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5.2. PARALLEL BREADTH-FIRST SEARCH 95

1: DUKSTRA(G,w, s)

2: d[s] <0

3 for all vertex v € V do .(_;((prr SovalL W,YLU'\
i d[v] « oo

& Q — {V}

6: while @ # 0 do

7: u +— EXTRACTMIN(Q)

8: for all vertex v € u.ADJACENCYLIST do

o: if d[v] > d[u] + w(u,v) then

10: d[v] « d[u] + w(u,v)

Figure 5.2: Pseudo-code for Dijkstra’s algorithm, which is based on maintaining a global
priority queue of nodes with priorities equal to their distances from the source node. At each
iteration, the algorithm expands the node with the shortest distance and updates distances to
all reachable nodes.

As a refresher and also to serve as a point of comparison, Dijkstra’s algorithm is
shown in Figure 5.2, adapted from Cormen, Leiserson, and Rivest’s classic algorithms
textbook [41] (often simply known as CLR). The input to the algorithm is a directed,
connected graph G = (V, F) represented with adjacency lists, w containing edge dis-
tances such that w(u,v) > 0, and the source node s. The algorithm begins by first
setting distances to all vertices d[v],v € V to oo, except for the source node, whose
distance to itself is zero. The algorithm maintains (), a global priority queue of vertices
with priorities equal to their distance values d.

Dijkstra’s algorithm operates by iteratively selecting the node with the lowest
current distance from the priority queue (initially, this is the source node). At each
iteration, the algorithm “expands” that node by traversing the adjacency list of the
selected node to see if any of those nodes can be reached with a path of a shorter
distance. The algorithm terminates when the priority queue (@ is empty, or equivalently,
when all nodes have been considered. Note that the algorithm as presented in Figure 5.2
only computes the shortest distances. The actual paths can be recovered by storing
“backpointers” for every node indicating a fragment of the shortest path.

A sample trace of the algorithm running on a simple graph is shown in Figure 5.3
(example also adapted from CLR). We start out in (a) with n, having a distance of zero
(since it’s the source) and all other nodes having a distance of co. In the first iteration
(a), n, is selected as the node to expand (indicated by the thicker border). After the
expansion, we see in (b) that n, and ns can be reached at a distance of 10 and 5,
respectively. Also, we see in (b) that ns is the next node selected for expansion. Nodes
we have already considered for expansion are shown in black. Expanding ns, we see in
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n, n, n, ny
(D—— (19—
o o

9 9
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Figure 5.3: Example of Dijkstra’s algorithm applied to a simple graph with five nodes, with n;
as the source and edge distances as indicated. Parts (a)—(e) show the running of the algorithm
at each iteration, with the current distance inside the node. Nodes with thicker borders are
those being expanded; nodes that have already been expanded are shown in black.

(c) that the distance to n, has decreased because we've found a shorter path. The nodes
that will be expanded next, in order, are ns, no, and n,. The algorithm terminates with
the end state shown in (f), where we've discovered the shortest distance to all nodes.

The key to Dijkstra’s algorithm is the priority queue that maintains a globally-
sorted list of nodes by current distance. This is not possible in MapReduce, as the
programming model does not provide a mechanism for exchanging global data. Instead,
we adopt a brute force approach known as parallel breadth-first search. First, as a
simplification let us assume that all edges have unit distance (modeling, for example,
hyperlinks on the web). This makes the algorithm easier to understand, but we’ll relax
this restriction later.

The intuition behind the algorithm is this: the distance of all nodes connected
directly to the source node is one; the distance of all nodes directly connected to those
is two; and so on. Imagine water rippling away from a rock dropped into a pond—
that’s a good image of how parallel breadth-first search works. However, what if there
are multiple paths to the same node? Suppose we wish to compute the shortest distance



98 CHAPTER 5. GRAPH ALGORITHMS

1: class MAPPER

2: method MAP(nid n,node N)

3: d «— N.DISTANCE

4 EmiT(nid n, N) > Pass along graph structure
5: for all nodeid m € N.ApjacencyLisT do

6: EMIT(nid m,d + 1) > Emit distances to reachable nodes

1: class REDUCER
2: method REDUCE(nid m, [d,,da, .. .])

3: Apnin — 00

4: M — w

5: for all d € counts [d;,d,,...] do

6: if IsSNoDE(d) then

7 M —d > Recover graph structure
8 else if d < d,,;,, then > Look for shorter distance
9: d,m-n —d

10: M.DISTANCE «— d,,in, > Update shortest distance
11: EmIT(nid m, node M)

Figure 5.4: Pseudo-code for parallel breath-first search in MapReduce: the mappers emit dis-
tances to reachable nodes, while the reducers select the minimum of those distances for each
destination node. Each iteration (one MapReduce job) of the algorithm expands the “search
frontier” by one hop.

For more serious academic studies of “small world” phenomena in networks, we refer
the reader to a number of publications [61, 62, 152, 2|. In practical terms, we iterate
the algorithm until there are no more node distances that are co. Since the graph is
connected, all nodes are reachable, and since all edge distances are one, all discovered
nodes are guaranteed to have the shortest distances (i.e., there is not a shorter path
that goes through a node that hasn’t been discovered).

The actual checking of the termination condition must occur outside of Map-
Reduce. Typically, execution of an iterative MapReduce algorithm requires a non-
MapReduce “driver” program, which submits a MapReduce job to iterate the algorithm,
checks to see if a termination condition has been met, and if not, repeats. Hadoop pro-
vides a lightweight APT for constructs called “counters”, which, as the name suggests,
can be used for counting events that occur during execution, e.g., number of corrupt
records, number of times a certain condition is met, or anything that the programmer
desires. Counters can be defined to count the number of nodes that have distances of
oo: at the end of the job, the driver program can access the final counter value and
check to see if another iteration is necessary.
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