Simple Markov-chain algorithms for generating bipartite graphs
and tournaments

(Extended Abstract)
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Abstract

We consider two problems: randomly generating labeled
bipartite graphs with a given degree sequence and
randomly generating labeled tournaments with a given
score sequence. We analyze simple Markov chains for
both problems. For the first problem, we cannot prove
that our chain is rapidly mixing in general, but in
the (near-) regular case, i.e. when all the degrees are
(almost) equal, we give a proof of rapid mixing. Our
methods also apply to the corresponding problem for
general (nonbipartite) regular graphs which was studied
earlier by several researchers. One significant difference
in our approach is that our chain has one state for
every graph (or bipartite graph) with the given degree
sequence; in particular, there are no auxiliary states as
in the chain used by Jerrum and Sinclair.

For the problem of generating tournaments, we are
able to prove that our Markov chain on tournaments
is rapidly mixing, if the score sequence is near-regular.
The proof techniques we use for the two problems are
similar.

1 Imtroduction

The problems of counting and random generation of
(0,1)-matrices with prescribed row and column sums
are of interest to combinatorialists, statisticians, and
computer scientists. Theorems of Gale, Ryser and
several others (see [7], [19]) on properties of such
matrices and subsequent applications to tournaments,
Hadamard matrices and latin squares made the study
of these matrices particularly attractive. The same
problem when we allow non-negative integers instead
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of just 0 or 1, is of interest in statistics (Diaconis et al.).
We study these problems here and present some partial
results.

Suppose we are given the degrees of the vertices
of a labeled bipartite graph. Then how many different
graphs can have this ’degree sequence’ 7 How do we
select one of these graphs uniformly at random? Stated
another way, given a sequence of m+n positive integers
P1,72y 3 Tm,€1,C2, ..., Cq such that > 7 = D ¢;, we
wish to count the number of m by n, (0,1)-matrices A
which satisfy the following property: the sum of the
entries of the i** row of A is r; and the sum of j**
columnisecj fori=1,...,mand j=1,...,n. Gale [7]
and Ryser [19] were the first to obtain a simple easy-
to-check criterion to determine if there exists at least
one (0,1)-matrix with the given row and column sums.
While the constructive proof of the above fact produces
one such matrix, Ryser remarks that “the exact number
of them is undoubtedly an extremely intricate function
of the row and column sums.”

Such matrices represent labeled bipartite graphs
and the integer sequence can be called a bipartite degree
sequence, as the numbers correspond to the degrees
of the vertices in a bipartite graph. In this work we
consider the problem of almost uniform generation of
such matrices. We are able to give the first fully
polynomial time algorithm for this problem in the
regular case, namely, when all the r; and ¢; are equal.

The closely related problem of generating/counting
labeled graphs (not bipartite) with a given degree se-
quence has received considerable attention in recent
years. The works of Bender and Canfield [1], Bol-
lobds [2], and Wormald [22] give us an algorithm
for generating regular graphs that is efficient for de-
grees upto O((logn)'/?). After a series of improve-
ments, [5, 20, 15], Jerrum and Sinclair [9], were able to
solve the problem for regular graphs in polynomial time
by considering a random walk through an associated
Markov chain. They go on to show that their approach
is efficient only for near-regular sequences. Our algo-
rithm is also based on a random walk; however, unlike
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the chain studied in [9], our chain has no “auxiliary”
states. So although we are unable to prove it, it is pos-
sible that our algorithm works for all degree sequences.
Our analysis for regular sequences can be extended to
prove rapid-mixing for slightly more general degree se-
quences (and bipartite degree sequences). A sufficient
condition is that the minimum and maximum degrees
are close to the average degree. A precise statement
of this and its proof are left for the full version of the
paper.

The corresponding problem for bipartite multi-

graphs (where multiple edges are allowed) is the prob-
lem of uniform random generation of matrices with
nonnegative integer entries with given row and column
sums. This problem is of importance in statistics where
such matrices arise as “contingency tables”. A Markov
chain similar to the one we analyze has been proposed
by Diaconis for the contingency table problem and it is
a long-standing open problem as to whether this mixes
rapidly. We hope our techniques shed some light on this
problem. We also hope our techniques help in generat-
ing a latin square of order n uniformly at random, in
view of the fact that the set of latin squares of order n
is precisely the set of (0,1)-cubes of size n x n x n, with
all the line sums equal to 1.
The second problem we are able to solve with this
approach is that of almost uniform generation of a
labeled tournament, given a near-regular score sequence
on n players (or vertices). A tournament is a complete
oriented graph. The score sequence (also called the score
vector) of a tournament is the sequence of outdegrees
of the vertices of the tournament. Let s = sp =
(81,.-.8n) denote a score sequence on n vertices. With
no loss of generality, we assume 51 < s2 < -+ < sp.
Let T(s) denote the set of labeled tournaments (on n
vertices) with the score sequence s. We provide a fully
polynomial algorithm for generating a member of 7 (s)
almost uniformly at random, for a given s. While the
Markov chain we describe is irreducible for all score
sequences, at the moment we can prove rapid mixing
only for near-regular score sequences — (s1,...,8,) is
near-regular if Vi, |s; — (n — 1)/2| = O(n%/4%¢), for a
sufficiently small € > 0.

Asymptotic enumeration of labeled tournaments
has been of interest to combinatorialists and has been
studied in some detail (see [21], [12], [13], [14]). The
focus of the study in these papers is in providing an
asymptotic estimate (of the type (140(1)) or (14+0(1))
of some explicit formula) of the exact number of labeled
tournaments with a prescribed score sequence. For

example, in [12], McKay proves that for any ¢ > 0,

2n+1

(n-1)/2
) n1/26_1/2(1+0(n"1/2+€)),
mn

RT(n) = (
where RT(n), defined for odd n, is the number of labeled
regular tournaments which have the score sequence,
(n — 1)/2,---,(n — 1)/2). The techniques used in
these papers include the use of generating functions
and integration in n complex dimensions, and thus
are quite different from the Markov chain Monte-Carlo
approach. The graph underlying our Markov chain for
the tournaments has also been studied by Brualdi and L1
[3]; in particular, bounds on the diameter of this graph
for some special score sequences can be found there.

We use the Jerrum-Sinclair technique of canonical
path counting to analyze the Markov chains involved in
our schemes.

2 The Markov chain on bipartite graphs

Let d = dmn = (r1,...,Tm,€1,...¢y) be a bipartite
degree sequence. We consider a Markov chain M(d)
whose states correspond to distinct graphs with degree
sequence d. A state u € M(d) has an associated matrix
M, and a bipartite graph G,. Two states u,v are
connected iff M, — M, has exactly 4 non-zero entries.
In other words if G, and G, are the bipartite graphs
represented by the states u and v, they are adjacent in
the chain iff the symmetric difference of their edges is
a cycle of length 4 with edges alternately from G, and
G,. (Note that this is the smallest possible difference
between any two states of M(d).) We sometimes refer
to an edge of the Markov chain as a swiich as it switches
the edges on a cycle of length 4. For brevity of notation,
we refer to M(d) by M.

The random walk can now be described as follows.
At a state v we choose two entries (1, 7), (k,]),1 <i <
k <m,1<j <1< nof M, uniformly at random. If the
entries (2, j), (k,[) are both 1 and the entries (4,{), (k, 5)
are both 0 then we go to the state where (¢, §), (k,{) are
0 and (3,1), (k,7) are 1, 1.e. we switch the cycle ¢, 5, &,1, 4.
In any other case we stay at u.
In the next section we will set up paths between every
pair of states in the Markov chain hence showing that
it is irreducible. (The fact that the moves as described
above can be used to transform a given (0,1)-matrix to
any other with the same row and column sums was also
another elegant observation of Ryser [18].)

2.1 Canonical Paths.Let C be the set of all cycles in
the complete bipartite graph on m x n vertices. Order
these cycles, first by length and arbitrarily among cycles
of the same length. Fix an order on the vertices of
the graph. Each cycle is then a sequence of vertices



starting with the vertex in the cycle that first appears in
the vertex-ordering, and following the vertices along the
cycle in the order which gives the earlier lexicographic
sequence. The first vertex in the sequence of a cycle is
also called the “start” vertex of the cycle.

Consider two states u and v of M. Let H be the
symmetric difference of G, and G,. For illustration let
the edges in H from G, be red edges and those from
G, be blue edges. An alternating cycle in H is a cycle
which has edges alternately from G, and G,, i.e., it
is a sequence of vertices wy,...,wsg,w; such that the
edges (w1, ws), (W3, w4), ..., (Wak—1,wo) are all red or
all blue) and the edges (wa, w3), (wa, ws), . .., (wak, w1)
are all of the other color. Such an alternating cycle also
corresponds to a sequence of edges that are alternately
present and absent in G, (and G,). The following
simple observation plays a key role in defining canonical
paths.

LEMMA 2.1. H is the union of a set of edge-disjoint
alternating cycles.

For each graph H we fix a unique decomposition
into cycles. Let the cycle decomposition of H into
edge-disjoint alternating cycles be C1,Cs9,...,Ck. The
same decomposition is fixed for all graphs H obtained
by swapping the red and blue edges on some subset of
cycles. This mapping from symmetric difference graphs
to alternating cycle decompositions will be extended to
graphs where a small number of cycles are allowed to
overlap.

Let Hy = GuAC,H; = H;_1AC;,1 <1 < k, then
Gy = Hp—1AC:. Our canonical path from G, to G,
will visit Hy,...,Hr—1 in that order. To go from G,
to Hy; we look at the cycle C; in more detail. If C,
is of length 4 then we can switch it to go from G, to
H;. Otherwise, let Cy = (ws,...,ws,w;) where the
edges (w1, ws), (ws, ws), ..., (wa—1,wy) are present in
G. and the edges (w2, ws3),(wa, ws),...,(wa, w1) are
present in H; (and also Gy). Here w; is the designated
start vertex.

LEmMMA 2.2. Cy contains a verter w; such that the
cycle w;, Wit1, Wai—;, War—i41,w; can be switched in G,,.
Proof. By induction on the size of Cy. If |Cy] = 4,
then it has two red edges and two blue edges and the
whole cycle can be switched in one step in G,. If
|C1]| > 4, consider the cycle wy, wy, wo—y, wor, w;. We
know that the edges (wi,ws) and (war—1,ws) are red
edges (present in G, and not in G,) and the edge
(war,wy) is blue (present in G, and not G,). So if
(wa, w2i—1) 1s not present in G, we can switch the 4-
length cycle in G,,. However if (wy, wa;—1) is present in
G, then ws,ws, ..., ws_1, w2 is a shorter alternating
cycle in Gy,. By the induction hypothesis, we find a
switchable 4-length cycle as required. 0
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Now we have the tools to define the canonical path be-
tween G, and G,. We find the first vertex w; such
that the cycle wi,wa, ..., wit1,wa—i,..., wo, wy is al-
ternating in Gy. So wj, Wit1,..., War—is1,w; can be
switched, and we switch it to get a graph G, such
that G,AG, consists of one (if w; i1s wy) or In gen-
eral two smaller cycles wi,..., wi,wa—ig1,..., w2, W1
and Wig1,...,Ws—;,W;s1. The first cycle is “erased”
from the symmetric difference by a series of switches
Wj_1, Wj, Wai—j 41, Wal—j42, Wj_1 in the order j = 1,7 —
1,...,2. This is because we switched at the first point
in C; where a switch was possible and so all the edges
(w;, war—j+1) must be alternately absent and present in
Gy for j = 1,2,...,1. We call this part of the path
phase I

At the end of phase I we are left with a graph whose
symmetric difference with H; is an alternating cycle
smaller than C;. The rest of the canonical path can be
seen by a suitable induction hypothesis on the number
of edges in the symmetric difference H.

3 A Condition for Rapid-Mixing

Let u,v be any two states of M. Let z be a state on the
canonical path from u to v in M. We first prove some
useful observations.

As before let H = G,AG,. We represent an
alternating cycle in H by an m by n matrix with 1’s
for the edges in G, and -1’s for the edges in G,. Then
M, = My +Cy +Cy + --- + Cr. Each matrix C;
has every row and column sum equal to zero. Let
M; =M, +C1+Cy +---+C;. M; corresponds to
the graph H; as defined in the previous section.

LEMMA 3.1. The matric M = M, + M, — M, has
at most 3 entries that are not 0 or 1.

Proof. If z corresponds to some M; then M = M, +
My —M, = My, +Ciy1+ -+ Ck. Since these cycles are
edge-disjoint by lemma 2.1, and they are alternating for
Gy, all the entries of M are 0 or 1.

Assume z i1s a state between the two states cor-
responding to M;_; and M;. This means that at the
point when the canonical path from u to v passes
through z, it is working on the cycle C;. Let C; =
(wy,wa, ..., wa,w).

The state z could be of three types:

1. As described in the previous section, when the
canonical path reaches C; it finds the first
place along C; where a switch can be per-
formed, i.e. the first vertex w; with such that
Wi, Wi41, Wal—j, Wai—j41,w; can be switched. We
call this 4-cycle S;. Such an S; exists by lemma
2.2

SoM,=M,+C1+---+C;_1+S5; and
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M = My+M,—M, = My+Ciy1+- - +C+Ci—S;.
M+S; isa(0,1)-matrix. So according to the nature
of the switch M has the entries corresponding to
(wj+1,w2,_j) and (wzz_j+1,wj) both equal to 2 or
both equal to -1.

2. Now we have two shorter alternating cycles in Gy,
call them Dy = wy,wa, ... wj, wa—j41,...,War, w1
and Dj. Since S; was the first possible switch,
Dy = S;_1+ Sj_2+ -+ + 51 where the switches
are legal only in the order j — 1,7 —2,...,1. Each
step sets one odd entry in M (starting with the
entry corresponding to the edge (wy_j41,w;)) to
0 or 1, depending on whether it was -1 or 2, and
creates a new odd entry keeping the total number
of odd entries the same. At the end of this process,
i.e. when we have switched S;, M has one odd
entry (corresponding to the edge (wjy1, wa—;)).

3. Then we find the first switch on the remaining
(shorter) cycle Dy = wjqq1, Wjt2,...,Wai—j, Wjt1.
When we find one and do it, we may create two
new odd entries in A taking the total number of
odd entries to 3 and also create two new shorter
cycles. Working backwards to erase the first one
keeps the number of odd entries equal to 3 and
then it drops to 1.

When the cycle C; is completely erased from the
symmetric difference M is once again a purely (0,1)-
matrix. W

Let M’ = M'(d) be the set of matrices that have
the same row and column sums as matrices in M and
further each matrix of M’ has up to 3 entries that are
not 0 or 1. These ‘odd’ entries have to be -1 or 2.

To derive a condition for rapid mixing, we need to
look at a more complicated set-up. Given a bipartite
degree sequence d, we construct a graph G4 such that
the perfect matchings in G4 map to (0,1)-matrices for
d.

Given d = (ry,...,Pm,c¢1,...,¢n), start with the
complete bipartite graph with m and n vertices in
the two color classes. Label the vertices on one side
ai,...,a, and on the other by,...,b,,. Subdivide each
edge (a;, b;) with two new vertices zj; and y;; so that the
edge from a; to b; is now a path a;, z;;,¥;;, ;. Finally,
replace each vertex a; with n — r; vertices each with
edges to each z;; for 1 < j < n. Similarly replace each
vertex b; with m — ¢; vertices each with edges to each
yij for 1 < i < m. Let the graph obtained be Gq.

LEMMA 3.2. A perfect maiching in the graph Gq
maps to a (0,1)-matriz with the sequence d. Moreover,
there are ezactly N = II(n — r)!/TI(m — ¢;)! perfect
matchings mapping to a single matriz.

We shall use this construction to set up N? paths
between every pair of states in the Markov chain, i.e.
one path between every pair of perfect matchings. These
paths will have the property that no more than N2|M’|
go through any single edge of the Markov chain.

Consider the set of all perfect matchings of Ggq.
We will describe a path between every pair of perfect
matchings. In general, these paths will use two kinds of
moves. One set correspond to switches of the Markov
chain. The second set are moves that connect perfect
matchings corresponding to the same state of the chain.
We connect two perfect matchings if their symmetric
difference consists of exactly 4 edges, and none of them
is in the induced graph Gry. These moves are called
short moves and the ones corresponding to switches are
called long moves.

Here is a sketch of the scheme: Let F, and F, be
perfect matchings of G4 such that F, maps to u and
F, maps to v. Consider the set of edges F,AF,. It
is a set of vertex-disjoint even cycles Ci,...,C in Ggq.
We can erase these cycles from the symmetric difference
following a fixed global order on all cycles of G4 and the
two kinds of moves available. Let F, be an intermediate
perfect matching on the path from F, to F,. Given
the graph F' = F,AF,AF,, the matching F, and the
current move, we can uniquely determine the matchings
F, and F,. First compute F,AF, = F'AF,. From
the current move and the global order on cycles of G4
we know that if the current move is affecting the cycle
C; in the sequence C1,...,Cj,...,Cy then Cy,...Ci—1
have already been switched while C;41, ..., Cx have not
been switched. The next theorem makes this precise.

THEOREM 3.1. We can set up paths between pairs
of perfect matchings of G4 such that if F,,, F, are perfect
matchings and (F,, F;1) is @ move on the path from F
to F, then,

1. F' = FLAF,AF, is almost a perfect matching of
Gy, i.e it maps to a matriz with less than 3 entries
that are not 0 and 1, and these “odd” entries are
each 2 or -1.

2. Given F' and (F,,F,/) we can uniquely determine
F, and F,.
Proof. Fix an order on all cycles in G4, with cycles
that don’t have any edges in G, appearing before the
remaining cycles. Also let each cycle have a start vertex.
For two perfect matchings F,,, F,, FyAF, consists
of vertex-disjoint cycles C, ..., C in the sequence fixed
by the global order. The paths we define are based on
those in the proof of lemma 3.1. The subset of edges of
each C; in the graph G, maps to an alternating cycle
in G, AG,.

First we erase all cycles that can be erased with



only short moves. These cycles have no edge in Gzy.
Let C; be the first of the remaining cycles. It maps
to a cycle in G,AG, and the proof of lemma 3.1 gives
us a sequence of switches that erase it. These switches
correspond to long moves. We extend this sequence of
moves to erase C; from F,AF) in the following manner:
When we make a long move we may create upto 4 cycles
that can be erased using only short moves. We perform
these short moves immediately following the long move.
In this manner we get a series of short and long moves
that have the net result of erasing C;.

To prove the first part of the theorem we observe
that only the long moves affect the edges of any C;NGzy
and since we are using the same sequence of long moves,
it follows from lemma 3.1 that F’ maps to an element
of M’.

Now we prove the second part. Given F’ and
(F, F.1), we can calculate F,AF, = F'AF,. This gives
us the sequence of cycles. Then the move (F,, F./)
also tells us which cycle we are currently working on.
Let this be C;. To determine exactly how far we have
proceeded in this cycle, we apply the erasure procedure
to the cycle till we reach the given move. It is a simple
observation that any single move is used no more than
once in erasing any particular cycle. To get F,, we undo
the cycles C'y,...,C;—1 and the moves upto the current
move of C; in F,, and to get F, we apply the remaining
moves of C; and switch the cycles Cit1,...,Ck to F.
]

COROLLARY 3.1. The conductance of the Markov
chain is at least gﬁ{[—',—[
Proof. The total number of paths going through a
single move (F;, F,¢) is at most the number of graphs
of type F'. |F'| = N|M’|, and using that N edges of F
map to a single edge of M, the total number of paths
through an edge of the M is at most N2|M’|. Now we
send a flow of ng through each path between every pair
of states of M. Hence we send a flow of 1 unit between
every pair of states. The flow through a single edge, i.e.
the congestion is less than 5.N2|M’'| = |[M’|.

Let S be a subset of states such that |S| < |M|/2.
Let (S, M — S) denote the set of edges from S to M — S.

The conductance of M is the minimum S’A:‘;_S over

all such subsets S. For any subset S, there are |S||M—S)|
pairs of vertices that send a unit of flow across the
cut (S, M — S). Since the maximum flow through any

edge is |M’|, the number of edges in the cut is at least
[S||M -S| ~ {S[|M]

This implies that the conductance is

M = 2[MT
at least as %’ as required. O

Hence the chain is rapid-mixing if the ratio J]_I‘A_ll_'[l is
bounded by a polynomial in m, n.
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3.1 Generating regular bipartite graphs.A de-
gree sequence is called regular if all the integers in the
sequence are equal. In this section we show that the
Markov chain M is rapid-mixing for regular sequences.

Let M; be the set of matrices with exactly ¢ entries
equal to 2 or -1, and no more than one such non-0,1
entry in any row or column.

THEOREM 3.2. For a regular bipartite degree se-
quence (k,k,..., k) of length 2n, |M;| < (nk)*|M|.
Proof. By induction on ¢, the number of odd entries.
Base: |My| = |M|. Assuming the theorem is true for
M;_1, we shall prove it for M;.

Assume w.l.o.g. that the entry (1,1) is odd, specif-
ically let it be 2. All but & — 2 other entries in the
first row are zero. Similarly all but k — 2 entries in the
first column are zero. Let j be a column with a zero
in the first row, i.e. (1,7) is zero. Since this column
sum is k, and it can have at most one odd entry, it
has 1’s in atleast k — 1 rows and therefore there must
be a row ¢ such that (7,1) is zero and (7,7) is 1. Now
switching the cycle corresponding to the 4 four entries
(1,1),(1,),(4), (3, 1) gives a matrix in the class M;_;.

Similarly suppose that the (1,1) entry is-1. So k+1
entries in the first row are 1 and the remaining n — k — 2
entries are zero. Let j be a column with a 1 in the first
row. Since the column sum is k and it can have at most
one odd entry, there are atleast n — k — 1 zeros in this
column. One of these zeros must occur in a position
(4,7) such that (4,1) is 1. The cycle corresponding to
the entries (1,1),(1,5),(%,5),(¢,1) can be switched to
get a matrix in the class M;_;.

So each matrix in the class M; is one switch away
from some matrix in the class M;_1. Since the total
number of possible switches from a matrix in M;_;
is less than(nk)?, we have |M;| = (nk)%|M;| and the
theorem follows, ]

COROLLARY 3.2. For a regular bipartite degree se-
quence (k,k, ..., k) of length 2n, the conductance of the
Markov chain is Q(1/poly(n)).

Proof. From lemma 3.1 we have that for a bipartite se-
quence |M’| < |Ms|. For aregular sequence (k,k,..., k)
of length 2n we have that |M3] = O((nk)®)|M| from the
previous theorem. Using these two facts and corollary
3.1, the conductance of the chain is Q(1/poly(n)). O

4 The Markov chain on tournaments

In view of good existing surveys on results on tourna-
ments, we shall keep the discussion on general facts
about tournaments brief, and recommend that the
reader refer to [16] or [17]. Let T, denote a labeled
tournament on n vertices. Let S(7,,) denote the score
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sequence of T,,. Given an arbitrary sequence of n non-
negative integers, it is easy to determine if the sequence
is in fact a score sequence using the following theorem,
first proved by Landau [11].

THEOREM 4.1. (LANDAU ’53) Let 0 < 83 < ... <
sn be a sequence of integers. Then T(sy,...,s,) is
nonempty if and only if fori =1,2,...,n,

s1+s2+--- 48> (;),

with equality for i = n.

There is a constructive version of this theorem (see
e.g. [16] or [17]), which gives a linear time algorithm to
produce a tournament with the given score sequence. It
follows from an elegant theorem of Ryser [18] on (0,1)-
matrices that any tournament can be transformed into
any other tournament with the same score sequence by
successively reversing the arcs in 3-cycles (see also [6],
and for a direct proof, see [3]).

Given all this, the irreducible Markov chain M(s),
whose state space 2 = 7T (s) is the set of all labeled
tournaments on n vertices with the score sequence s =
(51,..-,8n), suggests itself:

1. Start with an arbitrary T;, such that S(7,) = s.

2. (A-reversal). At each step, choose a 3-cycle uni-
formly at random (u.a.r.), and reverse the orienta-
tion of the arcs in the cycle with probability 1/2;
with the remaining probability do nothing.

An interesting fact (and an easy exercise in under-
graduate combinatorics) is that the number of 3-cycles
in a tournament is purely a function of its score se-
quence. More precisely, the number of 3-cycles in T},
with score sequence (sy,...,sn) equals (3) — 3, (%).
This shows that the stationary distribution of the
Markov chain as defined above is uniform.

We remark that the steps of the above Markov chain
are easy to implement. For, one can start with a list of
all the 3-cycles, and at each step of the Markov chain,
one needs to update the list which is easy to do. An
alternative approach would be to use a slightly different
chain as follows. At each step, pick a triple of vertices
u.a.r and if the triple forms a 3-cycle, then apply a A-
reversal (i.e. reverse the orientation of the 3-cycle), else
do nothing. It is easy to check that this also gives
a Markov chain with uniform stationary distribution.
Moreover, the following analysis of rapid mixing remains
essentially the same for this new chain.

4.1 The canonical paths.Let T' and T’ be two
arbitrary tournaments from 7 (s). Let T\ 7" denote the
tournament with the same set of vertices, and whose
arcs are those of T' which are not in 7”. It is easy to

see that T\ T" is an arc disjoint collection of directed
cycles. Since Section 2.1 describes in detail how to deal
with a collection of edge disjoint cycles in general, here
we are only going to describe how to “take care of” a
particular cycle C of length 3 < k < nin T\ T'. For
this reason, in fact, let us assume that T\ 7" is a simple
directed cycle, C. We are going to apply a particular
sequence of A-reversals so that either T is transformed
into T, or T\ T" is reduced by at least one arc. In the
latter case, we apply the procedure repeatedly. (Note
that 7"\ 7 is simply the set of arcs obtained by reversing
the arcs in T\ T".)

Let C = ('l.Ul,...,U)k),
where the arcs (wi,wsq),...,(wg,w;) are in T and
(w1, wk),- .., (wg,w;) are in T7. Further let w; be the

start vertex of C (see Section 2.1). Set j to be min{i :
(wi,w1) € T}. Then we can reverse the orientation of
(w1, ws),...,(wj—1,w;) by applying a sequence of A-
reversals on triples (wj, w1, wj-1),...,(ws, w1, ws), in
that order. If j = k, then at the end of this sequence
T is transformed into 77, and if 3 < j < k then we are
left with a smaller cycle, C' = (wy,wj, wjy1,. .., Wk).
This finishes the description of canonical paths between
every pair of states in M (s).

4.2 Near-regular tournaments and proof of
rapid mixing.The proof of rapid mixing is similar
to the proof (in Section 3) for the previous problem;
so here we only outline the key differences. To get
a bound on the congestion of the canonical paths de-
fined above, it is convenient to consider the (0,1)-matrix
representation of a tournament. Let the vertices be
labeled, 1,2,...,n. Given T,, let [T,] represent the
n x n matrix, where [T,];; = 1 if arc (4,j) € Ty, and
0 otherwise. Further, [T,,]);; = 0, for all i. Thus [75]
is skew-symmetric (combinatorially speaking), where
[7%]ij + [Tn)js = 1, whenever i # j. Let the score vec-
tor of T, be (s1,...,5,). Then the vector of row sums
of [Tn] is (s1,...,8n), and the vector of column sums

is(n—1—s5,...,n—1—35,). Now, given a score se-
quence § = (81,...,8,), let d(s) denote the sequence
(s1,82,--,Sn,m—1=s1,n—1—s59,...,mn—1—s,).

Treating [T,,] as a bipartite graph with the degree se-
quence d(s), we can construct the graph Gd(s)’ as in
Section 3. Then the following lemma is an immediate
corollary of Lemma, 3.2.

LemMa 4.1. A perfect matching in the graph Gd(s)
maps to a lournament in T(s); moreover, there are
ezactly N = [[(n — s:)'[1(si + 1)! perfect matchings
mapping 1o a single tournament.

The analog of Theorem 3.1 of Section 3.1 can now be
derived from the following result of [13] (see also [21]).
The results in [13] are actually more precise than as



stated below. Given a score sequence s = (s1,...,3,),
let us define an ezcess sequence 6(s) = (b1,...,6,),
where 6; = s; — [(n — 1) — s5;] = 2s; — (n — 1), for
Jj=1,...,n. Let NT(n;é) denote the number of labeled
tournaments on n vertices with the excess sequence
6 =(61,...,6,). Thus NT(n;(0,---,0)) corresponds to
RT(n), the number of labeled regular tournaments. To
avoid trivialities, assume in the following theorem that
61,...,98, are integers, of opposite parity to n, that sum
to zero.

THEOREM 4.2. (McKAY-WANG) . For ¢ > 0
sufficiently small, suppose max;{|6;|]} = O(n3/*+¢).
Then

NT(n;8) = RT(n)exp ((—% + o(l))gﬁ) :

n

Spencer was the first to obtain a result of the type above
with max;{|§;]} = O(n%/®) (see Theorems 1 and 6 in
[21]). We call (s1,...,5,) a near-regular score sequence
if for all 4, we have |s; — (n — 1)/2| = o(n3/%).
THEOREM 4.3. For a near-regular score sequence
s on n vertices, the conductance of the Markov chain
M(s) is Q(1/poly(n)).
Proof sketch. Let S denote the set of score sequences
that can be obtained from s by choosing two (not nec-
essarily distinct) entries of s, and increasing one score
and decreasing the other score. Clearly, |S| is at most
n?. Let T'(s) denote the set of (labeled) tournaments
whose score sequence is in 5. Now proceeding as in
Corollary 3.1 of Section 3.1, it is straight forward to
show that the conductance of the Markov chain M(s)
is Q(|7(s)|/17’(s)|). Using Theorem 4.2 we can arrive
at the requisite bound:

17" (s)|
I7(s)|

2+o(n3/4)> _

< n2exp ((—% +0o(1)) "

5 Conclusion

Using some of the ideas from the end of [13], we can
also efficiently generate a tournament almost uniformly
at random from among all possible labeled tournaments
on n vertices. While this problem is easy for labelled
tournaments (pick an orientation of each edge at ran-
dom), the technique might apply for generating unla-
belled tournaments. The basic idea is that given a posi-
tive integer n, we can first select a score sequence almost
uniformly at random, by selecting each s; with the bino-
mial distribution B{n — 1,1/2), independently subject
only to have the sum (of s;’s) equal to n(n—1)/2. From
Theorems 4.4 and 4.5 of [13], it follows that the chosen
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(random) score sequence is, in fact, a near-regular score
sequence with high probability (i.e. the failure prob-
ability is inverse polynomial in n). So, if the selected
s;’s are not a genuine score sequence, then simply re-
peat the selection process. Now run the Markov chain
of Section 4 to generate a random tournament which
has the random score sequence.

Brualdi and Qiao showed that the diameter of the
interchange graph of labeled tournaments is at most (n—
1)(n —2)/2, and can be as large as (n — 1)?/4 — the two
labeled tournaments they use for the lower bound are
actually isomorphic, as noted in [8]. Recently, Guiduli
et al [8] proved several interesting results about the
interchange graph of wunlabeled tournaments, wherein
the vertices are non-isomorphic tournaments with a
given score sequence, and (once again) two tournaments
are adjacent, iff one can be obtained from the other by
a A-reversal. They showed that the diameter of this
graph can be as large as (1 — o(1))n%/32, through an
explicit example of the Paley tournament on n vertices
(for n prime, and congruent to 3 mod 4) and what
they call a balanced 2-partition-transitive tournament,
with the same (regular) score sequence. (Note that
the upper bound in the labeled case implies an upper
bound for the unlabeled case, and the lower bound of
the unlabeled case implies a lower bound for the labeled
case.) They also showed that one can-find in O(n?) time
a sequence of A- reversals which would convert a given
tournament 7" to another (given) tournament 7" with
the same score sequence. The above lower bound(s) on
the diameter are obviously lower bound(s) on the rate of
mixing of the chain we discussed in this paper; however,
providing tighter bounds on the rate of mixing should
be a challenging task.

The original theorem of Ryser [18] on tournaments
shows that one can transform any tournament into any
other with the same score sequence by reversing 4-cycles
and 3-cycles. Thus one can define a new chain using
D-reversals (reversal of the arcs in 4-cycles) as well as
A-reversals. Since any DO-reversal can be accomplished
by two A-reverals, our results of rapid mixing extend
to this new chain. It might be interesting to compare
the exact mixing rate of this chain with the ones we
analyzed in this work.

We conclude with open problems of determining
whether the Markov chains proposed are rapidly mixing
for general degree/score sequences. The other natural
open questions are whether ezect counting in the prob-
lems we mentioned is #P-hard. One piece of strong
evidence we have in this direction is a recent result ([4])
which shows that the problem of determining the exact
number of contingency tables with prescribed row and
column sums is #P-complete, even in the 2 X n case.
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A Appendix: A bottleneck

In this section we show a degree sequence d of length 2n
for which the ratio ”Tlﬁl is exponential in n. Although
this does not imply that the chain is not rapid-mixing
(as in the case of more complicated chains studied by
Jerrum and Sinclair) it indicates the need for a more
sophisticated analysis.

Let d be the sequence (1,2,...,n,1,2,...,n). The
last row and column of a solution to this sequence must
be all 1’s. So,

[M(d)] IM(1,2,...,n—2,1,2,...,n—2)|

<
< |M(1,2,...,n-4,1,2,...,n—4)|

Continuing this way we see that |M(d)| = 1.

To estimate |M;|, let us count the number of
matrices with degree sequence d and the entry (n,n)
equal to 2.

The next few steps generate solutions in M; by
filling up rows and colums in descending order.

IMi(d)] > |M(1,1,2,3,...,n—2,1,1,2,3,...,n — 2)|
> 22|lM(1,1,2,...,n—4,1,1,2,...,n—4)|
> 2%M(1,1,2,...,n—6,1,1,2,...,n — 6)|
> 277

In each step above we get 4 different solutions by
choosing one of the rows with row sum 1 and one of the
columns with column sum 1 to be set at 0.

Since J'_hﬂ%x_'l > 272 we can not hope to prove rapid-
mixing in general with the canonical paths used in this
paper.



