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THEOREMS OF THE PROPOSITIONAL CALCULUS

EQUIVALENCE AND TRUE

(3.1) Axiom, Associativity of =: ((p=¢)=7) = (p=(g=7r))
(3.2) Axiom, Symmetry of =: p=gq=q=p

(3.3) Axiom, Identity of =: true=¢=gq

(3.4) true

(3.5) Reflexivity of =: p=p

NEGATION, INEQUIVALENCE, AND FALSE

(3.8) Axiom, Definition of false: false = —~true

(3.9) Axiom, Distributivity of - over =: ~(p=¢q) = -p=g¢g
(3.10) Axiom, Definition of #£: (p#4q) = ~(p=gq)

(3.11) p=gq=p=—g

(3.12) Double negation: ~-p=p

(3.13) Negation of false: —false = true

(314) (p#q) = p=gq

(3.15) ~p =p = false

(3.16) Symmetry of #: (p#4q) = (¢#p)

(3.17) Associativity of #: ((p#q #r) = (p£(¢# )
(3.18) Mutual associativity: (p#q)=7) = (p£(g=7))
(3.19) Mutual interchangeability: p#£g=r = p=q#r

DISJUNCTION

(3.24) Axiom, Symmetry of V: pVg=qVp

(3.25) Axiom, Associativity of V: (pVq)Vr =pvigVvr)
(3.26) Axiom, Idempotency of V: pVp = p

(3.27) Axiom, Distributivity of v over =: pV (g = r) = pVq = pVr

(3.28) Axiom, Excluded Middle: p Vv —p

(3.29) Zeroof V: p V true = true

{3.30) 1dentity of V: p V false = p

(3.31) Distributivity of vV over vV: pV (¢Vr) = (pVg V (pVr)
332)pvg=pVvyg=p

CONJUNCTION
(3.35) Axiom,Goldenrule:pAg=p=¢=pVyg
(3.36) Symmetry of At pA g =qgADp



(3.37) Associativity of A: (pAg)AT = pA(gAT) (B70) pvg=>pAgq = p=gq

(3.38) Idempotency of A: pAp = p (3.71) Reflexivity of = ; P=p = true

(3.39) Identity of A: p A true = p (3.72) Right zero of = : P = true = true

(3.40) Zero of A: p A false = false (3.73) Left identity of = : true = p=p

(3.41) Distributivity of A over A: pA(gAT) = (PAg A(PAT) (3.74) p = false = —p

(3.42) Contradiction: p A —p = false (3.75) false = p = true

(3.43) Absorption: (a) pA (pVgq) = (3.76) Weakening/strengthening: (@ p=>pvg
b)pvipag = bprg=p

{3.44) Absorption: (a)pA(—~pVq) = pAg (©pAg=pv q
bypvi-pAg =pVvy (@WpVvgAar)=pvgq

(3.45) Distributivity of V over A: pV (gAT) = (pV e A(pVT) (e)pAg=pA(qv r)

(3.46) Distributivity of A over V: pA(gVr) = (pAgV(PAT) (3.77) Modus ponens: p A (p = q) = ¢

(3.47) De Morgan: (a) ~(pAgq) = ~pV ¢ BWB)(p=r)A(g= r) = (pvg=> r)
(b)~(pVvg)=-pA—q B P=>r)A(p=r) =

(348) pAg=pA-g = —p (3.80) Mutual implication: p=>qAr(g=p) = =9

(349) pA(g=r)=pAg=pAr=p (3.81) Antisymmetry: (p=q) A (g=p) = (p = q)

J350) pA(g=p)=pAg (3.82) Transitivity: (a) (p = DA@=>71)= (p=>r)

(3.51) Replacement: (p=¢) A (r =p) = (p=q)A(r = gq) bB)p=gAr(g=r = p=r

(3.52) Deflnitionof =: p = q = (pAgq) V (-p A ~q) () (p = q) A g=r=(p=> r)

(3.53) Exclusiveor: p £ ¢ = (mpA g}V (p A ~q)

(355) (PAQAr= p=gq=r =pVg=gqVr = rVp = pVgVr LEIBNIZ AS AN Axiom

(3.83) Axiom, Leibniz: ¢ = f = E:= Ej
IMPLICATION (3.84) Substitution: (a) (e = HAE: = (e=f) A E;

(3.57) Axiom, Definition of Implication: p = ¢ = pv g = ¢ (b)(e=f) = EF = (e=f) = E}
(3.58) Axiom, Consequence: p <= ¢ = ¢ = p ©Vgnle=f) = B = qh(e=f) > Ej
(3.59) Definition of implication: p = ¢ = ~pV ¢ (3.85) Replace by true: (a) p = E} = p = Ejp,

(3.60) Definition of implication: p = ¢ = pAg = p ®anp=E = grp = By,
(361) Contrapositive: p = g = ~q = -p (3.86) Replace by false: (a) E; =p = Ej, =p

362) p=>(g=r)=pAg=pAr B Bz =pVve = B »pVy
(3.63) Distributivityof = over =: p= (g=r)=p=>g=p=>r (3.87) Replace by true: p A E; = pAE},
B6)p=>(@=>r=p=>q =@=r) (3.88) Replace by false: p v E; = pv Ej,,

(3.65) Shunting: pAg =r = p = (g = 1) (3.89) Shannon: B} = (p A Ej.) v (-p A Ejy,,)

(366) pA(P=¢q) = pAQ (41) p= (¢ = p)

(367) pA(g=>p =p (4.2) Monotonicity of V: (p = q) = (pVv r = qVr)

(3.68) pV (p = q) = true (4.3) Monotonicity of A: (p = a) = (n A s — ~ 4 -

(369) pv(g- n) =g=>0p



PPROOF PECHNIQUIS

(-1.1) Deduction: ‘Iv prove I’ = @, assume P and prove Q.

(1.5) Case analysis: 4015, B are theorems, then so s 1,

(-L.6) Casc analysis: (pVygVI)A(p2s)A{g=>s)A(r=>s) = s

(-1.7) Mutual implication: To prove PP = @Q, prove I’ = @Q and Q = P.
(-1.9) Proof by contradiction: 'fo prove I, prove 1> = fulse .

(1.12) Proof by contrapositive: ‘o prove P = @, prove =Q = -]

GENERAL LAWS OF QUANTIFICATION

For symnnetric and associative binary operator = with identity u .

(8.13) Axiom, Empty range: (xx | false : ) = u

(8.11) Axiom, One-point rule: Provided —occurs(‘z’,‘'E’),
(rele=8k:0P) = Plr:=E]

(8.15) Axiom, Distributivity: Provided P,Q:B or R is finite,
(el R:PYx(xz | H:Q) = (x| R: PxQ)

(8.16) Axiom, Range split: Provided R A S = false and
B or R and S are finite,
(xe | RVS:P) = (xx | R: P)x(xa | §: P)
(8.17) Axiom, Range split: Provided B or & and S finite,
> (22 VRS P)a(xa | RAS:P) = (sx0 | R: P)yx(x21S5:P)
(8.18) Axiom, Range split for idempotent «:
(re Il RVS:P) = (xa | R:P)u(aa | 5:P)
(8.19) Axiom, Interchange of dummies: Provided * is idempotent or
R,Q are finite, —wecurs('y','R'), and —occurs(*z','Q") ,
(Rl R: (x4l Q:P))=(xylQ:(xz| R:P))
(8.20) Axiom, Nesting: Provided -occurs('y’,'R’),
(xz,y L AQ:P)=(xx | :(xy | Q: P))
(8.21) Axiom, Dummy renaming: Provided -woccurs(‘y’,'R, P},
(a )l R:P) = (ay | Bl = y]: Ple=y))
(8.22) Change of dummy: Provided —occurs(‘y’,'R, P’), and f
has an inverse, (xz | B: P) = (xy | Rz := fy]: Plr:= fy))

(8.23) Split off term: (xi |0<i<n+1:P) = (xi|0<i<n:P)xP}

THROREMS OF THE PReDICATE CALCULUS

UUNIVERSAL QUANTIFICATION
(9.2) Axiom, Trading: (Ve | R:P) = (Veb: R = P)

(9.3) Trading: (a) (Ve | ££: D) (Val: ~R Vv P)
L)y ve t R P) (Vel: RA P =
(¢c) (Vo] R:P) Vel: RV PP = P)

(I Tanit

(9.4) Trading: (a) (VI QAR: P)

= VrI1Q:R = P)
-(b) (VT IQAR:P) = (Vz1Q:-Rv P)
(c) VTIQAR:P) = (VzIQ:RAP = R)
(d) (VzIQAR:P) = YzIQ:RV P = P)

(9.5) Axiom, Distributivity of V over V: Prov. —occurs(‘z','P'),
Pv(VziR:Q) = (VzI1R: PV Q)

(9.6) Provided —occurs(‘z’,'P’), (YzIR:P) = P v (Vzl: ~R)

{9.7) Distributivity of A over V: Provided —occurs(‘z’, ' P'),
~(Vz):-R) = (Vt IR:PAQ) = PA (vri R:Q))

(9.8) (Vx| R: true) = true

(99) (VzIR:P = Q) = ((Vz1R:P) = (Vz | R: Q)

(9.10) Range weakening/strengthening: (Vx| QV R: P) = (vz | Q: P)

(9.11) Body weakening/strengthening: (VI R: P A Q) = (Vz | R: P)

{9.12) Monotonicity of V:
(VZiR:Q=P) = ((VzI1R:Q) = (Vz I R: P))

(9.13) Instantiation: (Vz|: P) = Plr:=¢]
(9.16) P is a theorem iff (Vx|: P) is a theorem.

EXISTENTIAL QUANTIFICATION

(9.17) Axiom, Generalized De Morgan:
(3zI1R:P) = ~(Vz 1 R:-P)

(9.18) Generalized De Morgan: (a) ~(3z | R: ~P) = (Vz | R: P)
(b) -3z IR: P) = (VI R:-P)
(c) Bz IR: ~P) = ~(vz | R: P)

(9.19) Trading: (3z 1 R:P) = (3z:RA P)
(9.20) Trading: (321 QAR:P) = 3z1Q:R A P)

(9.21) Distributivity of A over 3: Provided -occurs(‘z’,'P’),
PA(@@2IR:Q)=(3zIR:PAQ)

(9.22) Provided —occurs(‘z’,'P'), (3z | R: P) = P A (3zI: R)

(9.23) Distributivity of V over 3: Provided -occurs(‘z','P’},
(3z:R) = (zIR: PV Q)= PvVv(3ziIR:Q))

(9.24) (3z | R: false) = false
(9.25) Range weakening/strengthening: (3z | R:P) = (3z1QV R:P)
(9.26) Body weakening/strengthening: (3z | R: P) = (3zI1R: PV Q)

(9.27) Monotonicity of 3:
(VzIR:Q=P) = ((Iz1R:Q) = 3z | R: P))
(9.28) 3-Introduction: Pz := E| = (3z|: P)
(9.29) Interchange of quantifications:
Provided —occurs(‘y’,'R’) and -occurs(‘z’,‘Q’),
Bz IR:(Vy1Q:P)) = (VylQ:(3zI R: P))
(9.30) Provided —occurs(‘#’,‘Q’),
(3z 1 R: P) = Q is a theorem iff (R A P){z:=%] = Q is a theorem



