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Analyzing approximation algorithms with the dual-fitting method

1 A greedy algorithm for SET COVER

One of the best examples of combinatorial approximation algorithms is a greedy algorithm approximat-
ing the (weighted) 8T COVER problem. An instance of theeS COVER problem consists of a universe
setU ={1,...,m}, afamilyS = {Si,...,S,} of subsets o/, where seftS € S is weighted withwg.
We want to find a sub-family a$ with minimum total weight such that the union of the sub-family/is
(i.e. coverd)).

Consider the following greedy algorithm:

Algorithm 1.1. GREEDY-SET-COVER(U, S, w)

1:C=10

2: while U # () do

3:  PickS € S with the least cost per un-covered element, i.e. picduch tha% is minimized.
4 U—U-S8
5 C=CU{S}
6: end while
7: return C

In this section, we analyze this algorithm combinatorially. Then, a linear programming based analysis
will be derived in the next section.

Without loss of generality, suppose the algorithm returns a colle¢ttan. . ., Si. } of k sets. LetX;
be the set of newly covered elementd bhfter theith step. Letr; = | X;|, andw; = wg, which is the
weight of theith set picked by the algorithm. Assign a coét) = w;/z; to each element € X, for
alli < k.

For any setS € S, we first estimate o c(u). Leta; = |S N X;[. Then, itis easy to see the
following:
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whereH|g) = 1+1/2+---+1/|S] is the[S|th harmonic number. Sing&| < m for all S, we conclude
that
> c(u) < Hy - wg, VS €S, 1)
u€esS



One may ask, what if;+- - -+ay = 0 for somei. This is not a problem. Sinc& # 0, a1+ - -+ax #
0. If a; +--- + a; = 0 for somez, then all the termai%, . ,ak%’: can be ignored.
Let7 be any optimal solution, then

costC) < Y > e(u) <> Hypy-wy < Hy, - cos(T).

TeT uel TeT

We thus have proved the following theorem.
Theorem 1.2. GREEDY-SET-COVER has approximation ratidd,, .

Exercise 1.In the SET MULTICOVER problem, each element is required to be coverea, times,
wherem,, is a positive integer. Each set can be picked multiple times. The cost of piSkingmes is
kwg. Devise a greedy algorithm foreS MuULTICOVER with approximation ratidd,,, (and prove that!).

Exercise 2.In the MaxiIMuM COVERAGEproblem, we are given a universg a collectionS of subsets
of U, and a positive integet. Each element in the universe has a non-negative integer weightThe
problem is to findk members ofS whose union has the maximum total weight.

Suppose we solve this problem by greedily pick the best set in each iteratiok gat8 are picked.
(“Best” set is the set maximizing total weight of uncovered elements.) Prove that this strategy has

approximation ratid — (1 — %)k

Exercise 3. Consider thevEIGHTED VERTEX COVERproblem in which each vertexis weighted with
w, > 0. Consider the following algorithm

Algorithm 1.3. LR VERTEX COVER(G, w)
1:C=0
: Foreachw € V(G), lete(v) < w,
: while C'is not a vertex covedo
Pick an uncovered edde, v), lete < min{c(u), c(v)}
c(u) «— c(u) — € c(v) —c(v) —e
Add into C all verticesv havinge(v) = 0.
: end while
: return C

Prove that this is @-approximation algorithm.

2 Analyzing GREEDY SET COVERwith dual-fitting

Itis natural to find out how Algorithm 1.1 relates to the integer programming formulatioe DC®VER.
Recall the integer program fore$ CovER s

min Z WSTS
Ses
subjectto » g >1, VueU, (2)
Sou
rs €{0,1}, VS e€S.

min Z WL S
SeS
subject to sz >1, Yuel, ©))
S3u
rg >0, VSeS.

The LP-relaxation is

2



And, the dual linear program is

max Z Yu

uelU
subjectto Y "y, <ws, VS €S, (4)

u€es
Yu >0, YueU.

The dual constraints look very much like relation (1), except that we need to divide both sides of (1) by
H,,. Thus, for eachu € U, if we sety,, = ¢(u)/H,,, theny is a dual feasible solution. It follows that

cos{C) = Y c(u) = Hy, COsty) < H,y, - OPT.
uel

3 More general covering problems

The CONSTRAINED SET MULTICOVER problem is a generalization of th&e8CoVvER problem in which
each elements € U needs to be covered,, times, wheren,, is a positive integer.
The corresponding integer program can be written as

min Z WSTS
Ses
subjectto Y " zg >my, VueU, (5)
Sou
zg €{0,1}, VS eS.

When relaxing this program, it is no longer possible to remove the upper baynds1 (otherwise an
integral optimal solution to the LP may not be an optimal solution to the IP). The LP-relaxation is

min ZUJSCCS
SES
subjectto Y " zg >my,, VueU, (6)
Sou
—xg > —1, VS e S,
xg >0, VSeS.

The dual linear program is now

max Z Myl — Z Zg

uelU SeS
subjectto ) "y, — 25 < ws, VS € S, (7)
ueS

Yu, 28 >0, YueUVS eS.

We will try to devise a greedy algorithm to solve this problem and analyze it using the dual-fitting
method.

Algorithm 3.1. GREEDY-SET-MULTICOVER(U, S, w, m)
1.C=0;, A—U
2: I/ We call an element € U “alive” if m,, > 0. Initially all of A are alive
3: while A # () do

4:  Pick .S such thaHSwTSA‘ is minimized.



5 C=CU{S}

6: my, < m, — lforeachuec SNA
7 Remove fromA all v with m,, = 0
8: end while

9: return C

The next step is to write the cost 6fin the form of the objective function of (7). For each element
u € U, and eacly € [m,], letc(u, j) be the cost of covering for the jth time. If S coversu for the jth
time, andAg is the set of alive elements befofewas picked, ther(u, j) = ws/|S N Ag|. If S was
chosen beford’, thenAr C Ag, and thus

ws < wr < wr
ISNAs| = [T NAs| — TN Ar|

Consequently, for any we havec(u, 1) < --- < ¢(u, m,,). The final costis

My,

cos(C) = Z Zc(u,j).

uel j=1

In order to write this sum in the for, ;; muyu — Y _ges 25 (keeping in mind thag,, zs > 0), it
makes sense to try

My —1
costC) = D muclu,mu) — Y Y [e(u,my) — c(u, )]
uelU uel j=1
= S mucluyma) = 33 [eluyma) — ofu, )]
uelU uel j=1

The second double sum (after the minus sign) is non-negative, which is good. We need to write it in the
form )" s 25 somehow. Note that, each tinags covered, a term(u, m,) — c(u, j) is added into the
sum. For eacly € C, supposes coversu € S N Ag thej, sth time. Then,

m

SO lelwmy) — el ) =30 S feumy) — eu,jus)]-

uelU j=1 SeCueSNAg

Consequently, the sumz [c(u, my,) — c(u, ju,s)] can roughly play the role ofs. (If S ¢ C, we

u€ESNAg
can setzg = 0.) Just as in the normaleS CovER case, we will have to scale down the (hypothetical)

¥, andzg to make them feasible. Suppose we scale them downtbye determined. Formally, define

c(u,my), YueU

% Z [c(u, my) — c(u, ju,s)] S€C
ueSNAg

0 Sé¢c

Yu =

N

|9}
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—— D |

We want to findp so that, foreacly € S, " ,c g yu — 25 < wg.
Consider firstS ¢ C. In this case,

Zyu —Z8 = ;Zc(uamu)

u€eS u€eS



Letuy,...,u, be the elements &f. Without loss of generality, assume thatwas completely covered
beforeus, and so on. Then, right beforg is completely covereds still has at least — (i — 1) alive
elements. Hence(u;, m,,) < ws/(k — i+ 1). Consequently,

k
1 H,
E yu_25§*§ kw.s 1§ m'wS-
uesS pim -t p

Secondly, supposg < C. In this case we have

1 1 .
Z Yy — 28 = — Z C(U7 mu) - = Z [C(u7 mu) - C(u>]u,5)]
uesS P uesS P ueSNAg
1 .
= - Z C<u7 mu) + Z C(uaju,S)
p uES\AS ueSNAg
Letus,...,ur be elements iy’ As which were completely covered in that order. Note that &' < k.

Note also thad _,c g4, c(u, ju,s) = ws. Similar to the previous reasoning, we get

1 K w H,
S
Eyuzs——<g i1 1+U15> < — - wg.
u€eSsS i=1

Hence,(y, z) would be a dual feasible solution if we pigk= H,,, which would also be an approxima-
tion ratio for Algorithm 3.1.

Exercise 4. Devise a greedy algorithm foreS MULTICOVER with approximation ratiad,,,. Analyze
your algorithm using the dual-fitting method.

Exercise 5. In the MULTISET MULTICOVER problem, we are given a collectiaf of multisets of a
universeU. For eachS € S, let M (S, u) be the multiplicity ofu in S. Each element needs to be
coveredm,, times. We can assum¥ (S, u) < m,, for all S, u.

Devise a greedy algorithm for WLTISET MULTICOVER with approximation ratiaH;, whered is
the largest multiset size. The size of a multiset is the total multiplicity of its elements. Analyze your
algorithm using the dual-fitting method.

Exercise 6. Consider the integer programin{c’ x | Ax > b}, whereA, b have non-negative integral

entries, and is required to be non-negative and integral also. This is called a covering integer program.
Use scaling and rounding to reduce covering integer programsuior MET MULTICOVER, so that

we can use the greedy algorithm for theuMISET MULTICOVER instance to get a greedy algorithm

for the COVERING INTEGERPROGRAM instance with approximation ratio(1g n), wheren is the input

size of the covering integer program. (Thus, the instance O£ MSET MULTICOVER must have size

polynomial inn.)

Exercise 7. Vazirani’s book. Problem 24.12, page 241.

Historical Notes

The greedy approximation algorithm foE® CoVvER is due to Johnson [5], L&sz [6], and Ché&tal [2].
Feige [4] showed that approximating SCovERto an asymptotically better ratio thamm is NP-hard.

The dual-fitting analysis for 8EEDY SET COVER was given by Loész [6]. Dobson [3] and Ra-
jagopalan and Vazirani [8] studied approximation algorithms for covering integer programs. The dual-
fitting method has found applications in other places [1, 7].
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