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AdaBoost

Meir and Rétsch wrote a very nice (though a bit old) introduction to boosting and leveraging [10]. Some
of our materials are based on that survey.

1 Bagging and Boosting, High-level Idea

The main idea of “boosting” is to combine a set of weak hypotheses into a stronger hypothesis. The question
of whether weak hypotheses can be combined to form a strong hypothesis has its root in PAC-learning [16].
Kearns and Valiant [8] proved that a weak PAC-learner can be “boosted” to form strong leaner (with arbitrary
small error). Schapire [14] was the first to show that weak PAC-learning and strong PAC-learning are
essentially equivalent: the boosting algorithm can be done in polytime. Finally, Freund and Schapire [6]
designed AdaBoost (Adaptive Boost) as we know it today, which is considered the first step toward practical
boosting.

To be more precise, recall the PAC setting where we have an unknown distribution D on {2, a target
concept ¢ € H. A strong PAC-learner is an algorithm which, given any ¢, > 0, takes m = poly(1/e,1/4)
samples S = {(x;, c(x;))}1*, where x; ~ D and outputs a hypothesis / satisfying

Pré)b[err(h) <e€>1-4.
The algorithm runs in time poly(1/d,1/e,n = |x;|). A weak PAC-learner is a learner as above which works
only for a specific value of € = €.

Exercise 1. Suppose we have a learner which works efficiently for a specific pair 0 < €p, 09 < 1/2, namely
it always outputs a hypothesis A in time poly(1/eg, 1/d9, n) such that

Prg)b[f:rr(h) <€) >1-do.

Show how to use this learner to design a new learner which works efficiently for any small 4, i.e. the new
learner always outputs a hypothesis h where

Pré)b[err(h) <e€l>1-906

and it runs in time poly(1/eg, 1/5,n).

The above exercise shows that boosting the confidence is easy. Boosting the error is another story
though. Since the PAC-setting is quite limited, we will work on the inconsistent hypothesis model (IHM)
directly.

Under the IHM model, there is an unknown distribution D on © x {—1,1}. A weak learner is an
algorithm A for which there exists an €y < 1/2 such that given any 0 < § < 1/2, A takes m samples S
from D and produces a hypothesis h € H which satisfies the following

Prégb[err(h) < e >1—0.



Recall that
err(h) = errp(h) = Prob [h(x) # y.
(xy)~D
(Note that we are not concerned with the poly-size of m just yet, because our results hold for any m.)

AdaBoost is an ensemble method which outputs a “composite hypothesis” which is a linear combination
of the weak hypotheses. The hope (and reality confirms) is that weak hypotheses with errors close to 1/2
(but not equal to 1/2) are easy to find, and boosting gives us a meta-learning algorithm to produce good
learners. The main question is how to combine the weak classifiers.

Possibly the simplest type of “ensemble learning” is called Bagging (Boostrap Aggregating) by the
Berkeley statistician Breiman [2]. In bagging we take m training samples, then take m’ < m uniform
samples with replacement from the training samples and feed m’ samples to a learner to fetch a hypothesis
hi. Do this independently T times to get hypotheses hq, ..., hr. Finally, output a composite hypothesis
which always takes the majority vote of the hypotheses hy, ..., hr. Bagging often can reduce the variance
of the output hypothesis. (Roughly speaking, the error of a hypothesis on an example x comes from 3
sources: noise, bias, and variance. Noise is unavoidable. This is intrinsic uncertainty over x’s true label.
Bias measures how close the prediction is to the real label. Variance measures how much a prediction
changes if the samples change.) Bagging does not improve the bias.

In boosting, instead of uniform sampling from the training samples we will focus more on the samples
which were wrongly classified in the previous rounds. The voting does not treat all (weak) hypotheses
equally. We take a weighted vote.

2 AdaBoost and its empirical error bound

In the following algorithm and analysis it is natural to include the notion of “soft classifiers.” As we have
discussed so far, the hypotheses are functions from 2 — {—1,1}. These types of classifiers are called hard
classifiers. Soft classifiers are functions from {2 — R. If & is a soft classifier then the label of x € Q2 is 1 if
h(x) > 0 and —1 if h(x) < 0. In other words, the label of x under % is sign(h(x)). Hard classifiers are a
special case of soft classifiers, certainly.

The generalization error of a soft classifier A cannot be defined to be Problh(x) # y| any more. To
formalize the notion of a “loss” for a soft classifier, we define a 01-loss function X : R? — {0,1} by

)\(y’, y) = 1{y’y§0}'

Hence, A(h(x),y) is 1 if h(x) has a different sign from y or hA(x) = 0, in which case we count the label
of h given to x as an error. Then, the performance of a soft classifier h is measured by the risk or the
generalization error

LH0) = [ Ak, 1)aD(x. ) = ENA(0), )]

Since D is often implicit, we write L% instead of LODI, except for cases when we want to emphasize the
underlying distribution. If h was a hard classifier, then this is precisely err(h) has we have been working
on. In a couple of lectures we will look at other types of loss functions. Naturally, the empirical risk or
empirical loss of h is defined by

m

. 1 1 &
L% (h) = . Z)\(h(xi),yz’) = Z Len(x;)yi<0}-
i=1

i=1



Algorithm 1 AdaBoost

Require: A weak learner (also called base learner)
1: Take m training samples S = {(x1,¥1),..., (Xm,¥Ym)} from the unknown distribution D on 2 x
{-1,1}.

: Di(i) = 1/m, for all i € [m]

:fort=1to 7T do

Train the base learner using D; on S

Get a base classifier h; from the weak learner

Select “weight” a; € R // more below

. . iYe—tyihe (x;)
Update for each i € [m]: Dyy1(i) = Dt(z)e#
/! Zy is a normalizing factor so that D, is a distribution on S
. end for
L f(x) = arhu(x)
: Output H(x) = sign (f(x))

R A A i
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Algorithm 2 shows the skeleton of the Adaptive Boost algorithm. We first take m samples S from
the unknown distribution D. Then, we use S to train our weak learner using different distributions on S:
D1, ..., Dy,. The first distribution D; is simply the uniform distribution on S. In the second distribution
(t = 2), we “re-weight” the probability masses of points in S so that points which were wrongly classified
by hi get (exponentially) higher weight. In particular, if y; # hi(x;) which means y;h(x;) < 0 then
Dy(i) o Dy(i)e™ and if y; = h(x;) then Da(i) o< Di(i)e”*!. The weight o is a parameter which we
will choose later analytically. Later rounds are done similarly. Finally, we obtain a weighted average of all
the weak classifiers and output the weighted “vote.” Figure 1, taken from the survey by Meir and Riitsch,
illustrates the main idea.

How do we choose the a;? That is the main question. We use the Empirical Risk Minimization strategy
(a form of induction) which aims to minimize the empirical error of the ensemble hypothesis H. Thus, we
need to bound err(H), or equivalently in this case L°*(f). Now, noting that Lgy p(xi)<0y < e ¥il(Xi)  we
have

IN

_ R 1 — 1SN
ert(H) = LV (f) = - Z Ly pxi)<0} " Ze vif (xi)
=1 i=1

1 m
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1st Iteration

Fig. 1. Illustration of AdaBoost on a 2D toy data set: The color indicates the label
and the diameter is proportional to the weight of the examples in the first, second,
third, 5th, 10th and 100th iteration. The dashed lines show the decision boundaries of
the single classifiers (up to the 5th iteration). The solid line shows the decision line of
the combined classifier. In the last two plots the decision line of Bagging is plotted for

2nd Iteration

o 0.5

10th Iteration

a comparison. (Figure taken from [153].)

3rd Iteration

Figure 1: llustration of AdaBoost, Taken from Meir and Rétsch’s survey

So we pick the o; to minimize the product Hthl Z. Let us do the analysis for the case where all h; are
hard classifiers, i.e. h¢(x) € {—1,1},Vx € ). Define

Thus, by definition

et = errp, (hy) = Z l{yifht(xi)}lpt(i) = Z Dy (1).

>

yiFht (x:)
Gt(iat + (1 — et)e*at
2\/ Gt(l — Gt),

where equality holds if only if we chose

=1

Z Dt(i)e*atyiht(xi)
=1

Y Dyi)e™ + > Dyli)e

yi=ht(x;)

11 1—6,5
ay = —1n .
t 2 €t

YiFht (x;)

ey

This is the value that we “plug in” to the algorithm. If all base classifiers h; are weak-classifiers in the sense
that there is some constant v > 0 such that ¢, < 1/2 — ~, then the empirical risk of the output is bounded by

) < [[2vali—a) = [[2ViA- (@ - 127 < [[Vi- 97 < [[e" = e
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This is beautiful, because the empirical risk goes to zero as 7' — oo. The problem is, as always, driving
down the empirical risk might “risk” driving up the generalization error due to overfitting.

Exercise 2 (When base classifiers are soft). The analysis above doesn’t quite work if the h; : @ — [—1,1]
are soft classifiers. We can make it work by following the following reasoning. Define

re =Y Di(i)yihu(xs)-
i=1

Then 7; basically measures “how wrong” h is.
(a) Show that, for any real number w, and any a > 0

14+w 1—w

670411) < efaw _"_ eaw‘

2 2

(b) Now define w; = y;h:(x;), derive that

1+7’t
1— T

(c) Show that the right hand side above is minimized at oy = 1 5 In

01
(d) How does ry relate to L7, (he)?

(e) What can you say about the empirical risk of H in this case?

3 Generalization error bound

So we have a bound on the empirical error of the ensemble hypothesis H. What about its generalization
error? First of all, let H denote the function class of the weak classifiers h;. Define

T
Or(H) = {sign <Z atht> | oy > 0,0y € H} .

t=1

Then clearly H € ©p(H). From the Rademacher complexity lectures we know that with probability at least
1 — & we have

L0 () < £ (H) + R(Or(H) + 3y L)
and
LOY(H) < LOY(H) + R (O7(H)) + 111;1745)

In particular, applying Massart’s lemma or applying VC Theorem directly we have with probability at least

1-9
LOYH) < I1°Y(H) + O (\/VCD(@T(H))lnm—I-ln(l/é)) |

m



Thus, in order to estimate the generalization error bound we will need to either bound VCD(O7(H)) or
bound the Rademacher complexities of O (H) directly.

Let us first bound vCD(O7(H)). Freund and Schapire in their original AdaBoost paper bounded this
quantity using a simple observation from Baum and Haussler [1]. We will work on 2 = R" as this is
probably the most common usage. A feedforward net is a directed acyclic graph with n inputs and one
output. Each input corresponds to a coordinate from R". Each non-input node v is associated with a
function f,, which belongs to a function class F,,. These nodes are called computation nodes. The in-degree
of a computation node v is denoted by INDEG(v). The function f, is from R™NPEG(Y) — {1 1}. The net
itself is associated with a function f : R™ — {—1,1} defined in the obvious way. Let F denote the class of
functions f formed by this feedforward architecture.

It should be obvious that ©(H) is a feedforward architecture with 7"+ 1 computation nodes. The first
T nodes correspond to functions Ay, ..., hp. The last node is the sign function, which is basically a linear

threshold function:
1 >0
sign Z iy | = 2ot Qs
n 0 Zt Yt S 0.

We also know that the class of linear threshold functions on R” have VC-dimension T + 1.

Going back to the general setting of Baum and Hassler. We will bound vCD(F) in terms of VCD(F,)
for computation nodes v. Let’s order all computation nodes vy, ..., vy so that the inputs of f,, are only
dependent on the actual inputs or the outputs of f,, for j < i. This is possible since the architecture is
acyclic. Let’s use F; instead of F,, to denote the function class corresponding to computation node v;.
Consider a set S of m sample points. F; can label S in II, (m) different ways. Then, for each of these
labelings F» can label S in I, (m) different ways. The process goes on. Hence, overall S can be labeled
by F in ITz(m) <[], Iz, (m) different ways.

Now, let d; = VCD(F;) and d = Zfil d;. We assume that all d; are finite. Suppose m > d > d;. Then,

< (me)'(N/d)".
To see the last inequality, we prove its equivalent form

N

> % log(1/d;) < log(N/d).
=1

If we set p; = d;/d and X = 1/d; with probability p;, then the left hand side is E[log(X )] over this
distribution. Since log is concave, by Jensen’s inequality

n

E[log(X)] > log E[X] = log <Z(1/di)(di/d)> = log(N/d).

=1

We just proved the following lemma by Baum and Haussler.
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C4.5 decision trees (Schapire et al., 1998).

Figure 2: Sometime AdaBoost does not overfit

Lemma 3.1 (Baum and Haussler). Let F be a feedforward architecture with N > 2 computation nodes.
Let F; be the function class associated with the ith computation node. Let d; = VCD(F;) and d = Zfil d;.

Then,
N

x(m) < [[ 1z (m) < (Nme/d)?
=1
form > d.

Exercise 3. Let H be the hypothesis class of the (hard) base classifiers, and 7" be the number of iterations
in the AdaBoost algorithm. Then,

veD(Or(H)) < 2(d+ 1)(T + 1) logy(e(T + 1)).

From the exercise (which follows from Baum and Haussler’s lemma), there is a potential issue: when T’
increases we are able to drive down the empirical error but the VCD of the ensemble function class increases
which potentially leads to overfitting. Some experiments did not confirm this worry (Figure 2). Is there
another explanation?

4 Boosting the Margin

There is a way to partly explain the fact that AdaBoost does not seem to overfit in some situation [15]. When
bounding the generalization error of H we use the empirical error of H. However, as H is only the sign of
f, we lost some information about f. In particular, the magnitude of the value of f(x) should give us some
indication about the degree of confidence that f has on its label. While H is a hard classifier, f is a soft
classifier. To assess the confidence f has, let us define a couple of other loss functions which try to capture
confidence levels.

The 01-margin loss function is defined to be

0
/\pl(y> y) =1y,

where 1 > p > 0 is called the margin. If p = 0 then the 01-margin loss function is just the normal 01-loss
function. For p > 0, Agl(f(x),y) is 1 (i.e. counted as a loss) if f(x)y < p. Now, if f(x) and y have

7



different signs then it is a loss as before. For our problem y € {—1,1}. Hence, even when f(x)y > 0 we
would still have a loss if f(x) has the same sign as y but its magnitude (i.e. margin/confidence) is smaller
than p.

The margin loss function is defined by

1 yy' <0
M y) =< 1—yy'/p O0<yy <p
0 yy' > p.

So in this case we “ease” the loss linearly from 1 down to 0 as yy’ approaches p. When p = 1 this is called
the Hinge loss function, an important loss function used in SVM. There are many types of loss functions
such as square loss, log loss, etc.

The margin loss of function f is defined to be

and the empirical margin loss of f is

m

Fo(f) 1= - SN Gxi) ).

i=1
It should be noted that
A< A, <AL
Thus
L0 < L,< L21’

and

701 T 701
L™ <L, < LY.

The margin loss is an upper bound for the real loss, both of which are bounded by the 01-margin loss.
What do we gain with these new notions of loss? We will prove the following theorem.

Theorem 4.1 (General margin bound, Koltchinskii-Panchenko). Let F be a class of real valued functions.
Fix amargin 1 > p > 0. Then, for any § > 0, with probability at least 1 — § we have

) < L)+ 2R(F) L)
) < L)+ 2Re(r) 43y 2B

In the context of AdaBoost, we will be able to show that as long as p < +y then i}p( f) = 0asT — .
Furthermore, we will show that D = vCD(F) is independent of 7. From R, (F) = O+/(Dlnm)/m we
can now infer that when p > 1/1/m the other two terms goes to 0 as well. To summarize, in order to show
that in some cases AdaBoost does not overfit we have to do the following:

e Prove Theorem 4.1



e Prove that ﬁp( f) tends to O for some range of p as 7" tends to co
e Prove that vCD(F) is independent of T’

e Conclude that if we are able to make p >> 1//m then all terms in the upperbound for L' (f) tends
to 0.

These steps are implemented in the following four subsections.

4.1 Proof of Theorem 4.1

To prove this theorem, we need two lemmas. The first lemma we already proved in the Rademacher com-
plexity lecture.

Lemma 4.2 (Koltchinskii-Panchenko, 2002 [9]). Let G be a class of functions from Z to [0, 1], and D be an
arbitrary distribution on Z. For notational convenience, we write

Elgl = E [9(2)]
IES[Q] = % Zg(zi), where S = {z1,...,z2m }.
i=1

Then, for any § > 0,

~ In(1/6)
Prob lztelg{JE[g] — Eslg]} = 2Rm(9) +1/ — - ] >1-4, @)
and
Prob |sup{Elg] — Eslg]} < 2R5(G) + 3y 2L 5)] >1-4 3
NDm geg 2m

The second lemma is called the Talagrand Contraction lemma []. A function ¢ : R — R is called
L-Lipschitz if for any z,y € R |p(x) — p(y)| < L - |z — y|.

Lemma 4.3 (Talagrand’s Contraction Lemma). Let ¢ : R — R be an L-Lipschitz function with ¢(0) = 0.
Let F be any family of real-valued functions from Z to R. Then

Rs(poF) < L-Rs(F).
Here, S is a set of m (sample) points from Z.

Before proving Talagrand’s contraction lemma, let us finish the proof of Theorem 4.1 using the above
two lemmas.

Proof of Theorem 4.1. Let F be the family of real-valued functions given in Theorem 4.1. Suppose func-
tions in ¥ are from (2 to R for some domain 2. Define Z = (2 x {=1,1}. Define a new class of functions
F which consists of one function f : Z — R for each f € F. The function f is defined by

f(2) = f(x,y) = yf(x).



(Roughly, f measures the “margin/confidence” of f. If f was a hard classifier then f tells us whether f was
right or wrong on the point (x, y).)
Next, define a function ¢, : R — [0, 1] as follows.

1 <0
o) =8 1—z/p 0<x<p
0 T >p

Then obviously A\, (v, y) = ¢,(y'y) and ¢, is a (1/p)-Lipschitz function. Now, define another function
class

Q:{cppOf]fef.}.

Thus functions in G measures the margin loss of functions in f. Now, we apply Koltchinskii-Panchenko’s

lemmaon G. Let S = {z1,..., 2z, } be m points from Z and D be an arbitrary distribution on Z. We have,
with probability at least 1 — ¢, the following holds for all ¢ € G (we are proving both statements in parallel)
1 & log(1/4)
< — i) + 2R
El) < — ; 9(z) + 2Rm(9) + (| —5
1 & ~ log(2/4)
< — i)+ 2R 3 .
El9(=)] < ) g(w) +2Rs(9) + 3/ =

i=1
Now, to convert the above statements in to statements about F, note the following
e We can bound the 01-loss of f by g. Let z = (x, y), then
Af(%),4) = Lpxyy<o < 0p(F(X)y) = 0o(f(2)) = g(2).
Hence,

Lo (f) = EIN(f(x),9)] < Elg(2)]-

e Next, it is obvious that
1 & .
E z;g(zz) = Lp(f)-
1=

e Finally, we bound the Rademacher complexity of G by the Rademacher complexity of F:
Rs(G) = Rs(pyoF)
(Rade. comp. invariant under a constant shift) = 735(((,0,0 —1)0F)

1~ -
(Talagrand’s lemma) < ;RS(J’:)

1 [ 1

—E [sup— > oiyif(xi) | S
E m; (%) | ]
L [oup £ S ot | 8
- — D _oilif (X
pa_ mizl

(yi € {_17 1}) =

1 1 —
—E |sup — if(x) ]S
| pm;tff( ) | ]

= Rs(F)
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From that, R,,(G) = E[Rs(9)] < E[Rs(F)] = R (F) and the proof is completed.

O
We next prove Talagrand’s contraction lemma.
Proof of Lemma 4.3. We start with the left-hand-side.
1 m
Rs(poF) = E |sup — oi(po f)z
(voF) sup 22> eiloo (e
1 m
= E E |sup — oi(po Z;
BB [ Eestee >”
1
= E E [sup um(f)” :
015--50m—1 [Om fe]—'m
where to simplify notations we have defined
k
=S oileo f)(z)
i=1
Next, we bound the inner expectation:
1 1 1 1 1 1 1
E sup Lun(D)| = g { duma)+ 200 D) b g5 una(D) - 00 )|
om | feF M 2 jer m 2 jer m
From the definition of sup, for every € > 0 there are two functions f1, fo € F such that
£ [sup Sun(F)| < 5[ Suoct(h)+ 200 )| + 5 [Zuna () - Lo )| +
sup —u = | —Up— —(po z — | —Up— - — €
Umfegmm _Z_mmll m<,01m 9 |y Ym—14J2 m902m
1[1 1 1
< 5 [ ume1(fi) + —ume(f2) + —(@(filzm)) = o(falzm)) | +e
|m m m
Eel11) < b Euna(f) 4 s (5) + Zo(fi(en) — folem)| +
g ) = 5 -mum—l 1 mum—l 2 mU 1(Fm 2(Zm €
1[1 L 1[1 L
= 3 _Eum—l(fi) + m5f1(zm)] +3 [mum—1(f2) — mc_sz(Zm)] + €
1
< E [sup{um_1(f )+ omLf(zm }
om | feFr LT
Since the inequality is true for any € > 0, it must hold that
1 1
E [sup —un(f)| < E [sup ¢ —tm—1(f) +omLf(zm) ¢ | -
Om | feF m om | feF m
Keep doing the same trick m — 1 more times and we obtain the desired inequality. O
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4.2 Empirical margin loss for AdaBoost

The next task is to show that L »(f) tends to 0 for some range of p. We actually will bound an upper bound
of L,(f). Note that

Ly(f) < L3'(f) = Prob[f(x)y
We already had an analysis of AdaBoost which bounds Prob|f(x)y
thus we leave it as an exercise.

< pl.
< 0]. This analysis will be similar, and

Exercise 4. Recall the definition of ¢, in (1). Prove that if ¢, < 1/2 — ; for some ; > 0 in each round
t € [T'] of the AdaBoost algorithm, then

(1= 29) 25 (1 + 29,) ="

Eﬂ

Ly(f) <

t=1

From the exercise, if p < ~; for all ¢ then the factor (1 — 2%) ‘(1 + 2%)# is strictly less than 1.
(Why?) Thus, when T' — oo the empirical 01-margin loss goes to 0. In particular, the empirical margin loss
goes to 0.

4.3 Rademacher complexities of the convex hull of classifiers

Let H be a class of functions from €2 to R. The convex hull of H is defined by

T
CONVp(H) := {Z prhe | e > U;ZMt <1,h € H} .
¢

The soft classifier f output by the AdaBoost algorithm has the form f = ), a;hy. Since we are only
interested in the sign of f, we can change f tobe >, ”gﬁht. In this case the coefficients p; = IISﬁ sums

to 1 and thus f € CONV(H).
Theorem 4.4. Let H be any class of functions from ) to R. Let S be any set of m points x; from €. Then
Rs(CONVE(H)) = Rs(H),

and thus
Rm(CONVT(H)) = Ri(H).

Proof. From definition,

ﬁS CONVp(H = —E sup o /.Ltht X
( (70) m o | u>o, ||u||1<1 hi€H 5 lz '

= %IE‘, sup sup Z (ZUzht Xq )]

| €H p>0,[|pl1 <132

T
= EIE sup max(Zalht xl>]

hz E'H te(T]

1
= EIE SupZm xz]

| heH

= Rg(H).
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4.4 Conclusions

Combining everything, let H be the function class of the base classifiers, from Theorem 4.1 we are able to
bound (with probability at least 1 — 9)

err(H) = L°'(f) < L§'(f) + iRm(H) iy Bl
and
err(H) = L°'(f) < L' (/) + ZﬁS(H) a8

The second bound is data-dependent. Hence, we might be able to use it for model selection (beyond the
scope of this course). But in any case, since the Rademacher complexities are bounded by about O(/d/m),
the last two terms of the upper bound will tend to 0 as m — oc.

The first term is exactly Prob[f(x)y < p| and it goes to 0 if p < ~. Hence, overall we will need
~ > 1/4/m which depends on how good the base classifiers are.

The expression Prob[f(x)y < p] suggests that AdaBoost should try to maximize the margin (the con-
fidence) of its composite hypothesis. AdaBoost does not explicitly attempt to do so, and indeed it was
shown in 2004 that AdaBoost does always converge to a composite hypothesis with maximum possible
margin [12]. However, it was also shown that under certain conditions AdaBoost can achieve half of the
maximum possible margin [11]. There are many other boosting algorithms which explicitly aim to maximize
the margin: AdaBoost* [11], arg-gv [3], Coordinate Ascent Boosting and Approximate Coordinate Ascent
Boosting [13], linear programming-based boosting algorithms such as LP-AdaBoost [7] and LPBoost [5].
However, in practice AdaBoost still performs very well and in some experiments yield better margins than
the other algorithms [4,7].

Support Vector Machines do try to explicitly maximize the margin. SVM is our next subject.
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