example of subsystem codes is the Bacon
codes, constructed by placing physical qubits on the vertices
of an L x M rectangular lattice to encode one logical qubit.
Let O; ;, with O € {X,Z}, denote a Pauli operator acting
on the qubit located at position (4,5) on the lattice, where
i € {0,1,....M — 1} and 5 € {0,1,...,L — 1}. The
gauge operators correspond to weight-two nearest-neighbor
Pauli checks, i.e., horizontal X X operators and vertical ZZ
operators®!. There are M — 1 independent X-type stabilizer
generators and L — 1 independent Z-type stabilizer generators,

49Passive schemes protect quantum information by encoding it in subspaces
or subsystems that are naturally immune to certain noise processes, rather than
correcting errors after they occur.

50The center of a group is the set of operators that commute with every
element of that group.

5IThe XX gauge checks act on neighboring qubits in adjacent rows,
X;,;Xiv1,j, while the ZZ gauge checks act on neighboring qubits in
adjacent columns, Z; ; Z; ji1.
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which can be written as product of these gauge operators,
given in Equation 17.

L—1
Xi,*XH»l,* = ®X¢JXZ'+1J, Vi € {0,17...,M—2},
§=0
M—1
ZeiZwjir = Q) ZijZije1, Vi€{0,1,...,L -2}

i=0
a7

Each stabilizer generator is therefore obtained as the product
of weight-two gauge operators. Consequently, the eigenvalues
of stabilizer generators can be inferred from the measurement
outcomes of low-weight gauge operators. The stabilizer non-
abelian group of the Bacon code can be written as Equation 18.

S = (XiwXit1,0) Zsj 2 j41)- (18)

The code has r = (L — 1) + (M — 1) independent stabilizer
generators and encodes one logical qubit. Therefore, the
number of gauge qubits is (L —1)(M — 1), which corresponds
to the number of square plaquettes in the lattice’>. Therefore,
a subsystem code defined on an L x M lattice has parameters
[[LM,1,(L — 1)(M — 1), min(L, M)]], where the distance
is determined by the minimum length of logical operators
acting along rows or columns of the lattice. Moreover, Bacon
and Casaccino [215] further generalized the construction of
subsystem codes using pairs of classical linear codes.

Subsystem variants of well-known stabilizer codes have
been developed to facilitate their practical implementation on
near-term quantum hardware. The Bacon—Shor code [213]
is the subsystem version of subspace Shor’s code, where
L = M = 3. The Bacon—Shor code encodes one logical qubit
in nine physical qubits and has parameters [[9, 1, 4, 3]]. Its four
gauge degrees of freedom allow the high-weight stabilizer gen-
erators to be inferred from weight-two gauge measurements.
The Bacon—Shor code has been experimentally demonstrated
on a 13-qubit trapped-ion QPU, achieving logical SPAM errors
of approximately 0.6% and logical Clifford gate errors of
about 0.3% after offline error correction [216]. Bombin [212]
introduced generalized subsystem color codes, which extend
conventional subspace color codes by incorporating weight-
two gauge degrees of freedom. In three dimensions, such codes
can support transversal implementation of a universal logical
gate set.

Bravyi et al. [217] introduced subsystem variants of toric
and surface codes in which weight-four stabilizer measure-
ments are replaced by weight-three triangle gauge measure-
ments. In the subsystem toric code, physical qubits are placed
on vertices and center of edges of an L x L lattice with periodic
boundary conditions. This construction requires 3L? physi-
cal qubits and introduces L? gauge qubits®. The stabilizer
generators are products of triangle gauge operators, allowing
syndrome information to be extracted through local weight-
three gauge operator measurements. The subsystem surface
code corresponds to the planar version of this construction

52The number of gauge qubits equals g = n — r — k, which equals to
LM—-(L-1)—(M—-1)—1=(L—-1)(M-1).
33The subsystem toric code has parameters [[3L2,2, L2, L]].

with open boundary conditions and additional boundary sta-
bilizer generators that appear along the lattice edges (e.g.,
weight-two X - and Z-type stabilizer generators on smooth and
rough boundaries, respectively). This modification increases
the number of physical qubits to 3L? + 4L + 1 and the
number of independent stabilizer generators to 2L2 + 4L°*.
Their evaluations demonstrated that under the circuit-level
noise model, the subsystem surface code achieves a thresh-
old of approximately 0.6%, compared with roughly 0.9%
for the subspace toric code [218]). When three-qubit parity
measurements, such as X X X and ZZ Z, are supported by the
hardware, the threshold can increase to approximately 0.97%,
approaching the threshold of the subspace surface code.

A distinctive advantage of subsystem codes is their support
for gauge fixing to manipulate encoded quantum information
and improve the performance of subsystem codes. Gauge
fixing was introduced by Paetznick and Reichardt [73] to
switch between different codes during computation to imple-
ment universal fault-tolerant gate set. Gauge fixing refers to
selecting a gauge operator g from the gauge group, g € G,
promoting it to a stabilizer generator by adding it to the
stabilizer group S, and updating the gauge generating set by
removing operators that anticommute with g. More recently,
Higgott and Breuckmann [219] exploited schedule-induced
gauge fixing to improve the error correction performance of
subsystem codes. By modifying the measurement schedule,
their method extracts additional syndrome information and fa-
cilitates decoding process. According to the simulation results,
they increased the threshold of the subsystem toric code from
0.67% to 0.81% under the circuit-level depolarizing noise
model and up to 2.22% under a biased circuit-level noise
model. They further constructed finite-rate subsystem LDPC
code families with weight-three check operators, achieving
overhead reductions of approximately 4.3x relative to the
most efficient surface code and 5.1 x relative to the subsystem
toric code at comparable error rates. These results highlight
the flexibility of gauge fixing in tailoring subsystem codes to
biased noise models. This capability is particularly important
for FTQC, as different qubit modalities exhibit distinct noise
biases, as shown in Table VI.

D. Dynamical Codes

Kitaev’s honeycomb model demonstrated an early example
in which the eigenvalues of weight-six stabilizer generators
can be inferred from sequences of weight-two check mea-
surements [220], which can be interpreted as a subsystem
formulation of the toric code on a hexagonal lattice. In this
construction, as illustrated in Figure 14, physical qubits are
placed on the vertices of a hexagonal (i.e., honeycomb) lattice
with periodic boundary conditions. Each edge corresponds to
a two-body gauge operator, including X X (i.e., horizontal
edges), Y'Y (i.e., negative slope edges), or ZZ (i.e., positive
slope edges), represented by the red, blue, and gray edges in
the figure, respectively. The eigenvalues of the effective pla-
quette stabilizer generators are inferred from the measurement

4The subsystem surface code has parameters [[3L2 + 4L + 1,1, L2, L]].
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Fig. 14: Honeycomb structure for subsystem codes.

sequence of red, blue, and gray gauge operators, rather than
by directly measuring weight-six operators.

A honeycomb lattice with n vertices contains F' = 7
stabilizer generators, associated with hexagonal plaquettes and
E = 37” two-body gauge operators, associated with edges>.
Moreover, the number of independent stabilizer generators is
r = 5 +1, consisting of 5 —1 independent plaquette stabilizer
generators and two additional stabilizer generators associated
with nontrivial cycles of the torus [221]. Furthermore, the
number of gauge qubits is g = 5 — 1°%. Substituting these val-
ues into the subsystem code dimension relation in Equation 16
yields £ = 0, indicating that there is no space for logical
qubits in the static description. Subsequent studies revealed
that logical degrees of freedom (i.e., qubits) can emerge
through a time-dependent measurement scheduling, motivating
the concept of dynamically generated logical qubits.

Hastings and Haah [29] demonstrated that logical qubits
do exist in the honeycomb subsystem codes, although they
are hidden in the subsystem description. They formalized this
idea by introducing a time-dependent measurement scheduling
that generates logical qubits dynamically, leading to the class
of Floquet codes. In this structure, the hexagonal lattice is
three-colorable, with plaquettes labeled red (R), gray (G), and
blue (B), as depicted in Figure 14. They proposed a three-
round measurement schedule for measuring two-body gauge
operators of the non-Abelian gauge group. In the first round,
gauge operators connecting two red plaquettes are measured
(e.g., BX, BY, BZ, where the first letter denotes the plaquette
color and the second indicates the type of gauge operator). In
the second round, gauge operators connecting two blue pla-
quettes are measured (e.g., GX, GY, GZ). In the third round,
gauge operators connecting two gray plaquettes are measured
(e.g., RX,RY,RZ )>7. This measurement scheduling prevents
measuring the homologically nontrivial cycles and therefore
preserves two logical qubits on the torus. The evolution of the
system can be described by the instantaneous stabilizer group
(ISG), which denotes the group of operators that stabilize
a quantum state after a given measurement round. As the
measurement schedule proceeds, the ISG evolves dynamically,

35Each vertex has degree three, so 3V = 2F, each hexagonal plaquette
has six edges, and each edge is shared by two plaquettes, so 6F = 2F.

36The number of gauge qubits should not be confused with the number of
independent gauge generators. For a subsystem code, the gauge group rank
is 7 4+ 2g. Here, r = § + 1 and g = § — 1, giving r 4 29 = 37"—1
independent gauge generators.

57Note that the mentioned measurement schedule is not unique; alternative
cyclic measurement patterns can also be defined.
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causing the code transition between related toric-like stabilizer
configurations (e.g., between the embedded toric code and
superlattice toric code). Hastings and Haah also showed that
the Floquet code is fault tolerant because (i) eigenvalues
of stabilizer generators can be inferred from a sequence of
gauge measurements, (ii) single-qubit errors generate pairs of
detection events, and (iii) the detection events can be decoded
using matching or union-find techniques, yielding a finite error
correction threshold.

Gidney et al. [222], Google researchers, experimentally
evaluated the robustness of Floquet code logical qubits and
benchmarked it against the rotated surface codes. Their results
indicated that the QEC threshold of the Floquet code lies
between 0.2% and 0.3%, whereas the rotated surface code
achieves a higher threshold in the range of 0.5%-0.7% in
the controlled-not circuit model. They also projected that
Floquet codes could reach the TeraQuOp footprint®® using
only about 600 physical qubits. Although the Floquet code
threshold is lower than that of optimized surface code layouts,
Floquet codes remain promising because their low-weight
measurements simplify syndrome extraction circuits and ex-
ploit dynamically evolving stabilizer generators. Sutcliffe et
al. [223] introduced distributed hyperbolic Floquet codes based
on pairwise gauge measurements, such that each nonlocal
measurement requires only a single distributed Bell pair.
The authors demonstrated that under the circuit-level noise
model, local and nonlocal operation fidelities of approximately
99.97% and 99%, respectively, which makes this code family
a promising candidate for distributed FTQC.

Dynamical code ideas have also been applied to subsystem
codes. Alam and Rieffel [224] introduced Floquet—Bacon—
Shor codes to generate dynamical logical qubits by develop-
ing a measurement scheduling for the Bacon—Shor code. A
four-round measurement schedule involves both the stabilizer
generators of the Bacon—-Shor code and gauge operators, such
that dynamical logical qubits emerge through the evolution be-
tween ISGs. The code not only saturates the two-dimensional
subsystem code bound, kd = O(n), which is not achieved
by the conventional Bacon-Shor code, but also scales the
code distance as ©(L/vk) on an n = L x L lattice with k
dynamical logical qubits, while preserving a logical qubit of
the Bacon—Shor code. Although the Floquet-Bacon—Shor code
exhibits self-correcting behavior against certain error patterns,
it requires more complex decoding algorithms and, in contrast
to the conventional Bacon—Shor code, it does not exhibit a
conventional QEC threshold>.

Dynamic measurement scheduling has also been exper-
imentally explored in surface code variants. Eickbusch et
al. [226], Google researchers, experimentally demonstrated
time-dynamic measurement circuits for three variants of the
surface code, i.e., hexagonal lattice surface codes, walking
surface codes, and iSWAP-based surface codes. The hexagonal

38 A TeraQuOp footprint estimates the number of physical qubits required
to reliably execute approximately 102 logical quantum operations before
failure.

3 Note that Gidney and Bacon [225] discussed how removing certain gates
from the circuit and skipping measurements of selected gauge operators can
provide insights about the threshold of the Bacon—Shor code.
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lattice construction reduces the qubit connectivity require-
ment from four couplings per qubit to three. The walk-
ing surface code periodically swaps the roles of data and
measurement qubits at each round to eliminate accumulated
non-computational errors, such as leakage. The iSWAP-based
implementation replaced CNOT gates with iSWAP gates to
minimize gate overhead. Their experimental results indicated
that the error-suppression factors of these three structures were
Asspex = 2.15(2)%°, Agswax = 1.69(6), and Agzsiswap =
1.56(2). These results demonstrate logical error suppression
across dynamic surface code variants and highlight the poten-
tial of dynamic circuit implementations of the surface code for
FTQC.

The implementation of dynamical codes requires hardware
platforms capable of flexible spatial layouts, programmable,
and parallel operations between desired qubits. Neutral-atom
platforms are particularly relevant in this context because
optical tweezers can dynamically rearrange atoms and support
non-local connectivity. Bluvstein et al. [172] developed a
neutral-atom-based QPU that provides a dynamic topology
and non-local connectivity (i.e., based on optical tweezers) be-
tween distant qubits. By overcoming connectivity limitations,
this architecture provides a promising platform for distributed
DQECCs, dynamical codes and subspace codes.

Overall, the code families discussed in this section reveal
that no single QECC construction is universally optimal or
capable of satisfying all FTQC requirements. Each quantum
code family offers distinct advantages and trade-offs in terms
of overhead, threshold, decoding complexity, logical gate
support, measurement weight, and hardware compatibility. For
instance, BB codes are promising for low overhead quantum
memories, surface codes remain among the most practical can-
didates for local two-dimensional implementations, and color
codes provide a transversal implementation of the full Clifford
group. Subsystem codes reduce syndrome extraction com-
plexity through gauge degrees of freedom, while dynamical
and Floquet codes introduce time-dependent stabilizer struc-
tures that can reduce measurement weight, adapt to hardware
connectivity, and exploit flexible measurement scheduling.
These complementary characteristics motivate hybrid quantum
code architectures that combine multiple code families, code
transformations, and hardware-aware implementations within
a unified FTQC framework, thereby enabling greater flexibility
and improved resource optimization on the path toward large-
scale fault-tolerant quantum computing.

VI. DECODING ALGORITHMS FOR QEC

Decoding algorithms constitute a fundamental component of
QECC:s as they infer likely error configurations from syndrome
information and determine appropriate recovery operations to
preserve quantum information. Therefore, the effectiveness of
FTQC depends not only on the QECC parameters, thresholds,
and overheads, but also on the accuracy, computational ef-
ficiency, latency, and scalability of the associated decoding
algorithms. Formally, a decoding problem can be defined by a
parity-check matrix H € F"*" an action matrix A € F5 >V,

%0A35 hex = 2.15(2) denotes Ass pex = 2.15 4 0.02.
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and an error probability vector p = (po,...,pn—1) (€.,
describing the physical error probabilities). Let e € FY denote
an unknown error vector and o = He € F}! represents the
observed syndrome. The decoder aims to infer a recovery
operator ¢ satisfying Hé = o and Aé = Ae, ensuring both
syndrome consistency and logical equivalence between the
estimated error and actual error. Equivalently, the residual error
e + € should act trivially on the protected logical information.
In practical systems, syndromes are typically represented as
detection events®' and are mapped to a decoding graph or
hypergraph, where vertices correspond to detection events
(i.e., syndrome defects) and edges or hyperedges represent
possible error mechanisms, including data errors, measurement
errors, leakage, and correlated errors. The resulting graph is
subsequently processed by classical processing either real-time
during circuit execution, referred to as online decoding, or after
execution, referred to as offline decoding® [227].

As illustrated in Figure 15, in the operational workflow of
FTQC, a quantum processor continuously performs syndrome
extraction cycles and generates a stream of syndromes, which
are accumulated as the syndrome history and are passed to a
classical decoding pipeline. On the classical side, the decoding
process begins during the offline stage with the construction
of a noise model that characterizes the physical error models
affecting the quantum processor. The syndrome measurement
circuit is then analyzed to determine how physical errors
propagate through the circuit and manifest as observable syn-
drome patterns [228]. Subsequently, a linearized noise model
maps individual error events to their corresponding detection
events and evaluates their impact on the logical error rate (i.e.,
this is accomplished for both bit-flip and phase-flip errors).
This information is then provided to the decoding algorithm,
which compares the observed detection events with possible
error configurations to infer an appropriate recovery operation
or Pauli frame update. Overall, the offline stage transforms
physical noise models into error syndromes, while the decoder
maps syndromes to the most likely error configuration in order
to determine an appropriate reaction [229].

Although offline decoders are sufficient for many Clifford
operations and benchmarking experiments, online decoding is

61 A detection event corresponds to an unexpected parity outcome associated
with a detector, where a detector typically refers to a pair of consecutive
stabilizer measurements whose parity should remain unchanged in the absence
of errors.

%21n offline decoding, stabilizer measurement outcomes are collected and
stored during circuit execution, then processed to infer the error configuration
and determine the corresponding recovery or Pauli frame update.
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required whenever recovery operation affects subsequent quan-
tum operations®>. The main challenge is the finite throughput
of classical processing, which introduces latency for online
decoding. To prevent a growing syndrome backlog, the de-
coder must process the syndrome stream at a rate compa-
rable to the syndrome generation rate. Let rgen and 7ppoc
denote syndrome generation and decoder processing rates
(i.e., in bauds), respectively. If f = % > 1, the syn-
drome information accumulates faster than it can be decoded,
causing processing backlogs and increasing feedback latency.
Simulations have confirmed that, as quantum systems scale,
decoders increasingly struggle to satisfy the required low-
latency constraints [230]. This constraint is particularly strin-
gent in superconducting platforms, where QEC cycle times can
approach the microsecond scale. Therefore, practical real-time
decoders for FTQC should satisfy four key requirements.

e High accuracy: to achieve sufficiently low logical error
rates required by large-scale logical computations.

e Low latency: to prevent syndrome processing backlogs
and support time sensitive feedforward operations.

o Flexibility: to supporting different code distances, noise
models, and QECC families without requiring substantial
modifications of the decoding architecture.

e Hardware efficiency: to enable FPGA- or ASIC-friendly
implementation with a modest resource footprint®.

General acceleration  strategies, including sliding-
window [232], parallelization [233], and modular
decoding [234], [235], can reduce the exponential growth of
decoding overhead to polynomial scaling as the size of the
QEC code increases. However, the quantum decoding problem
belongs to the # P-complete complexity class because of
code degeneracy®, which makes it computationally more
challenging than decoding of classical linear codes. Moreover,
the diversity of noise models across different quantum
computational paradigms and qubit modalities, retaining
decoder latency below the syndrome generation timescale,

63For example, in the magic state injection-based implementation of the 7'
gate, a real-time decoder may be required to determine whether a corrective
Clifford operation must be applied before subsequent operations.

64Fast and real-time decoding often requires implementation on a field-
programmable gate array (FPGA) or even an application-specific integrated
circuit (ASIC) [231], rather than relying solely on general-purpose processors.

65 Multiple distinct physical error configurations may produce the same error
syndromes and have equivalent logical effects.
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classical-quantum orchestration overhead make quantum
decoding highly challenging for large-scale FTQC.

Decoding algorithms of stabilizer codes are generally clas-
sified into two classes, i.e., quantum maximum likelihood de-
coding (QMLD) and degenerate quantum maximum likelihood
decoding (DQMLD). QMLD, often called non-degenerate
decoding, ignores the code degeneracy and aims to identify
the most probable physical error configuration consistent with
the syndrome stream®. In contrast, DQMLD, also referred
to as degenerate decoding, explicitly accounts for code de-
generacy by identifying the most probable equivalence class
(i.e., coset) of errors that produce the same syndrome and
induce the same logical effect on the encoded quantum state®’.
Although DQMLD provides the optimal decoding rule for
stabilizer codes, it is generally #P-complete and therefore com-
putationally intractable for large-scale instances. Therefore,
many practical decoding algorithms rely on QMLD, which,
although NP-complete, is often more amenable to efficient
approximations and hardware-aware implementations [229].

Decoding of CSS codes can be decomposed into two
independent decoding subproblems corresponding to bit- and
phase-flip error correction. Let £ denote the physical error act-
ing on the encoded state, and Rx and Rz denote the recovery
operations produced by the corresponding X - and Z-decoders,
respectively. The residual error is given by I' = RxRzE.
The decoding algorithm succeeds when the residual error acts
trivially on the codespace, i.e., I' € (S), or equivalently
the logical state is the +1 eigenstate of the residual error,
T|¢)r = (+1)]¢)) L. More generally, decoding succeeds when
the recovery operation differs from the actual error only by a
stabilizer element, thereby preserving the logical information.
In contrast, decoding fails when I" corresponds to a nontrivial
logical operator, i.e., I' € N(S)\ S, where N (S) denotes the
normalizer, discussed in section II. In this case, the recovery
procedure introduces a logical error on the encoded state.

Figure 16 illustrates a taxonomy of decoding algorithms
organized in terms of syndrome representation, decoding
methodology, execution timing, hardware compatibility, and
decoding objectives. From the methodological perspective,
decoding algorithms can be broadly classified into several
categories, including matching-based decoders, clustering and
graph-growth decoders, probabilistic inference decoders, ten-
sor network decoders, machine learning decoders, cellular
automata decoders, and optimization-based decoders. Each
category exhibits distinct trade-offs among decoding accuracy,
computational complexity, scalability, latency, and hardware
compatibility, making it suitable for different code families,
noise models, and implementation constraints.

Matching-based decoders: Matching-based decoders, such
as Minimum-Weight Perfect Matching (MWPM), transform
the decoding problem into a weighted graph matching®® opti-

66Mathematically, QMLD, often called maximum likelihood decoding
(MLD), formulated as ' = arg maxgcp, P(E | 5), where 5 denotes the
measured syndrome.

67Mathematically, DQMLD can be formulated as L = arg maxy ¢, P(L |
5), where £ denotes the set of logical error cosets associated with the stabilizer
code.

%8 A matching of a graph is a subset of edges such that no two edges share
a common vertex.
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mization problem defined over detection events or syndrome
defects. In these approaches, the decoding problem is formu-
lated as a minimum weight perfect matching® problem that
identifies the most likely (e.g., the lowest weight) configuration
of error chains consistent with the detection events, which
can be efficiently solved using Blossom-based algorithms,
including fusion blossom [236] and sparse blossom [237].
Matching-based decoders are particularly effective for topo-
logical QECC:s, such as surface codes, where local Pauli errors
typically generate pairwise syndrome defect structures.

Graph-growth decoders: Graph-growth decoders, such as
union-find (UF) decoders [238], formulate the decoding prob-
lem as a graph expansion and cluster merging procedure de-
fined over detection events (i.e., often called cluster decoders).
In these approaches, odd clusters’® are iteratively expanded
and merged until they either become even clusters or reach the
code boundaries. Subsequently, a peeling algorithm is applied
within each cluster to construct recovery paths (i.e., error
chains) that neutralize the generated defects. Compared with
MWPM, the UF decoder achieves significantly lower compu-
tational overhead and near-linear time complexity, although
its accuracy is generally lower than that of MWPM. Some
UF variants can match MWPM performance under certain
conditions and noise models [239], however, UF is typically
regarded as an approximate alternative to MWPM decoders
and promising for large-scale FTQC.

Probabilistic inference decoders: Probabilistic inference
decoders, such as belief propagation (BP), provide general
decoding algorithms for sparse QECCs, particularly where the
Pauli errors do not naturally generate pairwise syndrome de-
fects, as in many qLDPC codes. These decoders formulate the
decoding task as an iterative probabilistic inference problem
over the Tanner graph of the underlying code [240]. In these
approaches, probabilistic messages are exchanged iteratively
between neighboring variable and check nodes to estimate the
marginal error probabilities of individual qubits conditioned on
the measured syndrome information; for this reason, BP is of-
ten referred to as a message-passing (MP) decoding algorithm.
These decoders are scalable, flexible across different noise
models, and have relatively low computational complexity.
However, the performance of BP decoders can degrade in the
presence of small girth’!, code degeneracy, absorbing sets’?,
and trapping sets’3. Consequently, BP is often combined with
post-processing methods such as ordered-statistics decoding
(OSD), which compensates for residual decoding inconsisten-
cies produced by iterative message-passing inference [241].

%A perfect matching is a matching in which every vertex is incident to
exactly one selected edge (i.e., pairs all relevant defects).

T0A cluster refers to a connected set of detection events together with the
associated edges in the decoding graph.

7IThe girth of a graph is the length of its shortest cycle, in which small
girth indicates the presence of short loops.

72An absorbing set is a subgraph structure in iterative decoding that can
trap the decoder in an incorrect fixed point, leading to persistent decoding
failures.

7 Trapping sets are small subgraphs of the Tanner graph whose local
message correlations can cause iterative message-passing decoders to converge
to incorrect decoding states, thereby contributing significantly to the decoding
error floor.

Tensor network decoders: Tensor network decoders, such
as DQMLD decoders, formulate decoding problem as a tensor
network contraction problem defined by the graphical struc-
ture of the underlying code. In these approaches, stabilizer
constraints, syndrome stream, and error probabilities are rep-
resented as interconnected tensors’*, commonly using matrix
product state (MPS) representations [242]. The decoding task
is then formulated as a tensor network contraction problem,
where the contracted network approximates the most probable
logical recovery operation conditioned on the observed sta-
bilizer measurements. Tensor network decoders can capture
long-range correlations and code degeneracy more effectively
than local message-passing approaches, enabling near-optimal
performance for several topological QECCs, including two-
and three-dimensional surface codes [243]. However, the com-
putational complexity of tensor network contraction generally
increases rapidly with code distance and network connectivity,
motivating the development of approximate contraction tech-
niques and truncated tensor representations for scalable FTQC.

Machine learning decoders: Machine learning decoders
formulate decoding problem as a data-driven inference task,
in which a parameterized learning model is trained to map
syndrome stream or syndrome histories to recovery opera-
tions or Pauli frame updates. Various machine learning ar-
chitectures, including neural networks [244], convolutional
neural networks (CNN) [245], recurrent neural networks,
reinforcement learning [246], graph neural networks (GNN),
and transformer-based models, have been explored for QEC
decoding. These approaches can learn complex error cor-
relations, leakage and crosstalk signatures, analog readout
features, and hardware-specific noise patterns from training
datasets”. However, their performance depends on the quality
and diversity of the training set, and training cost may increase
significantly with code distance and syndrome dimensional-
ity. Despite these challenges, their adaptability and potential
for hardware acceleration make machine learning decoders
promising for scalable FTQC, particularly under realistic and
correlated noise models. For instance, Google developed a
machine learning decoder called AlphaQubit [244] for surface
codes, which outperforms previous tensor network and corre-
lated matching decoders for codes distances up to 11. How-
ever, AlphaQubit is not yet fast enough for superconducting
real-time decoding.

Cellular automata decoders: Cellular automata (CA) de-
coders formulate the decoding problem as a local iterative
update process over the lattice structure of the underlying
code. In these approaches, local update rules are repeatedly
applied to syndrome defects or auxiliary classical variables to
propagate, annihilate, or neutralize error syndromes over suc-
cessive decoding iterations [247]. Unlike global optimization-
based decoding algorithms, CA decoders rely exclusively on
local classical processing and nearest-neighbor communica-

74A tensor network is a collection of tensors connected through shared
indices, where tensor contractions encode correlations and probabilistic rela-
tionships among variables.

TSTraining datasets typically consist of syndromes paired with correspond-
ing physical error, recovery operation, or logical error labels generated by
Monte Carlo simulation or experimental calibration.
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tion, making them promising for hardware-efficient and fully
parallel FTQC architectures. They are particularly well-suited
to topological QECCs, whose geometric locality naturally
aligns with local update operations. Although their accuracy is
generally lower than near-optimal decoding algorithms, such
as MWPM, CA decoders offer low computational overhead,
local update rules, and strong scalability, making them well
suited for large-scale real-time decoding algorithms [248].
Table X provides a qualitative comparison of the decoder
families, discussed above, in terms of decoding algorithms
features. These criteria reflect the key requirements of real-
time QEC decoding in supporting different codes and noise
models, achieving low logical error rates, minimizing resource
footprint, and processing syndrome stream with sufficiently
low latency. The ratings are context-dependent because each
decoder family can behave differently depending on the un-
derlying QECC, noise model, and implementation platform.
Here, compactness refers to the suitability of a decoder for
resource-efficient FPGA- or ASIC-based implementations, and
search-based approaches are discussed later in this paper.

A. Decoding of Topological Codes

In this subsection, we review decoding approaches for topo-
logical QECCs, including surface, toric, and color codes, since
these families are experimentally mature codes for FTQC. We
emphasize how geometric structure of these codes shapes the
choice of decoding algorithm.

1) Decoding of Surface/Toric Codes: The grid-like nearest-
neighbor structure of surface codes causes many Pauli errors
to generate either zero or two nearby detection events in
the corresponding space-time syndrome graph. This pairwise
defect structure makes MWPM, implemented through solvers
such as sparse blossom or PyMatching, a default decoding
algorithm for such codes. Google employed a real-time sparse
blossom decoder with greedy edge reweighting techniques
to validate surface code operation on the Willow processor,
achieving an average decoder latency of 63 us for distance-
5 codes over up to one million QEC cycles, with a cycle
time of 1.1 us. For larger codes, Google utilized two high-
accuracy offline decoding approaches, i.e., a neural network
decoder [244] and a harmonized ensemble [249] of correlated
MWPM decoders augmented with matching synthesis [250],
both executed on separate classical hardware platforms. Shutty
et al. [251] further demonstrated that harmonized ensembles of
MWPM decoders can outperform their individual constituent
decoders on repetition code and surface code benchmarks
in terms of logical error rates, which highlights decoder
harmonization as a promising solution toward highly accurate
near-optimal decoding.

Union-find and clustering decoders have also been de-
veloped for topological codes to reduce decoding latency
while preserving scalable graph-based structure. Huang et
al. [252] introduced a weighted union-find decoder for the
toric code under the circuit-level depolarizing noise model.
Their simulation results demonstrated that incorporating edge
weighting improves the decoding threshold from 0.38% to
0.62%, while preserving the near-linear time complexity of the
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TABLE X: Comparison of major decoder families and
implementation trade-offs

Decoder Family Flexibility = Accuracy Compactness Speed
Matching o v X o
Graph-growth o o v v
Message Passing v o v v
MP + OSD v v X X
Tensor Network o v X X
Cellular Automata o o v v
Machine Learning v o X o
Search-based v v X X

Vi strong; X: weak/unsuitable; o: moderate or context-dependent.

original union-find decoding algorithm. Liyanage et al. [253]
proposed an FPGA-based distributed union-find decoder for
surface codes, called Helios’®. Their design exploited massive
parallelism to achieve sublinear average decoding complex-
ity with respect to the code distance using O(d?) parallel
resources. Their implementation on a Xilinx VCUI129 FPGA
achieved ultra-low decoding latency as low as 11.5 ns per
measurement round under phenomenological noise, demon-
strating a fast decoder while maintaining scalability to larger
code distances. Chan et al. [254] extended the distributed
union-find decoding algorithm on the Helios platform and
developed Actis, a scalable distributed decoder architecture.
Ziad et al. [255] introduced the Local Clustering Decoder
(LCD) implemented on FPGAs to address both accuracy
and latency associated with surface code decoding. Under a
realistic circuit-level noise model dominated by leakage errors,
their adaptive parallel decoder performs one million error-
free quantum operations using 4 x fewer physical qubits than
conventional non-adaptive decoding approaches, with latencies
below 1 ps per QEC round using modest FPGA resources.
Forlivesi et al. [256] introduced the Bubble Clustering (BC)
decoder for surface codes, achieving decoding complexity
proportional to the square of the number of syndrome defects,
which corresponds to near-linear scaling with the number of
data qubits.

Although naive BP decoder performs poorly for surface
codes because of highly loopy Tanner graphs and code degen-
eracy, BP-derived decoders have been adopted for topological
codes to exploit full noise information, improve decoding ac-
curacy, and preserve the scalable structure of message-passing
techniques. Hack et al. [257] proposed three BP-derived
decoding algorithms, i.e., belief propagation for matching
(BP4M), belief propagation for matching forced (BPAMF),
and belief propagation for matching plus matching (BP4M+M)
for surface codes and other graph-like QECCs. BP4M acts
similar to MWPM under depolarizing noise, BP4MF achieves
competitive logical error rates at larger code distances, and
BPAM+M further integrates PyMatching to enhance decoding
accuracy. Because these methods require relatively few iter-
ations and reduce computational complexity, they provide a
promising pathway toward scalable hardware-accelerated real-
time decoding implementations. Higgott et al. [228] integrated

T6Helios is an open-source software available at https:/github.com/
NamiLiy/Helios_scalable_QEC.
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BP with matching- and clustering-based decoders to develop
two hybrid frameworks, namely belief-matching and belief-
find, which exploit full noise information to improve decoding
accuracy and latency. Their results demonstrated a decoding
threshold of approximately 0.94%, outperforming the 0.82%
threshold achieved by standard MWPM decoders. Old and
Rispler [258] proposed a generalized BP decoder augmented
with an outer re-initialization loop to improve BP decod-
ing algorithms for surface codes. Their approach achieved
thresholds comparable to ideal thresholds under independent
bit-/phase-flip and depolarizing noise models. Kaufmann and
Arad [242] replaced the tensor network contraction stage of
tensor network decoders with blockBP, an approximate con-
traction algorithm based on BP. Their numerical evaluations
showed more than an order-of-magnitude improvement in
logical error rate compared with MWPM decoders.

In general, neural network decoders can operate without
prior knowledge of physical error rates and can outperform
conventional MWPM in the decoding of surface codes. Var-
banov et al. [259] developed a neural network decoder trained
on both simulated and experimental data from a transmon
processor. Their decoder captured correlated errors, including
Y errors, and achieved approximately 25% lower logical
error rates than MWPM on experimental data associated with
Google Quantum Al [176]. By incorporating soft information
from analog qubit readout signals, the decoder achieved an
additional 10% reduction in logical error rates, highlighting
the potential of machine learning decoding algorithms for
near-term FTQC. Yang et al. [260] proposed an FPGA-based
neural network decoder integrated into a real-time QEC control
architecture for surface codes, which achieved a deterministic
closed-loop latency’” of 550 ns, including 124 ns for decod-
ing, within a 1.25 ps QEC cycle. This decoder highlights the
potential of FPGA-accelerated machine learning decoding for
scalable FTQC systems.

Cellular automata decoders constitute one of the most
locality-friendly decoding algorithms and are therefore
promising for topological codes. The Harrington decoder [261]
is a canonical early CA decoder for two-dimensional toric
codes, although its performance is limited by the finite
speed of local communication and computation. Breuckmann
et al. [262] extended this framework to four-dimensional
toric codes, achieving a decoding threshold of approximately
1.59%, substantially higher than the 0.133% threshold reported
for the original Harrington decoder. Furthermore, Kubica and
Preskill [247] introduced the sweep rule, a higher-dimensional
generalization of Toom’s rule’®, applicable to locally Eu-
clidean lattices in d > 2 dimensions. They further provided
rigorous threshold analyses for both three-dimensional toric
codes and color codes.

2) Decoding of Color Codes: Color code decoding is
generally more challenging than that of surface codes be-
cause a single Pauli error typically triggers three nearby
syndrome checks rather than producing pairwise detection

7TClosed-loop latency refers to the sum of decoding, communication, and
feedback delays.

78Toom’s rule flips the value of a face in a two-dimensional square lattice
when the associated north and east parity checks are both non-trivial.

events, which results in more complex decoding graphs.
However, in practice, the most established real-time-friendly
color code decoders are still matching-derived families. Lee
et al. [30] proposed an efficient matching-based decoder that
combines two matching decoders for each color. Under both
ideal bit-flip noise and realistic circuit-level noise models, the
decoder demonstrated near-optimal logical error rate scaling
proportional to p%/2, where p and d denote the physical error
rate and code distance, respectively. Although the achieved
decoding thresholds, 8.2% for bit-flip noise model and 0.46%
for circuit-level noise model, are comparable to existing
matching-based color code decoders, the proposed approach
substantially improves sub-threshold logical error suppression.
Google utilized the neural network decoder AlphaQubit [244]
for logical memory and randomized benchmarking analyses,
and the Mobius matching decoder, called Chromobius, [263]
for magic state injection experiments in their implementation
of the color code on superconducting processors [98].

Several additional decoders have been developed to exploit
the relationship between color codes and simpler topolog-
ical code decoding problems. Kubica and Delfosse [264]
introduced the restriction decoder, which maps color codes
with d > 2 dimensions into multiple toric code decoding
subproblems. Numerical simulations under bit- and phase-flip
noise models with perfect syndrome extraction demonstrated
a threshold of approximately 10.2% for the two-dimensional
color code on the square-octagon lattice, comparable to the
threshold of toric codes on square lattice. Kung et al. [265]
introduced a BP-OSD decoder enhanced with quaternary re-
liability statistics for quantum topological codes, achieving a
threshold of approximately 15.42% for hexagonal planar color
codes. Berent et al. [266] reformulated color code decoding
problem as a variation of the classical LightsOut puzzle
and solved it using the MaxSAT optimization framework. In
this approach, syndrome constraints and candidate recovery
operations are translated into Boolean satisfiability constraints,
enabling the decoder to search for corrections and minimize
logical errors and achieve state-of-the-art numerical results for
color code decoding.

Recent studies have also examined color code decoding in
distributed and hardware-aware settings. Chandra et al. [267]
proposed a distributed implementation of the (6,6,6) color
code, in which multiple color code patches hosted on sepa-
rate QPUs are interconnected through entangled pairs. They
evaluated the robustness of the distributed structure using
both a tensor network decoder and a concatenated MWPM
decoder. Their simulation results showed that while the tensor
network decoder experiences a slight threshold degradation,
the concatenated MWPM decoder maintains nearly unchanged
thresholds, demonstrating robustness for distributed color code
architectures with noisy QPU interconnects. Google Quantum
Al scientists [183] introduced two circuits for color codes
based on superdense coding and a middle-out strategy to
reduce the performance gap between color codes and surface
codes. They further developed the Chromobius decoder, which
approximates the color code decoding problem as an MWPM
problem. Their evaluations demonstrated that the proposed
middle-out color code architecture achieved a TeraQuOp foot-



32

print of approximately 1,250 qubits, compared with roughly
650 qubits for surface codes decoded using correlated match-
ing. Although surface codes remain more resource efficient
in this comparison, the proposed circuits significantly reduce
the historical overhead gap between color codes and surface
codes.

Finally, color code variants tailored to biased noise can
benefit from local decoding rules. Miguel et al. [248] proposed
a CA decoder for the XYZ color code, a locally rotated
color code variant designed to exploit highly biased dephasing
noise. Because string-like logical operators are absent in the
high-bias regime, the decoder exhibits partially self-correcting
memory behavior, with memory lifetime scaling polynomially
with system size without requiring global decoding. Their
results demonstrated improved memory lifetime under realistic
biased noise conditions, highlighting the potential of local CA
decoders to reduce the bandwidth and computational demands
of global decoding in FTQC systems.

B. Decoding of gLDPC Codes

Unlike topological codes, qLDPC codes generally do not
possess a regular low-dimensional lattice structure. Instead,
they are represented by sparse Tanner graphs whose stabi-
lizer generators may have complex or non-local connectivity.
Therefore, decoding of qLDPC codes must operate directly on
the sparse parity-check structure rather than relying on pair-
wise syndrome matching. This subsection reviews representa-
tive qLDPC decoding algorithms, including BP algorithms,
code-specific algebraic and local decoders, clustering and
search-based methods, learning-based decoders, and hardware-
accelerated implementations.

1) Message-passing and BP-based Decoders: Belief prop-
agation combined with ordered-statistics decoding (BP+OSD)
has become a standard baseline for general purpose qLDPC
decoding problems [241]. BP exploits the sparse Tanner graph
structure through iterative message passing, while OSD pro-
vides a post-processing step that resolves residual inconsis-
tencies caused by degeneracy, short cycles, and convergence
failures. Although BP decoders remain dominant because of
their parallelism and low per-iteration complexity, the OSD
stage can become computationally expensive and difficult to
implement in low-latency hardware. Several recent variants
aim to preserve the hardware efficiency of BP while reducing
the reliance on the computationally expensive post-processing
stage. These include stabilizer inactivation (SI) [268], belief-
propagation guided decimation (BPGD) [269], [270], localized
statistics decoding (BP+LSD) [271], ordered Tanner forest
decoding (BP+OTF) [272], and Relay-BP [273]. Valentini
et al. [240] introduced Restart Belief, an iterative BP de-
coder inspired by branch-and-bound optimization, to mitigate
convergence limitations of conventional BP decoders while
preserving strong error correction performance. IBM Quantum
researchers introduced Relay-BP [273], a hardware-oriented
heuristic decoder for qLDPC codes that achieved roughly an
order-of-magnitude improvement in decoding accuracy over
BP+OSD while preserving the compactness, parallelism, and
computational efficiency of conventional BP decoders. Subse-
quent IBM research on the implementation of Relay-BP on
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an FPGA [274] demonstrated a BP iteration latency of only
24 ns and sub-microsecond average decoding latency per QEC
cycle for the Gross code. These results position Relay-BP as
a strong candidate for real-time decoding in FTQC systems.

2) Clustering and Search-based Decoders: Several code-
specific local and algebraic decoders exploit either the geomet-
ric locality or algebraic structure of qLDPC codes to improve
the decoding efficiency and accuracy of QECCs. Small-set-
flip (SSF) decoding [275] is a linear-time decoder originally
developed for HGP codes. Grospellier et al. [276] later ex-
tended this decoder by introducing a hybrid BP+SSF decoder
to improve performance for large code sizes. Connolly et
al. [277] proposed a fast decoder for erasure errors associated
with HGP codes, achieving O(N?) bit complexity, where N
denotes the code length, and further reduced the complexity to
O(N1®) in a probabilistic variant. Moreover, Gu et al. [278]
proposed a linear-time iterative decoder for quantum Tanner
codes”. Their decoder performs localized corrections within
constant-sized regions by iteratively minimizing an efficiently
computable local cost function that approximates the residual
error weight.

In recent years, clustering and search-based decoders have
also been developed to achieve favorable accuracy-latency
trade-off in qLDPC codes. Wolanski and Barber [280] intro-
duced the ambiguity clustering (AC) decoder and evaluated it
on BB codes. Their simulation results showed that AC can
be up to 27x faster than BP+OSD at comparable accuracy,
with a decoding latency of approximately 135 ps per round
for the gross code. Closed-branch decoding explores compact
branch structures and achieves performance comparable to
BP+OSD with substantially lower complexity on smaller BB
codes, although degradation has been observed for larger
instances [281]. Decision tree decoders [106] further exploit
sparse decision trees over fault additions; the heuristic variant
outperforms BP+OSD on the gross code, while the provable
variant can return minimum-weight recovery solutions.

IonQ researchers developed a beam search decoder for
qLDPC codes, demonstrating that IonQ’s trapped-ion archi-
tecture can support fault-tolerant decoding using conventional
CPU-based hardware without specialized accelerators [282].
Their decoder reduced the logical error rate by up to 17x
compared with BP+OSD, reduced the 99.9th percentile worst-
case runtime by 26 x, and achieved sub-millisecond decoding
latency on standard commercial CPUs. In addition, Google
Quantum Al researchers developed Tesseract, a most-likely
error (MLE) decoder based on A* search algorithm and
pruning heuristics [283]. Tesseract achieved significantly faster
decoding while maintaining competitive accuracy across sur-
face, color, and BB codes, and further demonstrated that the
gross code can provide 14x to 19x higher resource efficiency
than surface codes under MLE decoding, compared with 10x
improvement when using correlated matching and BP+OSD
decoders. The same research community [284] further opti-
mized the Tesseract decoder through several low-level software
and hardware-aware enhancements, including efficient mem-

79Quantum Tanner codes constitute a family of asymptotically good qLDPC
codes with constant encoding rate and linear distance, which provides single-
shot QEC [279].
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ory layouts, improved data structures, and bitwise operations.
Compared with the original Tesseract implementation, the
optimized variant achieved approximately 2x—5x simulation
speedups across multiple QECC families, particularly for
computationally demanding BB code instances. Furthermore,
MWPM-based [285] and UF-based [286] decoding algorithms
have also been adapted for qLDPC codes to exploit the
inherent efficiency, scalability, and low-latency characteristics
of these decoding paradigms.

3) Learning-based and Hardware-accelerated Decoders:
Machine learning decoders offer another promising direction
for qLDPC decoding, especially for graph-structured and
repetitive code families, such as BB codes. However, their
practical applications require careful handling of training cost,
dataset generation, uncertainty calibration, runtime predictabil-
ity, and robustness across code sizes and noise models. Gu et
al. [287] proposed Cascade, a convolutional neural network
decoder for qLDPC codes, which exploits geometric structure
in the underlying QEC lattice to achieve both high accuracy
and throughput. Cascade achieved up to 17x lower logical
error rates than existing QLDPC decoders and reached a logical
error rate near 10719 at a physical error rate of 0.1% for the
Gross code. Furthermore, the decoder exhibited a strong wa-
terfall regime®, indicating that the logical error rates required
for large-scale FTQC can be achieved with relatively modest
code sizes. In addition to improving decoding accuracy, Cas-
cade achieved several orders of magnitude higher decoding
throughput and generated calibrated confidence estimates that
can reduce the overhead of repeat-until-success fault-tolerant
protocols.

Gong et al. [288] introduced a hybrid BP+GNN decoder
in which that the GNN leverages information from preceding
BP iterations to improve the initialization of subsequent BP
runs, compensating for suboptimal BP behavior caused by
qLDPC graph structure. Maan and Paler [289] introduced
Astra, a scalable GNN decoder that demonstrated higher
decoding threshold and improved error correction performance
compared with BP+OSD for surface codes trained up to
distance-11 and BB codes trained up to distance-18. Further-
more, Blue et al. [290] proposed a recurrent transformer-based
neural network decoder for BB codes under the circuit-level
noise model. Their simulation results demonstrated nearly 5x
lower logical error rates than BP+OSD for the Gross code,
together with more consistent runtime behavior and an order-
of-magnitude reduction in worst-case decoding latency.

Hardware acceleration is essential for making qLDPC de-
coding compatible with real-time FTQC constraints. Maan
et al. [291] proposed graph augmentation and rewiring for
inference (GARI) for decoding of correlated errors in gLDPC
codes, which removes 4-cycles associated with correlated Y
errors to improve message-passing performance. Using nor-
malized min-sum and parallel ensemble decoding, it achieved
logical error rates as low as 6.70x 10~ for the distance-12 BB
code, while its FPGA implementation demonstrated an average
latency of only 273 ns per QEC round. Ferraz et al. [292]

80The waterfall regime refers to a rapid, often exponential, reduction in
logical error rates as the code size increases below the threshold.

developed a GPU-accelerated parallel BP decoder with latency
below 50 us, reaching 23.3 us for smaller codes. These results
satisfy the stringent timing requirements of superconducting
QEC cycles and outperform the sub-63 ps decoding latency
reported in Google’s Willow processor experiments.

Overall, qLDPC decoding is evolving from generic
BP+OSD baselines toward specialized, hybrid, and hardware-
aware decoders. BP decoders provide scalable message pass-
ing, code-specific decoders exploit algebraic or geometric
structure, search-based methods improve accuracy for finite-
size BB codes, learning-based decoders capture complex
circuit-level correlations, and FPGA/GPU implementations
address real-time latency. These complementary directions are
essential for realizing the low-overhead advantages of qLDPC
codes in practical FTQC architectures.

VII. BENCHMARKS AND SIMULATIONS

Benchmarking large-scale FTQC requires a systematic eval-
uation of how distributed quantum systems perform fault-
tolerant operations, including their ability to suppress errors,
execute logical operations, and scale under resource and con-
nectivity constraints. However, benchmarking in this context
remains challenging due to the lack of unified evaluation
metrics, heterogeneity of computing architectures, absence of
established DQEC benchmarks, and the limited metrics tai-
lored to DQC and HeDQC, which make fair, reproducible, and
architecture level comparisons challenging. In MQC, standard
evaluation metrics include the logical error rate Py, threshold
Dth, Tesource overhead (e.g., number of physical qubits and
gates), and space-time volume to capture the trade-off between
spatial and temporal resources [230].

Distributed quantum computing extends this benchmarking
landscape by introducing additional dimensions, in particular
communication dependent metrics, such as the number of
inter-QPU interactions, entanglement fidelity F.,,, entangle-
ment generation rate, entanglement routing overhead, and
communication latency. These metrics are essential because
distributed fault-tolerant operations depend not only on lo-
cal gate fidelity and code performance, but also on the
quality, availability, and timing of non-local entanglement
resources. Furthermore, HeDQC and vendor-specific met-
rics [28] broaden this evaluation space by metrics that capture
system-level metrics beyond HoDQC and cross-platform inter-
actions among distinct qubit modalities. Relevant system-level
metrics include modality utilization efficiency, cross-modality
entanglement fidelity, interface and transduction overhead, and
heterogeneous communication latency. Moreover, additional
factors, such as cross-platform logical error rates and syn-
chronization overhead across heterogeneous control systems
become critical for assessing overall system performance.
Collectively, these metrics reflect the intrinsic challenges of
integrating diverse qubit modalities while balancing com-
putation, communication, and control across heterogeneous
quantum technologies [141].

Several quantum computing companies currently provide
public cloud access to quantum processors through public,
subscription-based, or partner-access platforms. Representative
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examples include IBM Quantum processors (e.g., Heron r2,
Heron 13, and Nighthawk) accessible through Qiskit, Quantin-
uum trapped-ion systems (e.g., H2-1, H2-2, and Helios), IonQ
processors (e.g., Forte and Forte Enterprise), Rigetti super-
conducting processors (e.g., Cepheus-1-108Q and Ankaa-3)
accessible via pyQuil, D-Wave systems (e.g., Advantage2)
accessible via Ocean, and QuFEra neutral-atom processors
(e.g., Aquila) accessible via Amazon Braket®'. Recent modular
hardware demonstrations, such as Rigetti’s Cepheus-1-108Q
processor and IBM’s experiments on BB code, illustrate the
growing relevance of multi-chip and multi-module architec-
tures for scaling quantum systems. However, despite the
increasing availability of quantum cloud, practical limitations
motivate the development of quantum simulation tools and
software libraries. Current quantum processors typically im-
pose restrictions on execution time, shot count, queue priority,
and the number of accessible physical qubits, which limits the
execution of application-scale algorithms. Moreover, end users
generally have limited control over hardware topology, noise
processes, and time-dependent calibration drift. Therefore,
simulation tools play a critical role in quantum computing
research, idealized circuit verification, custom noise modeling,
and reproducible benchmarking.

Simulation, compilation, and benchmarking tools for large-
scale FTQC can typically be categorized into three classes.

Dedicated quantum programming languages: This class
consists of dedicated quantum programming languages, often
referred to as standalone languages, such as Scaffold [304],
Q# [305], Qrisp [306], isQ [307], and QI|SI) [308]. These
languages provide high-level abstractions for quantum algo-
rithms and, in some cases, resource estimation and compila-
tion. However, their adoption is often limited by the need to
learn new syntax, semantics, and programming paradigms that
differ from conventional classical programming languages.
At a lower abstraction level, quantum assembly languages
(QASM), such as OpenQASM [309], eQASM [310], and
NetQASM [311], serve as intermediate representations for
hardware-level execution within the compilation stack.

Quantum software development kits (SDKs): This class
comprises quantum software development kits embedded in
widely used classical programming environments, including
Qiskit [294], Cirg®*, Bloqade®®, and Qulacs [301], which
allow users to design, transpile, simulate, and execute quan-
tum circuits using classical programming languages such as
Python. These SDKs are widely used because they integrate
circuit design, backend access, noise modeling, transpilation,
visualization, and hybrid classical-quantum workflows within
familiar software ecosystems.

Specialized FTQC analysis and benchmarking tools:
This class includes specialized tools targeting specific layers of
the fault-tolerant stack to support technical analysis. Stabilizer

81 Amazon Braket, launched by AWS in 2020, is the largest multi-vendor
quantum cloud at the time of writing that provides cloud-based access
to quantum hardware across multiple modalities, simulators, and hybrid
classical-quantum workflows.

82https://github.com/quantumlib/Cirq

83 https://github.com/QuEraComputing/blogade
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simulators, such as Stim®*, enable efficient simulation of

large Clifford circuits and are particularly important for QEC
and decoding studies. Resource estimation and fault-tolerant
analysis frameworks, such as Qualtran® [295], support high-
level evaluation of algorithmic and architectural overhead.
Other tools target different requirements, for instance,
tgec®® [312] developed for topological QEC, Crumble®
introduced for error propagation analysis, Sinter®®, gecsim®’,
QTop™, PanQEC®', Plagette®*, and ECCentric [313] proposed
for QEC simulation and benchmarking, and NetSquid®® [296]
designed for distributed quantum-networked simulations.

Table XI presents a feature-oriented comparison of rep-
resentative tools for FTQC design and analysis in terms of
several functional layers, including circuit level (CL) simula-
tion, quantum error correction (QEC), error mitigation (EM),
decoding (DEC), and distributed quantum computing (DQC),
noise model (NM) support, fault-tolerant (FT) execution. The
comparison highlights the diversity of simulation methods and
implementation technologies that illustrate the rapidly evolv-
ing FTQC toolchains. Simulation methods refer to the classical
computational techniques used to emulate the quantum state
evolution, quantum circuits, and noisy quantum processes
under different assumptions about state representation, noise
modeling, circuit structure, and scalability. These methods
are usually inherited from classical numerical linear algebra,
stabilizer formalism, graph theory, tensor contraction, proba-
bilistic sampling, and statistical simulation. Several classical
methods are typically utilized to model quantum systems in
quantum simulators, as outlined below. Each method provides
a distinct trade-off among accuracy, computational cost, and
applicability, making it suitable for different layers of FTQC
analysis.

o Statevector simulation: represents an n-qubit pure state
as a complex amplitude vector of dimension 2" and
updates the state through matrix vector operations. It
provides exact simulation of ideal quantum circuits, but
its memory and runtime scale exponentially with the
number of qubits.

o Density matrix simulation: represents quantum states by a
2™ x 2™ density operator, thereby supporting mixed states
and general quantum channels. This makes it suitable
for detailed noise modeling, but its memory complexity
scales as O(4™), making it substantially more costly than
statevector simulation.

o Stabilizer simulation: exploits the Gottesman—Knill the-
orem and represents Clifford circuits through stabilizer
generators rather than full quantum state vectors. This
enables efficient simulation of large Clifford circuits

84https://github.com/quantumlib/Stim?utm_source=chatgpt.com

85https://github.com/quantumlib/Qualtran

86https://github.com/tqec

87https://algassert.com/crumble

88 https://github.com/quantumlib/Stim/wiki/Sinter-v1.
13-Python- API-Reference

8 https://github.com/qecsim/qgecsim

9Ohttps://github.com/jacobmarks/QTop

9https://github.com/pangec/pangec

9https://github.com/qubit-ulm/ProtoPlagette

9 https://github.com/ccicconetti/netsquid
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TABLE XI: Comparison of representative tools for fault-tolerant quantum computing analysis and design

Tool Type Developer Features Implementation Simulation

Language Method

CL QEC DEC EM NM DQC FT

Stim [293] Simulator Google v v X X v X v Python/C++ Stabilizer
Qiskit (Aer) [294]1 SDK IBM v v X v v X X Python/C++ Statevector
Qualtran [295] Library Google v v X X X X v' Python Analytical
NetSquid [296] Simulator QuTech X X X X v v X Python Discrete-event
Mitiq [297]° Library Unitary Fund v/ X X v X X X Python Sampling
Sinter [298] Library Google v v v X v X v" Python Monte Carlo
TKET [299]* Compiler Quantinuum v v X v v X v' Python/C++ Compilation
AQRET [300] Framework Microsoft v v X X X X v' Python/Q# Analytical
Cirq SDK Google v v X v v X X Python Statevector
ABS°'*® Library Amazon v v X v v X X Python Tensor network
CUDA-Q*® Framework NVIDIA v v X v v v X Python/C++ Tensor network
Qulacs [301]% Simulator ~ Qulacs Team® v v X X v X X Python/C++ Statevector
qecsim® Simulator EQUSD v v v X v X v" Python Monte Carlo
SeQUeNCe [302]h Simulator Argonne Lab X X X X v v X Python Discrete-event
PECOS* Library Quantinuum v v v X v X v" Python Stabilizer
Tsim [303]‘ Simulator QuEra v v X X v X v Python/JAX ZX-calculus®

TAQRE: Azure Quantum Resource Estimator; °ABS: Amazon Braket simulators; °Qulacs Team: QunaSys, Osaka University, NTT, and Fujitsu; DEQUS:
Australian Research Council Centre of Excellence for Engineered Quantum Systems.

1: https://github.com/Qiskit/qgiskit-aer; *: https://github.com/Quantinuum/tket; §: https://github.com/unitaryfoundation/mitiq;

&: https://github.com/amazon-braket/amazon- braket-default- simulator-python; A: https://github.com/NVIDIA/cuda-quantum;

#: https://github.com/qulacs/qulacs; e: https://github.com/qecsim/qecsim; f: https://github.com/sequence-toolbox/SeQUeNCe;

&: https:/github.com/PECOS-packages/PECOS; ¢: https://github.com/QuEraComputing/tsim

®: ZX-calculus is a diagrammatic formalism and an alternative way to represent quantum states, circuits, and elements using spiders, equipped with a set of
rewrite rules. QuEra is developing PPVM simulator as an extended version of Tsim, supporting atom loss and the next generation of FTQC.

with Pauli noise models, making stabilizer simulation
particularly useful for QEC and FTQC analysis.

e Tensor network simulation: represents quantum states or
circuits as networks of tensors and evaluates them through
tensor contraction. This exploits limited entanglement,
low circuit depth, or favorable circuit geometry to sim-
ulate structured quantum circuits that are infeasible for
full statevector simulation.

e Monte Carlo and sampling-based techniques: approxi-
mate noisy quantum processes through repeated random-
ized trials, quantum trajectories, stochastic error realiza-
tions, or error sampling. These methods provide a prac-
tical approach for estimating output distributions, logi-
cal error rates, decoder performance, and fault-tolerant
thresholds under probabilistic noise models.

Given the critical role of decoding in FTQC, both academic
and industrial communities have developed a broad range
of simulation tools and software packages for implementing,
modeling, and benchmarking decoding algorithms. Represen-
tative tools are summarized in Table XII, which compares
their decoding families, implementation languages, hardware
compatibility, and developers. Several open-source repositories
provide implementations of MWPM and other matching-based
decoders, including PyMatching94 [314], Fusion Blossom®,
and Chromobius [263]. Moreover, Qsurface’® is a Python-

94The latest version of PyMatching incorporates the sparse blossom solver.
9 https://github.com/yuewuo/fusion-blossom
9https://github.com/watermarkhu/qsurface

based framework for union-find decoding, while the LDPC
package’” includes message-passing and post-processing de-
coders, such as BP+OSD and BP+LSD, for qLDPC codes.
Tensor network decoding is supported by SweepContrac-
torjI°’®, and cellular automata decoders are represented by
Sweep-Decoder-Boundaries®, which implements the sweep
rule, and LocalToricDecoder'®, which is based on Toom’s
rule. Machine learning decoders include neural network de-
coder'™!, deep neural decoder'®?, Ising103, and a dedicated
neural network decoder for color codes!®. Furthermore, an
open-source MaxSAT-based decoder has been developed as
part of the Munich quantum toolkit (MQT)!%. These tools
differ not only in their underlying decoding algorithms, but
also in their programming languages and hardware targets,
ranging from CPU-friendly to GPU-friendly decoders.

VIII. STRATEGIC ROADMAPS TOWARD FTQC

Leading quantum enterprises have released compre-
hensive, multi-layered roadmaps for the transition from

9https://github.com/quantumgizmos/ldpc

9 https://github.com/chubbc/SweepContractor.jl
Phttps://github.com/Mike Vasmer/Sweep-Decoder-Boundaries
100htps://github.com/kduivenvoorden/Local ToricDecoder

10T https://github.com/Krastanov/neural-decoder
102https://github.com/pooya- git/DeepNeural Decoder
103https://github.com/NVIDIA/ising-decoding
104https://github.com/baireuther/neural_network_decoder
105https://github.com/munich-quantum-toolkit/qecc
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TABLE XII: Representative decoding tools and frameworks for QEC

Decoding Tool Decoding Family Language Hardware Compatibility Developer
PyMatching v.2 MWPM Python/C++ CPU Oscar Higgott

Fusion Blossom MWPM Rust One- or Multi-core CPU  Yue Wu
ProtoPlagette MWPM, Lookup Python CPU UU & FI*

Qsurface MWPM, UF, UFNS® Python One- or Multi-core CPU  Academic Community
MQTT-QECC UF, MaxSAT Python CPU Academic Community
Local Toric Decoder Cellular Automata Python One- and Multi-core CPU  Kasper Duivenvoorden
Sweep Decoder Boundaries Cellular Automata (CA) C++ One- and Multi-core CPU  Michael Vasmer
LDPC v.2 UE, MP, BP+OSD, BP+LSD, BF® Python/C++ CPU Joschka Roffe

Sweep Contractor.jl Tensor Network Julia CPU Christopher T. Chubb
Neural Network Decoder Machine Learning Python GPU Stefan Krastanov
Deep Neural Decoder Machine Learning Python GPU Pooya Ronagh
Tesseract Search-based Python & C++ CPU Google Quantum Al
Ising Machine Learning Python & CUDA-Q GPU NVIDIA
Chromobius Matching-based Python/C++ One- or Multi-core CPU Google Quantum Al

UU & FJ: Ulm University, Forschungszentrum Jiilich; °UFNS: Union-Find Node-Suspension; TMQT: Munich Quantum Toolkit; °BF: Belief-Find.

noisy intermediate-scale quantum (NISQ) processors to-
ward intermediate-scale quantum (ISQ), utility-scale quan-
tum (USQ), and ultimately FTQC systems. As illustrated
in Figure 17'%, these roadmaps no longer project solely
qubit counts. Instead, they detail key architectural considera-
tions, including logical qubits, fault-tolerant logical operations,
real-time decoding, modular implementation, and integration
with high-performance computing (HPC) infrastructures [26].
These roadmaps can also be interpreted by examining how
each company views the role of QEC in enabling FTQC and
how deeply QEC is embedded within its long-term technology
strategy. Riverlane categorized quantum computing companies
into five categories based on their level of engagement with
QEC, (i) not pursuing, i.e., no visible QEC activity, (ii)
nascent, i.e., exploring basic error mitigation while outlining
an initial QEC roadmap, (iii) prioritization, i.e., establishing
a structured QEC strategy, publishing research, and recruiting
domain experts, (iv) implementation, i.e., actively developing
and integrating QEC into their systems, and (v) differentiation,
ie., treating QEC as a central strategic focus and a key
competitive advantage [68].

Although these industrial roadmaps differ in hardware
modality, scaling strategy, and error correction approach, they
share a common objective, the transition from noisy physical
qubits to reliable logical qubits capable of supporting fault-
tolerant execution. To clarify these differences, we organize
representative company roadmaps according to their dominant
physical platforms as follows.

A. Superconducting Qubit Roadmaps

IBM Quantum outlines a tightly structured, architecture-
driven roadmap based on modularity to deliver an error-
corrected quantum system, called Starling, by 2029 and enable
practical FTQC access to users by the end of the decade.

106This figure is not intended to provide an exhaustive list of quantum
computing companies with published roadmaps, nor does it include all
organizations actively pursuing FTQC without publicly disclosed plans.

In 2025, IBM focused on the Loon architecture to demon-
strate a quantum memory based on BB codes, including ~50
data qubits and implementation of C-couplers. In 2026, this
progression is followed by the Kookaburra processor, which
introduces a complete module comprising a logical processing
unit and quantum memory, while targeting real-time decoding
and improved logical qubit coherence time. In 2027, the
Cockatoo processor is expected to enable inter-module en-
tanglement via quantum interconnects, demonstrating scalable
modular coupling (i.e., M- and l-couplers) and distributed
logical operations. By 2028, an early Starling system will in-
tegrate multiple modules to realize a fault-tolerant instruction
set architecture (ISA), including key primitives such as magic
state distillation [79]. These developments culminate in a fully
fault-tolerant Starling system by 2029, targeting approximately
100 million fault-tolerant operations on around 200 LQs,
with further scaling toward billion gates and thousands of
logical qubits in the Blue Jay architecture envisioned for the
2033+ timeframe [24]. In parallel, IBM pursues near-term
quantum advantage by end of 2026 through modular platforms
such as Quantum System II'" and improved processors (e.g.,
Heron and Nighthawk), bridging the gap between NISQ-era
and fully fault-tolerant architectures. As part of its roadmap,
IBM announced in May 2026, in collaboration with the U.S.
Department of Commerce, the establishment of Anderon, the
first purpose-built quantum foundry in the United States. This
initiative aims to enable industrial-scale fabrication of quan-
tum hardware and support a broader ecosystem of quantum
technology providers beyond IBM.

Google Quantum Al follows a QEC-driven roadmap toward
large-scale FTQC based on superconducting processors and
surface code error correction. Its roadmap is structured around
six technical milestones that progress from physical qubit
demonstrations to scalable logical systems in the late 2020s
and beyond. The first two milestones have already been

107IBM classifies its quantum processors into two generations, i.e., Quan-
tum System I, monolithic processors such as Condor and Osprey, and Quantum
System II, modular architectures such as Heron.
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achieved through the demonstration of quantum supremacy on
the Sycamore processor in 2019 [176] and the experimental
validation of logical error suppression and below-threshold
operation on the Willow processor in 2023 [175]. The subse-
quent milestones focus on realizing long-lived logical qubits,
for which partial progress has already been demonstrated, and
on implementing fault-tolerant logical gates via lattice surgery
and magic state distillation. Beyond 2028, its trajectory targets
scaling the number of logical qubits from 10% to 10, while
reducing the logical error rate from 1076 to 10713,

Rigetti Computing follows a hardware-centric roadmap,
specifically chiplet-based architectures. Its strategy prioritizes
the modular tiling of smaller processors, improvements in
two-qubit gate fidelity, and inter-module connectivity as pre-
requisites for scalable quantum systems. Rigetti’s modular
design trajectory began with the Aspen 80-qubit chip family,
which relies on fixed coupler architectures, followed by the
Ankaa 84-qubit architecture based on tunable couplers. Rigetti
also introduced Novera, a commercially available 9-qubit chip
featuring a median two-qubit gate fidelity of approximately
99.5% and a median single-qubit gate fidelity of 99.93%.
A major step in Rigetti’s modular roadmap is Cepheus-1-
108Q'%®, a 108-qubit modular multi-chip processor comprising
a 3 x 4 array of twelve interconnected Novera chiplets based
on tunable-coupler technology. Rigetti’s near-term milestone
targets a 150+ qubit chiplet with two-qubit gate fidelity of
almost 99.7% by around the end of 2026, followed by a
1,000+ qubit system with an anticipated median two-qubit
gate fidelity of approximately 99.8% by around the end of
2027. Beyond increasing chiplet size and density, Rigetti
plans to scale its modular architecture through passive carrier
substrates and multi-chip packaging, aligning its roadmap with
broader FTQC strategies based on modular integration and
scalable interconnects.

B. Trapped-ion Roadmaps

Quantinuum outlines an accelerated, hardware—software co-
designed roadmap toward universal FTQC by 2030, building
on the progress of its H-Series processors. In November
2025, Quantinuum introduced Helios'®, a 98-qubit trapped-
ion processor based on the quantum charge-coupled device
(QCCD) architecture. Helios supports 98 physical qubits and
~ 48 logical qubits''?, with logical error rates on the order
of < 10~*. Helios achieves average two-qubit and single-
qubit gate fidelities of approximately 99.921% and 99.9975%,
respectively.!'!. Quantinuum further targets the development
of the Sol processor by 2027, aiming for 192 physical qubits
in a two-dimensional QCCD architecture while further sup-
pressing logical error rates to approximately P, ~ 107°. By
2029, the Apollo system is expected to extend this trajectory to

108Cepheus-1-108Q has been available through Rigetti Quantum Cloud
Services (QCS) and Amazon Braket since April 2026, and has also been
accessible through the Open Quantum platform since May 2026.

109 Helios is based on barium-ion qubits rather than ytterbium-ion qubits,
in which ions can be manipulated using visible light lasers.

10ts physical-to-logical qubit ratio is 2:1.

" Quantinuum announced the deployment of Helios in a new Singapore
R&D center in March 2026.

~ 1000s physical qubits with improved logical error rates of
P, < 1075, thereby supporting more complex error-corrected
computations [177].

IonQ follows a performance- and scalability-driven roadmap
toward FTQC, leveraging high-fidelity trapped-ion gates, all-
to-all connectivity, and modular architectures. Its roadmap
progresses from the Forte Enterprise system, with 36+ phys-
ical qubits and approximately 99.6% physical qubit fidelity
in 2024, to the Tempo architecture, with 64 — 100+ physical
qubits in 2025 and achieving an algorithmic qubit milestone of
#AQ 64. By the end of 2026, IonQ targets 100—256+ physical
qubits based on an EQC system''?, with logical error rates
below 10~ 7. In October 2025, IonQ reported the world record
for two-qubit gate fidelity of almost 99.99%. In the longer
term, IonQ envisions scaling through photonic interconnects
and multi-core architectures, targeting approximately 2 x 10°
physical qubits, 8,000 logical qubits, and logical error rates
below 10712 by 2029, ultimately aiming to enable large-scale
fault-tolerant computation [282].

C. Neutral-atom Roadmaps

QuEra follows an architecture-driven roadmap toward com-
mercially valuable fault-tolerant computing based on neutral-
atom platforms. It launched Aquila on Amazon Braket in
November 2022 as the world’s first publicly available neutral-
atom quantum computer. Aquila is a 256-qubit analog Rydberg
quantum processor and has maintained approximately 99.9%
uptime on Amazon Braket for more than three years [315].
QuEra subsequently introduced Gemini, described as the
world’s first on-premises neutral-atom logical quantum com-
puter, with 260 physical qubits and a two-qubit gate fidelity
of approximately 99.5%, which was installed at AIST in
Japan in 2025 [82]. In parallel, QuEra reported two-qubit gate
fidelities of 99.96% using loss post-selection and 99.74% over
a large zone involving many qubits. Looking ahead, QuEra’s
roadmap envisions the launch of Libra, a MegaQuOp system
expected to be accessible through Amazon Braket by 2028.
Libra is projected to scale to > 10,000 physical qubits and
up to 256 logical qubits, with a logical error rate of < 1076,
The roadmap further emphasizes continuous operation, magic
state generation [316], accelerated decoding [245], and re-
duced space-time overhead'!? as key requirements for a next-
generation GigaQuOp architecture. This longer-term system
is expected to include > 20,000 physical qubits and more
than 1,000 logical qubits, with a logical error rate of < 1077,
thereby supporting increasingly large and commercially rele-
vant fault-tolerant workloads.

Infleqtion follows a neutral-atom, full-stack roadmap to-
ward utility-scale FTQC, centered on its Sgale platform.
The roadmap is organized around three major milestones.
Infleqtion targets an error-corrected system with more than 30
logical qubits, approximately 4, 000 physical atoms, and gate

12E]ectronic qubit control (EQC) replaces laser-based qubit control with
microwave and radio frequency electronic fields delivered through CMOS
integrated ion-trap chips, making trapped-ion systems potentially easier to
scale and integrate.

13QuEra introduced ultra-high rate QECCs with an encoding rate of 1/2
on reconfigurable atom arrays [317].
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Fig. 17: Industrial roadmaps toward large-scale FTQC.

fidelities around 99.90%, enabled by optimized compilation
of fault-tolerant circuits, individual qubit addressing, and dy-
namic reconfigurable structure by the end of 2026. Infleqtion
roadmap envisions reaching an inflection point with more than
100 logical qubits, > 1000 physical qubits, and gate fidelities
around 99.95%, supported by exponential speed-up demon-
strations and real-time atom reloading. The roadmap further
emphasizes utility-scale operation with more than 1,000 log-
ical qubits, > 100,000 physical qubits, and gate fidelities
exceeding 99.99%, enabled by soft-decoding enhancements
and large-scale advanced photonic beam steering. Beyond
these system-level targets, Infleqtion’s roadmap emphasizes
a full-stack neutral-atom strategy that integrates hardware-
aware software, QEC-enabling architectures, high-fidelity en-
tangling gates, atom transport, and resource estimation. Recent
progress includes the release of resource-superstaq, an open-
source architecture-level resource estimation tool, together
with advances in dual-species rubidium—cesium entangling
gates, gate-design theory, and scalable optical atom transport.
These developments are intended to reduce resource overhead,
improve magic state generation, support fast in-place syn-
drome extraction, and enable scalable fault-tolerant operation.
In this roadmap, the combination of individual addressing,
dynamic atom-array reconfiguration, real-time atom reloading,
and photonic beam steering provides a pathway toward large
neutral-atom systems capable of supporting commercially rel-
evant FTQC workloads.

D. Photonic Qubit Roadmapds

PsiQuantum adopts a fusion-based photonic roadmap to-
ward large-scale FTQC, targeting a utility-scale system in the
late 2020s. Its approach is based on silicon photonics, wafer-
scale fabrication, and integrated optical circuits, which targets

scaling to millions of physical qubits from the outset. Early
milestones focus on optical loss reduction, high-efficiency
photon sources and detectors, with efficiencies > 99%, and
highly integrated optical circuits, supported by semiconduc-
tor manufacturing at scale. The subsequent phase aims to
assemble these components into modular, error-corrected ar-
chitectures comprising ~ 105 — 107 physical qubits, enabling
~ 103 — 10* logical qubits. Ultimately, PsiQuantum seeks
to realize a fully fault-tolerant system capable of executing
application-scale quantum algorithms with logical error rates
below 109 [63].

E. Silicon and Topological Qubits Roadmaps

Microsoft Quantum outlines a topological qubit-driven
roadmap based on hardware-level error protection using Ma-
jorana zero modes in hybrid semiconductor—superconductor
devices such as InAs/Al nanowires (i.e., indium ar-
senide/aluminum nanowires). Microsoft aims to realize intrin-
sically protected qubits that could reduce the overhead required
for FTQC, instead of relying solely on conventional physical
qubits protected by high overhead QECCs. Its roadmap is
structured across three-level measures, i.e., foundational (i.e.,
noisy qubits), resilient (i.e., reliable logical qubits), and scale
(i.e., scalable quantum systems). Following recent demonstra-
tions regarding Majorana mode control on the Majorana 1
processor in February 2025, Microsoft’s roadmap focuses on
improving system fidelity and scaling toward multi-qubit topo-
logical processors. This materials- and physics-driven roadmap
is tightly integrated with the Azure Quantum stack, targeting
a quantum supercomputer capable of supporting millions of
reliable qubits with projected error rates below 10~'2 and high
operational throughput.
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Intel follows a manufacturing-driven roadmap based on
silicon spin qubits fabricated using CMOS-compatible pro-
cessors. Early milestones include the development of research
processors such as Tunnel Falls, a 12-qubit silicon spin
chip, for device validation and benchmarking, along with
demonstrations of high-yield qubit fabrication on 300-mm
wafers. Intel’s longer-term roadmap focuses on improving
qubit uniformity, coherence, and two-qubit fidelity while scal-
ing through tile-based architectures that can be manufactured
and interconnected using semiconductor techniques. This strat-
egy is complemented by the integration of cryo-CMOS control
electronics such as Horse Ridge, enabling a transition toward
the million-qubit era, where quantum processors act as spe-
cialized accelerators within a hybrid classical-quantum stack.
In parallel, Intel advances co-designed classical-quantum sys-
tems to support real-time control and decoding.

Overall, industrial roadmaps toward FTQC indicate a broad
shift from physical qubit scaling toward logical qubit quality,
logical error suppression, and fault-tolerant operation depth.
While each modality follows a distinct scaling pathway, sev-
eral cross-modality solutions are identified. For instance, QEC
is increasingly treated as a core architectural requirement,
modularity has become a dominant scaling principle, real-time
decoding and classical-quantum co-processing are becoming
integral to FTQC development. While the stated timelines
and performance targets should be interpreted as strategic
projections rather than guaranteed outcomes, these roadmaps
collectively indicate convergence toward error-corrected, mod-
ular, and full-stack architectures for large-scale FTQC.

IX. OPEN CHALLENGES AND RESEARCH DIRECTIONS FOR
SCALABLE FTQC

Despite substantial progress in quantum hardware, QECCs,
decoding algorithms, and classical-quantum platforms, the
realization of large-scale FTQC remains a full-stack challenge.
Practical FTQC requires not only low physical error rates
and high-quality logical qubits, but also scalable architectures,
efficient interconnects, real-time decoding, classical-quantum
collaboration, and hardware-aware compilation. In alignment
with the structure of this survey, we classify the major open
challenges into five interrelated domains, i.e., fault-avoidance
and architecture-aware design, fault-tolerant implementations,
execution-time error containment, post-processing and hybrid
classical-quantum integration, and modality-specific manufac-
turing and deployment constraints.

A. Fault Avoidance and Architecture-aware Design

Fault-avoidance strategies aim to proactively reduce the
probability of error occurrence before errors occur or prop-
agate during computation by leveraging noise resilient hard-
ware, noise-aware control and calibration, hardware adopted
code construction, and architectural optimizations. Despite
significant advances, the realization of utility-scale FTQC
remains constrained by incomplete noise characterization,
limited control of microscopic error mechanisms''*, hardware

U4 This stems from the limited understanding of quantum dynamics and
control of complex cause-and-effect relationships within quantum systems.

limitations at subatomic scales, and challenges associated with
architectural scalability. These limitations are further exacer-
bated in DQC, where inter-QPU communication overhead,
heterogeneous hardware characteristics, and cross-platform
features introduce additional factors and constraints [31].

e Modular and heterogeneous quantum architectures

Although modular architectures are increasingly viewed as
a promising paradigm toward scalable quantum computing,
heterogeneous DQC further enables the integration of diverse
qubit modalities to employ the unique feature of each platform.
HeDQC can be configured not only to exploit the unique
strengths of different qubit modalities for specific compu-
tational tasks, but also to mitigate the limitations of each
modality through complementary capabilities of others within
the same computational fabric. However, modular and HeDQC
systems introduce a new design space in which scalability
is determined not only by qubit count, but also by com-
munication efficiency, inter-module entanglement generation,
calibration compatibility, and control integration. Heterogene-
ity further complicates system design due to incompatible
control electronics, calibration complexities, timing and clock
mismatches, diverse noise characteristics, and inconsistent
coherence times. In addition, high fidelity, low latency, and
noise resilient module-to-module couplers remain underde-
veloped, particularly for communication across distinct qubit
modalities [28].

Several research directions can address the aforementioned
challenges. First, architecture-aware role assignment is re-
quired to to find the maximum match between underlying
HeDQC features and each quantum task’s requirements. Sec-
ond, unified programming, control, and calibration abstractions
are required to hide device-specific and modality-specific
complexity while still exposing hardware-relevant constraints
to compilers and schedulers. Third, efficient quantum trans-
ducers, chip-to-chip couplers, and interconnects are essen-
tial for cross-modality communication. Finally, standardized
cross-platform error models and performance metrics are
required to evaluate trade-offs among conversion overhead,
communication cost, logical fidelity, latency, and scalability.
Future HeDQC systems will therefore require tight hardware—
software co-design, standardized interfaces, and prototype
level benchmarking methodologies that evaluate both local
quantum performance and distributed system behavior [21].

B. Fault-Tolerant Implementation Challenges

Fault-tolerant implementation requires the reliable realiza-
tion of quantum memories, logical gates, syndrome extraction,
decoding, and inter-QPU communication under strict noise
and latency constraints. Fault-tolerant memories address code
distance, QEC overhead, threshold requirements, coherence
time, and compatibility with the underlying hardware topology.
Fault-tolerant logical operations prevent uncontrolled error
propagation during computations. These implementations in-
troduce substantial redundancy in terms of ancilla qubits,
additional gates, repeated syndrome extraction, and classi-
cal post-processing, which increases circuit depth, latency,
and exposure to decoherence. In distributed architectures,
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these challenges extend beyond local QEC cycles. Logical
operations may require non-local gates, distributed stabilizer
measurements, or entanglement-assisted teleportation between
QPUs. Therefore, the cost and reliability of FTQC depend
strongly on the number of inter-QPU links, the physical or
optical distance between modules, the fidelity of distributed
entanglement, and the scheduling strategy used to coordinate
remote operations [49].

¢ Entanglement distribution and connectivity constraints

The realization of FTQC in distributed architectures is
fundamentally constrained by connectivity features between
QPUs, such as inter-QPU connectivity, spatial distance be-
tween QPUs, and entanglement distribution mechanisms,
which are exacerbated in HeDQC platforms. Distributed
FTQC depends on the generation, distribution, purification,
and consumption of high-fidelity entangled states across
QPUs. Even when distance is short, excessive reliance on non-
local operations can substantially increase latency and resource
overhead. Reducing inter-QPU communication is therefore
essential for improving scalability. Although small multipartite
entangled states, such as a GHZ state, can be combined to
form larger ones through techniques such as fusion-retain-
only (FRO) and general fusion (GF), these processes must be
carefully integrated with entanglement purification protocols
and entanglement swapping mechanisms to preserve high
fidelity and avoid noise accumulation [154].

Addressing these limitations requires coordinated ad-
vances across connectivity, distance-aware distribution, and
communication-aware compilation. The logical qubit alloca-
tion across QPUs can be formulated as a graph partitioning or
min-cut problem, where qubits and interactions are represented
as vertices and edges, respectively. Classical algorithms such
as Ford-Fulkerson, Edmonds—Karp, as well as global min-
cut approaches, including Stoer—Wagner, and Karger—Stein,
can help identify communication bottlenecks and optimize
qubit allocation. These methods can be complemented by
machine learning heuristics, graph neural networks, and re-
inforcement learning to adapt partitioning and routing de-
cisions under dynamic hardware constraints. Distance-aware
protocols should further incorporate adaptive routing, loss-
aware scheduling, and entanglement purification to mitigate
fidelity degradation over long distances. Moreover, scalable
entanglement distribution frameworks are required to support
both pre-distributed and on-demand distribution among QPUs.
Graph-state representations provide a flexible foundation for
constructing multipartite entangled states across distributed
systems, where intermediate qubits facilitate entanglement
propagation; however, noise accumulation in multi-step entan-
glement generation must be carefully controlled. Ultimately,
distributed FTQC requires entanglement routing frameworks
that account not only for the availability of entanglement re-
sources, but also for their fidelity, coherence, and compatibility
with the required logical operations [17].

C. Execution-time Error Containment and DQEC

Execution-time error containment focuses on measures ap-
plied during gate execution, syndrome extraction, mid-circuit
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measurement, reset, feedforward, and real-time system evolu-
tion. Although QECCs discretize and correct errors through
repeated stabilizer measurements, their practical effectiveness
depends on gate fidelities, syndrome extraction scheduling,
decoding, and feedforward latency. Therefore, operation-time
error containment depends not only on physical gate fidelity,
but also on the temporal coordination of quantum operations,
classical processing, and control feedback [3].

¢ DQEC code design for distributed architectures

The transition from MQC to DQC necessitates the redesign
of FTQC primitives, particularly distributed QEC codes. In
distributed settings, error suppression, syndrome extraction
circuits, and correction mechanisms must be carefully parti-
tioned and executed across multiple QPUs while preserving
fault tolerance guarantees. This introduces a fundamentally
new design paradigm in which code blocks can be imple-
mented as fully local, fully distributed across several QPUs,
or hybridized such that only selected stabilizer generators or
logical operations require inter-QPU communication. Beyond
code block distribution, distributed syndrome extraction and
decoding further complicate system design. These challenges
are exacerbated in large-scale systems, where increasing code
complexity and stringent real-time error correction impose
significant demands on communication, synchronization, and
computational resources [210].

Despite recent progress, several limitations hinder the effi-
cient deployment of DQECCs. A primary bottleneck is the
implementation of non-local stabilizer measurements. Such
measurements often require entanglement distribution, tele-
portation, or remote parity checks, all of which introduce
additional error channels, latency, and resource overhead.
Moreover, mismatches between code geometry and hardware
connectivity can increase the number of remote operations, de-
grade load balancing, and reduce the effective threshold. These
challenges become more severe in HeDQC systems, where
different QPUs may have distinct noise models, operation
latency, and measurement mechanisms. Moreover, distributed
and hierarchical decoding and syndrome extraction schedul-
ing remain unresolved challenges. Distributed and parallel
decoders can reduce latency, but they must exchange boundary
information among QPUs and maintain consistency across lo-
cal decoding decisions. Machine learning decoders, including
neural network and reinforcement learning approaches, may
capture complex spatiotemporal error correlations and adapt to
nontrivial noise models, but their generalization, interpretabil-
ity, hardware efficiency, and code family dependence remain
open issues [289].

These limitations also highlight several open challenges in
DQEC code design. Future work on DQEC should focus on
architecture-aware QECC constructions that explicitly account
for QPU topology, interconnect constraints, communication
latency, and decoding algorithms. Communication-efficient
syndrome extraction scheduling must be developed to mini-
mize non-local stabilizer measurements while preserving fault-
tolerance thresholds. Adaptive qubit allocation, code partition-
ing, and load-balancing strategies can reduce inter-QPU traffic
and improve resource utilization. Dynamic and reconfigurable
QECCs, whose parameters or layouts adapt to hardware fea-
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tures, noise bias, or workload requirements, are especially
promising for heterogeneous architectures. Finally, distributed
decoding must be co-designed with hardware accelerators such
as FPGAs, GPUs, and ASICs to meet real-time feedback
deadlines in large-scale FTQC systems [231].

D. Post-Processing and Error Mitigation

Post-processing and error mitigation include a class of
classical techniques applied alongside or after quantum com-
putations to suppress noise and extract more accurate results
without requiring fully fault-tolerant circuits. These techniques
rely on classical processing to approximate noise-free expec-
tation values. These methods are valuable in near-term and
early logical regimes, but their effectiveness depends strongly
on accurate noise characterization. In practice, noise is dy-
namic due to calibration drift, temperature fluctuations, laser
or microwave instability, crosstalk, and hardware instability.
These challenges are further exacerbated in HeDQC, where
different qubit modalities exhibit diverse noise characteristics,
bias profiles, leakage mechanisms, measurement errors, and
temporal correlations [121].

Scalable post-processing frameworks must therefore be
adaptive and hardware-aware. They must capture correlated
and time-dependent noise, integrate calibration data, and up-
date mitigation strategies as device conditions change. In
addition, post-processing must be implemented efficiently on
classical hardware. FPGAs, GPUs, and ASICs may be required
for real-time mitigation, decoding, filtering, or feedforward,
but algorithms designed for CPUs do not always map effi-
ciently onto specialized hardware. CPU-optimized algorithms
often rely on irregular memory access, dynamic branching, and
sequential control flow, whereas FPGA and ASIC implementa-
tions favor predictable data paths, parallelism, pipelining, and
deterministic memory access. This mismatch imposes a major
co-design challenge for real-time FTQC [227].

e Hybrid classical-quantum systems (HCQSs)

Quantum computing systems are inherently hybrid because
quantum processors must operate in close coordination with
classical computing resources. In this workflow, as illustrated
in Figure 18, classical systems translate high-level user re-
quests into executable quantum circuits, compile them into
hardware-compatible instructions, schedule operations, gen-
erate pulse-level controls, perform calibration, process mea-
surement outcomes, and issue feedback or corrective instruc-
tions. The quantum processors execute the circuit and returns
measurement outcomes, which are then processed by classical
resources to produce final results or to generate subsequent
quantum instructions. The interaction is critical in variational
quantum algorithms (VQAs) [318], where quantum execu-
tions are repeatedly interleaved with classical optimization'',
conditional instructions, real-time decoding, error mitigation,
syndrome processing, feedforward control, and corrective ac-
tions. For instance, in superconducting architectures based
on surface code, a syndrome stream may be generated on a

15For example, the variational quantum eigensolver (VQE) [318] can be
utilized to estimate the ground-state energy of quantum systems, particularly
molecular Hamiltonians.

Quantum Computations
Execute Quantum Circuits

Update
Prepare New Iteration
Adjust Quantum Parande

QUANTUM-CLASSICAL
FEEDBACK LOOP

Quantum Measurement
Readout Qubit States

Classical Processing =
Post-processing

Fig. 18: The hybrid classical-quantum computing cycle.

microsecond scale, in which a decoder must process them and
return corrections within roughly 10 cycles, i.e., 10 us. These
requirements impose strict constraints on processing speed,
communication latency, bandwidth, and synchronization, as
classical delays can directly degrade quantum fidelity and
increase decoherence and the logical error rate.

Despite their importance, HCQSs introduce several system-
level challenges. The mismatch between quantum and classical
processing speeds, combined with conversion overhead and
communication latency, can impose a classical bottleneck that
limits scalability. Classical resources must coordinate QPUs
that may differ in modality, calibration state, noise profile, con-
nectivity, and timing constraints. Low-latency communication
networks, HPC infrastructure, and parallel classical processing
will be required to prevent classical control from becoming
the bottleneck. Latency-aware compilation, precise synchro-
nization, and incremental syndrome encoding''® are promising
directions for reducing overhead. Moreover, machine learning
may also support noise-adaptive and bias-aware error miti-
gation, anomaly detection, workload prediction, approximate
pre-processing, and hardware-aware decoder design. Beyond
this, emerging agentic AI workflows may further enable
autonomous orchestration of distributed classical-quantum
pipelines, where backend selection, compilation, scheduling,
monitoring, and post-processing are adapted to device sta-
tus and application requirements. However, communication
and computational overhead of the classical control stack of
scalable HCQSs must scale approximately linearly with the
number of QPUs, ensuring that classical processing does not
become a bottleneck in large-scale FTQC [290].

e Classical-quantum resource orchestration

A related open issue is classical-quantum resource orches-
tration. Modern quantum systems are heterogeneous multi-
node platforms that require protocols, APIs, schedulers, mon-
itoring services, and resource management interfaces. In near-
term deployments, many quantum processors are accessed
through quantum cloud platforms, such as Amazon Braket,
where users submit jobs through cloud APIs rather than

16 Transmitting incremental measurement updates rather than full measure-
ment outcomes.
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Fig. 19: A hybrid classical-quantum system and
orchestration layers

interacting directly with hardware. As depicted in Figure 19,
a HCQS can be viewed as a three-layer architecture, i.e.,
end-users, heterogeneous quantum processors, and heteroge-
neous classical/HPC resources, with two orchestration lay-
ers, i.e., quantum resource orchestration (QRO), which man-
ages the interaction between users and quantum processors,
and quantum—HPC orchestration (QHO), which manages
the interaction between QPUs and classical acceleration re-
sources [284].

End-users generate quantum jobs, which may include quan-
tum circuit, shot counts, required gate set, desired logical
error rate, output fidelity constraints, execution deadline, and
user’s budget constraints, and submit them to the quantum
cloud through quantum cloud APIs. The QRO layer processes
the received quantum tasks, selects an appropriate quantum
backend according to the underlying quantum hardware fea-
tures, processor availability, physical error rates, connectivity,
gate fidelities, coherence times, queue length, and current
workload, and provides the results back to the end-users.
This interface may include quantum compilation/transpilation,
backend selection, scheduling, service discovery, result aggre-
gation, and security. During execution, monitoring services
must track calibration data, noise levels, error rates, queue
status, MCM data, and syndrome streams to detect execution
anomalies and trigger corrective actions when needed [58].

Although early instances of QRO are emerging in cloud
and industrial settings, such as Dell’s quantum integration
with QuEra, efficient QRO orchestration for heterogeneous
quantum clouds remains immature. Open problems include
splitting large quantum tasks across multiple processors, batch-
ing short jobs to reduce re-initialization and reconfiguration
overhead, priority-aware scheduling, load balancing across
heterogeneous backends, and quantum autoscaling that can
adaptively allocate or release QPU resources based on mon-
itoring feedback. Classical resource managers such as Slurm
provide mature scheduling for heterogeneous HPC systems,
but analogous orchestration tools for HCQSs remain at an
early stage. Application-aware orchestration, where all QRO
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services can be application adaptive, is a particularly important
research direction [163].

In HCQSs, each quantum processor may be incorporated
with multiple HPC systems for post-processing purposes,
either online or offline, which is managed by quantum-HPC
orchestration. The QHO layer coordinates QPUs with CPUs,
GPUs, FPGAs, ASICs, and other classical accelerators used
for decoding, post-processing, and simulation. QHO must
track quantum side features/requirements such as syndrome
generation rate, feedback deadline, and quality-of-service
(QoS) constraints, as well as classical side availability and
accelerator-dependent features, such as throughput, latency,
programmability, power consumption, and deployment com-
plexity. Recent industrial efforts, including GPU-accelerated
decoding algorithms, reflect the growing importance of QPU-
HPC integration. Interfaces, such as NVIDIA’s NVQLink, aim
to connect QPUs with GPU-accelerated HPC systems through
low-latency, high-throughput links'!”. In this context, QEC-
ready platforms may require dedicated classical acceleration
nodes tightly coupled to quantum control electronics and
NVQLink-compatible control electronics to enable real-time
processing and feedforward [79]. Similarly, emerging QPU—
HPC integrations, developed by Pasgal in May 2026, based
on neutral-atom QPUs, CUDA-Q, and Slurm-based [319]
schedulers suggest that future quantum processors may in-
creasingly be exposed as specialized accelerators within HPC
environments.

E. Manufacturing and Engineering Constraints

The realization of FTQC is not limited by qubit quality
alone; it also depends on manufacturability, packaging, control
infrastructure, facility integration, reliability, and operational
cost. While all modalities aim to improve coherence, gate
fidelity, readout fidelity, and QEC compatibility, the dominant
engineering bottlenecks differ substantially across platforms.
These modality-specific constraints shape not only the physical
implementation of quantum processors, but also their scala-
bility, cost, system architecture, and suitability for large-scale
deployment.

Superconducting quantum computers face a distinctive cryo-
genic infrastructure bottleneck. Large-scale superconducting
and silicon-spin systems typically require dilution refriger-
ators, whose working fluid depends on scarce helium-3''8.
Cryogenic input/output density is another major constraint.
Each qubit typically requires multiple RF/DC control and read-
out paths from room temperature electronics to the millikelvin
cryostat. Conventional coaxial cables are bulky, thermally
conductive, and mechanically rigid, making them difficult to
scale to thousands or millions of qubits per cryostat. Emerg-
ing flexible cryogenic interconnects, such as Delft Circuits’
Cri/oFlex technology, aim to increase channel density from the

”7NVQLink, announced in October 2025, supports 17 QPU builders
and nine U.S. national laboratories, and provides ~ 400 Gb/ s GPU-QPU
throughput and round-trip latency of 3.96 us.

118 A dilution refrigerator holds approximately 40 liters of helium-3 that vol-
ume of helium-3 is worth roughly $100,000. Helium-3 is produced primarily
from the radioactive decay of tritium in nuclear weapons stockpiles, while
Interlune planned for lunar-regolith-extracted helium-3 in the early 2030s.
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current 256 channels to 4, 096 channels by 2029, but low loss,
low thermal conductance, and high-density wiring remains a
central engineering challenge for beyond small- and medium-
scale processors. Superconducting systems also impose facility
level requirements, including vibration isolation'!?, chilled-
water support for cryogenic compressors, magnetic shielding,
reinforced flooring'?°, and reliable backup power. Thermal
excursions can require long recovery times, affecting avail-
ability and operational cost'?!. Therefore, standardized quan-
tum infrastructure requirements and data center remediation
strategies will be necessary for large-scale deployment of
superconducting FTQC systems [62].

Trapped-ion systems typically avoid many millikelvin cryo-
genic constraints, although some platforms may still employ
cryogenic operation to suppress thermal noise, electric field
noise, and improve vacuum conditions. Their dominant en-
gineering challenges instead arise from optical control com-
plexity, motional mode scalability, vacuum reliability, and
modular interconnects. As the number of ions in a single
chain increases, the collective motional spectrum becomes
denser, ion spacing decreases, crosstalk increases, and struc-
tural instabilities, such as zig-zag transitions, become more
likely [177]. Consequently, scalable trapped-ion architectures
are unlikely to rely on a single long ion chain as a global
register. Future systems will require segmented traps, localized
motional modes, dynamically reconfigurable optical potentials,
or modular trap arrays. At the same time, trapped-ion control
stacks require stable lasers, modulators, imaging systems,
beam delivery, stabilization cavities, and zone-selective ad-
dressing. Integrated photonics, chip-scale lasers, and electronic
or RF-based control may reduce optical complexity, but these
technologies remain active engineering challenges. Moreover,
scaling beyond a single trap or wafer is still unresolved, since
current inter-module entanglement fidelities and effective rates
remain below those of local trapped-ion gates. A promising
direction is hierarchical HeDQC, in which deterministic matter
links connect nearby modules, while photonic interconnects
provide longer-range and reconfigurable connectivity [35].

Neutral-atom systems replace cryogenic bottlenecks with
challenges in deterministic loading, atom loss, optical stack
scaling, crosstalk, Rydberg gate fidelity, and readout latency.
Many neutral-atom platforms begin with stochastic atom
loading, requiring re-loading procedures to form defect-free
arrays, while the loading probability is around 50%. Atom
loss due to vacuum events, imaging-induced loss, transport,
or gate operations is a first-order system concern. Therefore,
atom reservoirs, ancilla replacement, loss-aware compilation,
and continuous reloading are important for long-duration
FTQC [105]. Similar to trapped-ion systems, neutral-atom
processors rely heavily on optical infrastructure. Therefore,
several academic and industrial roadmaps now emphasize in-

119Cryostats should be isolated from mechanical vibration sources such as
elevators, trains, compressors, and freight docks.

120 A fully loaded cryostat can weigh approximately 750 kilograms concen-
trated on a small footprint.

1211f a grid failure or cooling interruption drives the cryostat above its low-
temperature operating regime, recovery may take five to ten days because the
system must be cooled down gradually.

tegrated photonics, fiber array delivery, MEMS (micro-electro-
mechanical systems)- or SLM (spatial light modulator)-based
beam control, and closed-loop calibration to reduce optical
complexity and address crosstalk. In addition, neutral-atom
processors may become readout-bound, in which the total
latency of measurement, decoding, feedforward, and reset
limits the QEC cycle rate. Promising directions include zoned
readout, non-destructive and loss resolved measurement, cavity
enhanced readout, and hardware-accelerated classical con-
trol [150].

Spin-qubit platforms share some engineering constraints
with superconducting quantum computers, including cryogenic
operation, dense electrical control, microwave or RF signaling,
packaging complexity, and the need for close integration with
classical control electronics. However, spin qubits should not
be treated as miniature superconducting qubits. Spin-qubit
hardware comprises multiple families, including Si MOS,
Si/SiGe quantum dots, GaAs quantum dots, and donor spins in
silicon, each with distinct fabrication and materials challenges.
Scalable spin-qubit systems require not only high isolated gate
fidelities, but also wafer-scale process control, low disorder
heterostructures, isotopic purification, and automated calibra-
tion across large arrays [57]. Similar to the superconducting
modality, cryogenic I/O density remains a central constraint,
but the mitigation path differs from superconducting systems.
Spin-qubit architectures motivate stronger integration with
cryo-CMOS controllers, multiplexed gate biasing, crossbar ad-
dressing, three-dimensional integration, flip-chip bonding, and
thermally isolated control planes to reduce wiring overhead.
Moreover, although high-fidelity spin-to-charge conversion has
been demonstrated in small devices, compact, multiplexed,
QEC-compatible readout with low latency and limited chip-
area overhead remains challenging [148].

These engineering challenges highlight that the path to
FTQC is fundamentally modality dependent. Manufacturing,
packaging, control electronics, optical infrastructure, cryo-
genic systems, and facility level integration will likely dom-
inate practical scalability alongside improvements in qubit
fidelity and QECC performance. Therefore, answering how to
build FTQC requires not only better qubits and better QECCs,
but also modality-aware engineering roadmaps that integrate
devices, control stack, packaging, infrastructure, orchestration,
and error correction requirements from the beginning.

X. CONCLUSION

Large-scale fault-tolerant quantum computing is not merely
a matter of increasing the number of physical qubits or
designing more effective QECCs; rather, it is a full-stack
engineering and orchestration challenge involving DQEC,
HeDQC, real-time decoding, QPU-HPC integration, and
modality-dependent implementation constraints. In this paper,
we have explored the realization of FTQC through four main
phases, i.e., fault-avoidance techniques, fault-tolerant universal
gate set implementations, operation-time measures, and post-
processing strategies. We first reviewed pre-execution and
hardware-level strategies associated with the design, develop-
ment, and configuration of quantum systems, which aim to
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suppress imperfections before they occur or propagate dur-
ing computation. We then discussed operation-time measures,
including efficient QECC construction, syndrome scheduling,
real-time and HPC-accelerated decoding, and hybrid classical—
quantum co-processing.

We comprehensively surveyed major QECC families, in-
cluding topological, gLDPC, subsystem, and dynamical codes,
together with a broad range of decoding algorithms, including
matching-based, clustering and graph-growth, probabilistic-
inference, tensor network, machine learning, cellular automata,
and optimization-based decoders. We also reviewed fault-
tolerant logical operations, including code deformation, lattice
surgery, code switching, gauge fixing, magic state injection,
along with distillation and cultivation techniques. All the
aforementioned topics were examined from both academic
theoretical achievements and industrial experimental demon-
strations across major qubit modalities, which clarify the
current status of leading quantum companies and their near-
and long-term roadmaps.

Beyond QEC and gate-level considerations, we highlighted
DQC-enabled strategies, heterogeneous DQC, classical—
quantum orchestration layers, and modality-specific engineer-
ing constraints, including cryogenic infrastructure, optical con-
trol, packaging, manufacturability, and deployment require-
ments. We further compared benchmarking methodologies,
simulation tools, frameworks, and libraries available for evalu-
ating designs relevant to large-scale FTQC. Finally, we identi-
fied open theoretical, architectural, technological, and practical
challenges and outlined promising research directions. These
challenges indicate that the path toward utility-scale FTQC
will require sustained collaboration among academic institu-
tions, industry, and government-supported programs, although
government investments, such as the U.S. $2 billion CHIPS
and Science Act funding announced in May 2026, are expected
to further accelerate this progress.
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