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The Lemmas

Lemma 1: The GS algorithm has at most n2 iterations 

Lemma 2: S is a perfect matching

Lemma 3: S has no instability



GS outputs a stable matching



Proof Details of Lemma 1



Proof technique de jour

Source: 4simpsons.wordpress.com

Proof by contradiction

Assume the negation of what you want to prove

After some 
reasoning



Two observations

Obs 1: Once m is engaged he keeps getting 
engaged to “better” women

Obs 2: If w proposes to m’ first and then to m
(or never proposes to m) then she 
prefers m’ to m



Questions?



Proof of Lemma 2

Lemma 4:

If at the end of an iteration, w is free

then w has not proposed to all men

Pigeon-hole principle!



Proof of Lemma 3

By contradiction

m w

m’ w’

Assume there is an instability (m,w’)

m prefers w’ to w

w’ prefers m to m’

w’ last 
proposed to m’

“S has no instability”



Contradiction by Case Analysis

Depending on whether w’ had proposed to m or not

Case 1: w’ never proposed to m

w’ prefers m’ to m

Assumed w’ prefers m to m’

By Obs 2 m w’

m prefers w’ to w

w’ prefers m to m’



By Obs 1

Case 2: w’ had proposed to m

Case 2.1: m had accepted w’ proposal
At the end, m is married to w

Thus, m prefers w to w’

Case 2.2: m had rejected w’ proposal

m was engaged to some other woman, say w’’ (prefers w’’ to w’)

At the end, m is married to w (prefers w to w’’)

m prefers w to w’

By Obs 1

By Obs 1

m w’

Proof of the theorem is done!

m prefers w’ to w

w’ prefers m to m’



Overall structure of case analysis

Did w’ propose to m?

Did m accept w’
proposal?



Extensions 

Fairness of the GS algorithm

Different executions of the GS algorithm



Main Steps in Algorithm Design
Problem Statement

Algorithm

Problem Definition

“Implementation”

Analysis

n!

Correctness Analysis



Definition of Efficiency

An algorithm is efficient if, when implemented, it runs quickly on real instances

Implemented where? Platform independent definition

What are real instances? Worst-case Inputs

Efficient in terms of what? Input size N


