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Abstract—Local binary pattern (LBP) and its variants have
been widely used in many recognition tasks. Subspace approaches
are often applied to the LBP feature in order to remove unreliable
dimensions, or to derive a compact feature representation. It is
well-known that subspace approaches utilizing up to the secondorder statistics are optimal only when the underlying distribution
is Gaussian. However, due to its non-negative and simplex
constraints, the LBP feature deviates significantly from Gaussian
distribution. To alleviate this problem, we propose a Chi-squared
transformation (CST) to transfer the LBP feature to a feature
that fits better to Gaussian distribution. The proposed CST leads
to the formulation of a two-class classification problem. Due to its
asymmetric nature, we propose a CST-APCA approach to better
remove the unreliable dimensions in the CST feature space. We
have conducted extensive experiments on spatial LBP for face
recognition, protein cellular classification, and spatial-temporal
LBP for dynamic texture recognition. All experiments show that
the proposed feature transformation significantly enhances the
recognition accuracy.
Index Terms—Local Binary Pattern, Truncated Gaussian
Model, Chi-squared Transformation, Asymmetric PCA, Image
Recognition

I. I NTRODUCTION

L

OCAL binary pattern captures image micro-patterns by
encoding the signs of the pixel differences between a
pixel and its neighbors as a binary code. The histogram of
these codes is then used for further analysis. LBP and its
variants have been widely used in many recognition applications, e.g. texture classification [1]–[4], dynamic texture
recognition [5]–[7], facial analysis [8]–[11], scene classification [12]–[14] and others [15]–[19]. LBP is popular thanks to
its desirable properties: insensitive to illumination variations,
robust to alignment error, simple and fast to extract.
However, LBP has some limitations. As shown in [9], [10],
LBP is sensitive to image noise. A small image variation may
alter LBP codes dramatically. A more severe problem is that
the LBP histogram may not be reliably estimated due to: 1)
The occurrence frequencies of LBP codes vary significantly.
Histogram bins corresponding to infrequent patterns are poorly
estimated. 2) To preserve locality, a small image patch is often
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used to construct the histogram, leading to insufficient pixels
to produce a reliable histogram.
To remove the unreliable dimensions of LBP histogram or to
derive a compact feature representation, subspace approaches
are often applied. For CENTRIST [12], principal component
analysis (PCA) was applied to the LBP histogram of each
patch. CENTRIST was improved in [20] by mining discriminative co-occurrence patterns. In [21], a random projection tree
was utilized to encode LBP-like features, and PCA was applied
to reduce the dimensionality. PCA has also been applied on
the feature vector concatenated using LBP histograms of all
patches [22]–[25], and multi-level HOG-LBP feature [26].
It is well-known that subspace approaches utilizing up
to the second-order statistics are optimal under Gaussian
assumption [27]–[29]. However, the LBP histogram has two
properties that cause its underlying distribution to deviate far
from Gaussian. 1) Non-negative constraint: each histogram bin
is non-negative. 2) Simplex constraint: all histogram bins sum
to 1. As a result, the LBP-histogram bin is bounded in the
range of [0, 1]. In general, the expected value of LBP feature
is close to 0. The lower bound at 0 has a severe truncation
effect on the probability density function (PDF) of LBP feature
so that it largely deviates from Gaussian.
Our objective is to find a transformation that produces a
feature with a distribution close to Gaussian. Towards this end,
we propose a Chi-squared transformation (CST) based on the
following observations. On one hand, the LBP-histogram bins
are severely unbalanced, i.e. the occurrence frequencies of frequent patterns are much higher than those of infrequent ones.
On the other hand, the covariance matrix used in subspace
approaches is constructed using Euclidean distance. Frequent
patterns may overwhelm infrequent patterns when Euclidean
distance is used. To enhance the discriminative power of
infrequent patterns, distance measures other than Euclidean
distance such as histogram intersection, Chi-squared distance
and G-statistic are often employed [3], [8], [10]. The proposed
transformation inherits the advantages of Chi-squared distance,
which well handles the unbalanced nature of LBP histogram.
More importantly, our analysis and experiments show that it
produces a feature that fits better to Gaussian.
The proposed Chi-squared transformation converts original
multi-class classification problem into a two-class one. This
problem is highly asymmetric since the number of inter-class
sample pairs is much larger than the number of intra-class
pairs. To handle this asymmetric nature, we propose to use
asymmetric PCA [28], [29] instead of using PCA to remove
the unreliable dimensions in the CST feature space. We name it
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as CST-APCA. It is validated extensively on face recognition,
protein cellular classification and dynamic texture recognition.
The proposed approach consistently enhances the recognition
performance in all experiments.

Fig. 1(a)-(d). Thus, φ(β) ≈ 0 and Φ(β) ≈ 1, and the simplified
truncated Gaussian model has mean and variance:
φ(α)
µS = µ +
σ,
(4)
1 − Φ(α)

II. T HE P ROPOSED A PPROACH

σS2 = σ 2

A. Modeling the PDF of LBP Histogram
Due to its nonnegative and simplex constraints, the PDF
of LBP-histogram feature deviates far from Gaussian. The
distributions of some LBP features1 of the LFW database [30]
are plotted in Fig. 1(a)-(d). They look very much like a
truncated Gaussian distribution, i.e. truncation at the left-hand
side. The fitted truncated Gaussian distributions are shown by
red curves in Fig. 1. More evidences are given in Section III-A.
Thus, we use truncated Gaussian to model the PDF of LBP
histogram. A truncated Gaussian random variable h has a
Gaussian distribution N (µ, σ 2 ) within the interval [a, b] and
zero PDF elsewhere, as shown in Fig. 2. Its PDF is given by

"

αφ(α)
1+
−
1 − Φ(α)



φ(α)
1 − Φ(α)

2 #

.

(5)

Now α = − µσ . α can be used to measure how severe the
left truncation is. A smaller α indicates that the truncation at
a = 0 happens at the far left tail, which will alter the Gaussian
distribution less significantly.
Given mean µS and variance σS2 of a truncated Gaussian,
it is difficult to derive µ and σ of the respective Gaussian
distribution. Thus, we define a truncation effect measure αS
directly using µS and σS ,
αS =

φ(α)
−α + 1−Φ(α)
a − µS
= −r

2 .
σS
αφ(α)
φ(α)
1 + 1−Φ(α) − 1−Φ(α)

(6)

αS as the function of α in Eqn. (6) is plotted in Fig. 3.
Clearly, αS increases monotonically with α for α ≤ 0. Since
αS = f (α) is a bijection function w.r.t. α for α ≤ 0, there is
a unique inverse mapping from αS to α, i.e. α = f −1 (αS ),
where f −1 (αS ) is a monotonically increasing function w.r.t.
αS . A larger αS , or equivalently a smaller |αS | indicates a
more severe truncation.
Fig. 2.

Illustration of a truncated Gaussian distribution.
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Now we analyze the implications of nonnegative and simplex constraints of LBP histogram. Let h ∈ Rd denote the LBP
histogram, where hi ∈ [0, 1], i = 1, 2, . . . , d is one of its bins.
The truncations happen
P at both sides, i.e. a =
P0, b = 1. Due to
simplex constraint di=1 hi = 1, we have di=1 E{hi } = 1.
Due to non-negative constraint hi ≥ 0, ∀i, we have E{hi } > 0.
Consider both constraints, and the fact that d ≫ 1, E{hi } is
much closer to 0 than to 1. Thus, the truncation at a = 0 is
significant, whereas the truncation at b = 1 is almost negligible
since it is at the far right tail. These are evidenced from
u2 , a uniform LBP with 59 histogram bins extracted using
use LBP8,2
8 neighbors evenly spaced on a circle of radius 2.
1 We

αS increases monotonically with α.

(2)
To study how severe the truncation is, we plot |αS | for all
LBP features of the LFW database in Fig. 4. For a better view,
|αS | is sorted in an ascending order. If |αS | > 3, it means
that the truncation at a = 0 happens beyond three times of the
standard derivation from the mean, and hence is negligible.
However, from Fig. 4 we can see that for most LBP features
|αS | < 1, which indicates a severe truncation.
In summary, the PDF of LBP feature deviates largely from
Gaussian, as shown in Fig. 1(a)-(d). We model it as a truncated
S|
Gaussian, and show that |αS | = |a−µ
can be used to measure
σS
how severe the truncation is. For most LBP features, |αS | < 1,
and hence their PDFs are severely truncated.
B. Proposed Chi-Squared Transformation
LBP histogram has been used as a robust image representation for many recognition tasks. In real applications, it often
produces a high-dimensional feature vector, which adversely
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Fig. 1. Comparison of the distributions of the features before and after the proposed Chi-squared transformation. (a)-(d) The distributions of 4 LBP features
and the fitted truncated Gaussian distributions in red. (e)-(h) The distributions of the features derived by the proposed transformation on the features with
distributions shown in (a)-(d) and the fitted Gaussian distributions in red.
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Fig. 4. Plot of truncation measure |αS | of the LBP features and |αz | of
the features after the proposed Chi-squared transformation. For a better view,
|αS | is sorted in an ascending order and plotted together with respective |αz |.
|αz | is consistently larger than |αS |, which indicates that the truncation is
much less severe after the proposed transformation.

affects the robust classification. It is hence not a surprise
that many recent approaches utilize linear subspace methods
to remove the unreliable dimensions in LBP histogram or
to derive a compact feature representation [12], [21]–[26].
However, subspace approaches utilizing up to the second-order
statistics are only optimal when the underlying distribution is
Gaussian [28], [29]. Under Gaussian assumption, the maximum a posterior (MAP) rule that minimizes the classification
error is simplified to evaluating the following discriminant
function [29]:
1
gi (h) = − (h − h̄i )T Σ−1
i (h − h̄i ) + θi ,
2

(7)

where h̄i is the class mean, Σi is the class covariance matrix
and θi is a threshold to control the error rate of class i at

a price of others. It is basically a minimum Mahalanobis
distance classifier (mMDC). As the covariance matrix Σi
of individual class may not be reliably estimated in many
applications, a pooled covariance matrix called within-class
scatter matrix is often used instead in Eqn. (7). Unfortunately,
the Mahalanobis distance cannot be reliably evaluated in the
high-dimensional space due to limited training samples. Thus,
various subspace approaches are developed to solve this problem. PCA+LDA [31] removes dimensions corresponding to
unreliable small eigenvalues so that the Mahalanobis distance
can be evaluated reliably in a small PCA+LDA subspace.
Bayesian Maximum Likelihood approaches [32], [33] partition
the feature space into two subspaces where the Mahalanobis
distance is evaluated reliably in one and the Euclidian distance
is applied in the other to circumvent the unreliable evaluation
of the Mahalanobis distance. The Euclidean distance can be
viewed as a degenerated Mahalanobis distance, where the
covariance matrix is assumed to be a scalar matrix. ERE
approach [27] regularizes the covariance matrix before computing the Mahalanobis distance to attenuate this problem.
However, it is shown in the previous section that the PDF
of LBP feature deviates far from Gaussian. Therefore, Mahalanobis distance and Euclidian distance are not optimal for
LBP features. This is evidenced by the fact that other distance
measures such as Chi-squared distance, histogram intersection
and G-statistic [3], [8], [10] have been widely used in the LBP
feature space Rd and demonstrated a superior performance to
Euclidian distance. (Mahalanobis distance cannot be applied in
Rd because Σi is singular.) To utilize linear subspace approach
in solving the high-dimensionality problem of LBP feature,
we propose to transform it to a new feature space so that the
resulting feature fits better to Gaussian distribution.
Given two samples of LBP features represented by x, y, we
define a new feature vector z = {z1 , z2 , . . . , zd }, where each
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element zi is:

C. Normality Analysis Using Moments
xi − yi
zi = √
.
xi + yi

(8)

As the l2 -norm of z is the Chi-squared distance between
feature vectors x, y,
zT z =

d
X
(xi − yi )2
i=1

xi + yi

,

(9)

we name the proposed transformation in Eqn. (8) as Chisquared transformation.
Similar to Eqn. (6), the following criterion is defined for z
to measure how severe the truncation is:
|αz | =

|az − µz |
,
σz

Moments have been widely used to test the normality of
a distribution [34]–[37]. Among them, skewness and kurtosis
are the simplest but effective measures. As shown in Fig. 5,
the skewness is a measure of the asymmetry of a PDF about
its mean, and the kurtosis is a measure of the “peakedness”
of a distribution, which are respectively defined as:
3/2

s = m3 /m2 ,

(12)

k = m4 /m22 ,

(13)

where mr = E{(h − µh )r } is the r-th order moment, and µh
is the mean.

(10)

where az denotes where the truncation happens. µz and σz
are mean and standard deviation of z, respectively.
Suppose that we have a LBP feature h that has a truncated
Gaussian distribution with mean µS , and two independent
samples
x,
We have µz =
o y drawn
n from
o this ndistribution.
o
n
x−y
y
x
√
√
√
= E
−E
. Since x and y are
E
x+y
x+y
x+y
x
and
drawn from the same distribution and independent, √x+y
n
o
y
x
√
have the same PDF. Thus, µz = 0 as E √x+y =
x+y
n
o
y
E √x+y . Intuitively, for every sample pair {x, y}, there

.
is a corresponding sample pair {y, x}, i.e. z̃ = √y−x
x+y
The summation
of
z
and
z̃
is
zero.
Thus,
µ
=
0.
Since
zn
n
o
o
2
4xy
x, y ≥ 0, E x+y
≥ 0, we have σz2 = E (x−y)
=
x+y
n
o
4xy
E x + y − x+y ≤ E{x + y} = 2µS .
As x, y ∈ [0, 1], the PDF of z is truncated in [−1, 1], and
hence |az | = 1. Plug az , µz and σz into Eqn. (10), we have:

1
1
≥√
.
(11)
σz
2µS
Pd
For LBP features, we have
i=1 E{hi } = 1, E{hi } ≥ 0,
∀i and d ≫ 1. Thus, E{hi } ≪ 1, or equivalently µS ≪ 1.
1
It is easy to satisfy that √2µ
> 3 2 , or |αz | > 3, which
S
means that the truncation for the transformed feature happens
beyond three times of the standard derivation from the mean,
and hence is almost negligible. We apply the proposed transformation on the high-dim LBP features of the LFW database,
and plot |αz | for the resulting features in Fig. 4. It shows that
|αz | is much larger than |αS |. The proposed transformation
greatly reduces the truncation effect.
The PDFs of the features transformed from features in
Fig. 1(a)-(d) are shown in Fig. 1(a)-(d), respectively, in which
the truncations happen at the far tails, and are almost negligible. We fit the transformed features into Gaussian distribution
using maximum-likelihood estimation, and overlay the fitted
distribution in the same figures. Visually, the transformed
features fit well to Gaussian. In the next section, we further
analyze the normality using moments.
|αz | =

2 For example, for 59.13%, 74.66% and 94.35% of the high-dim LBP features of the LFW dataset, we have µS < 0.01, 1/59 and 1/18, respectively.

(a) Skewness
Fig. 5.

(b) Kurtosis

Illustration of the skewness and the kurtosis.

We analyze the normality of the features before and after
the proposed CST using Jarque-Bera test (JBTest) [34], which
utilizes both skewness s and kurtosis k:


n 2 (k − 3)2
J=
s +
,
(14)
6
4

where n is the number of samples. For a Gaussian distribution,
s = 0 and k = 3. Deviation from these two values indicates
non-normality. Thus, a smaller J indicates a better fit to
Gaussian distribution.
We first calculate JBtest statistic Jt for LBP feature under
truncated Gaussian model. Its skewness and kurtosis are a
function of α:
st =

2φ(α)+α2 φ(α)
1−Φ(α)

3/2 ,
αφ(α)
1 + 1−Φ(α)



αφ(α)+ 13 α3 φ(α)
3 1+
1−Φ(α)
kt =
,

2
αφ(α)
1 + 1−Φ(α)

(15)

(16)

where α = (a − µ)/σ = −µ/σ, as the truncation occurs at
a = 0. The derivation is given in Appendix A.
For JBtest statistic Jz of the transformed feature z, its
skewness sz = 0 and kurtosis kz is also a function of α.
The derivation of this function is given in Appendix B.
We plot Jt and Jz vs. α in Fig. 6, since they are both a
function of α. As we derive JBTest statistic using modeled
distribution rather than using samples, n is set to 1 for both
Jt and Jz for simplicity. Jz is consistently smaller than Jt .
Thus, we conclude that the proposed transformation produces
a feature that fits better to Gaussian distribution under JBtest.
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The problem is severe here as the two classes constructed by
the proposed transform are highly asymmetric.
To tackle this problem, we construct an asymmetric pooled
covariance matrix by

1

Jarque–Bera Test Value

10

J
J

t
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Fig. 6. Comparison of the Jarque-Bera test statistic Jt before and Jz after
the proposed Chi-squared transformation.

D. Chi-Squared-Transformed Subspace Analysis
The transformed feature z is defined on a pairwise basis,
i
i.e. each element zi = √xxi −y
is defined using a sample pair
i +yi
{x, y}. It naturally transfers the original classification problem
into a two-class one: class ΩI containing the sample differences from the same class, and class ΩE containing the sample
differences from different classes. It is easy to show that both
classes have zero mean. The covariance matrices for
P class ΩI
and ΩE are respectively constructed as ΣI = N1I z∈ΩI zzT
P
and ΣE = N1E z∈ΩE zzT , where NI and NE are the number
of samples for class ΩI and ΩE , respectively.
Eqn. (7) that minimizes the classification error decides that
a sample z belongs to class ΩI if
T −1
zT Σ−1
E z − z ΣI z > θ,

(17)

I
E
where θ is a threshold. Let λIk , λE
k and Φk , Φk denote the
eigenvalues and eigenvectors of ΣI , ΣE , respectively. Let pk
and qk denote the projection of z on ΦIk and ΦE
k , respectively.
The decision rule (17) is simplified to
d
d
X
X
p2k
qk2
−
> θ.
λE k=1 λIk
k=1 k

(18)

I
Eigenvalues λE
k and λk are an estimate of the class true
(ensemble) variance based on available training data. The
decision rule will overfit the training samples, and hence result
in a poor generalization performance if these eigenvalues differ
significantly from the ensemble variances.
I
As pointed out in [27]–[29], small eigenvalues λE
k and λk
are biased downwards severely, and result in misclassification.
PCA applies eigen-decomposition on the total scatter matrix
Σt = Φt Λt ΦTt , where Σt is calculated by

Σt =

NI
NE
ΣI +
ΣE .
NI + NE
NI + NE

(19)

Here, the between-class scatter matrix is zero as both classes
have zero mean. By removing the subspace of Σt correI
sponding to small eigenvalues of λE
k and λk , PCA improves
the classification accuracy [28], [29]. However, ΣI is less
reliable than ΣE as ΣI is estimated using much less samples.
Thus, PCA on Σt does not effectively remove the unreliable
dimensions as it puts a small weight NI /(NI + NE ) on ΣI .

(20)

where γ is the weighting factor of ΣI . If γ = NI /(NE + NI ),
I
Σγ is the same as Σt in PCA. If we set γ > NIN
+NE , more
I
dimensions of small λk will be removed than that of PCA. This
leads to more effective dimensionality reduction than PCA for
enhancing the classification accuracy. To remove the unreliable
dimensions, eigen-decomposition is applied on Σγ ,
Σγ = Φγ Λγ ΦTγ ,

(21)

where Φγ and Λγ correspond to the eigenvectors and eigenvalues of Σγ , respectively. We select eigenvectors Φγ,m
corresponding to m largest eigenvalues, and project z into the
subspace as:
ẑ = ΦTγ,m z.

(22)

After removing the unreliable dimensions corresponding
to small eigenvalues that are biased downwards, the bias
problem of eigenspectrum is not fully solved, i.e. the large
eigenvalues are still biased upwards [28]. The eigenspectrum
of ΣI is estimated less reliably than ΣE using much less
samples. Thus, the remaining large eigenvalues of ΣI are
biased upwards more severely than ΣE . To correct this, we
use the following classifier:
T
−1
ẑT Σ̂−1
ẑ > θ̂,
E ẑ − ẑ (ψ Σ̂I )

(23)

where Σ̂E = ΦTγ,m ΣE Φγ,m , Σ̂I = ΦTγ,m ΣI Φγ,m , and ψ is
a weighting constant. The value of ψ depends on how far the
large eigenvalues of ΣI deviate from their ensemble variances
compared with those of ΣE .
We name the proposed approach as CST-APCA, i.e. first
apply the proposed Chi-squared transformation on the LBP
histogram to derive a feature that fits better to Gaussian
distribution, and then apply asymmetric PCA on the resulting
feature to remove unreliable dimensions. The pseudo-code is
given in Algorithm 1. The proposed transformation does not
significantly increase the computational cost or memory cost.
Compared with traditional PCA-based approaches, it mainly
requires some additional memory and computational cost to
perform Chi-squared transformation in Eqn. (8).
III. E XPERIMENTAL R ESULTS
We first conduct Chi-square goodness-of-fit (Chi2GOF) [38]
test to further validate that the LBP features fit to truncated
Gaussian distribution. Then, we compare the features before
and after the proposed transformation under Jarque-Bera normality test. Finally, we compare the proposed approach with
10 approaches on 8 datasets in classifying face, protein cellular
and dynamic texture, to validate the proposed transformation.
The nearest-neighbor classifier (NNC) with Euclidean distance in the original LBP feature space is used as the baseline
algorithm, denoted as NNC-ED. As Euclidean distance may
not well handle the infrequent patterns of LBP histogram,
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Algorithm 1 Asymmetric PCA on the Chi-squaredtransformed features
Input: Training samples {hi ∈ Rd } and corresponding class
labels {ωi }, i = 1, 2, . . . , N , testing sample ht ∈ Rd
Parameters: Weighting constants γ, ψ, feature dimension m.
Output: Class label ωt of ht
Chi-squared transformation for training data:
for i = 1:N do
for j = 1:N do
a. Derive the Chi-squared-transformed feature vector
zi,j ∈ Rd , where each element of zi,j is zi,j,k =
√hi,k −hj,k , k = 1, 2, . . . , d, as in Eqn. (8).
hi,k +hj,k

b. If ωi = ωj , zi,j ∈ ΩI else zi,j ∈ ΩE .
end for
end for
Asymmetric PCA on training data:
1. Derive
covariance matrices for P
class ΩI and ΩE as ΣI =
1 P
1
T
T
zz
and
Σ
=
E
z∈ΩI
z∈ΩE zz , respectively.
NI
NE
Here z is a simplified notation of zi,j .
2. Construct asymmetric pooled covariance matrix Σγ =
γΣI + (1 − γ)ΣE as in Eqn. (20).
3. Perform eigen-decomposition on Σγ , Σγ = Φγ Λγ ΦTγ
as in Eqn. (21).
4. Compute covariance matrices in the subspace spanned by
eigenvectors Φγ,m corresponding to m leading eigenvalues
of Σγ as: Σ̂E = ΦTγ,m ΣE Φγ,m , Σ̂I = ΦTγ,m ΣI Φγ,m .
Classification of all testing samples:
For every query sample ht :
for i=1:N do
a. Perform Chi-squared transformation using sample pair
(hi , ht ) to obtain feature zi,t as defined in Eqn. (8).
b. Project zi,t into the subspace as ẑi,t = ΦTγ,m zi,t .
c. Compute the difference between distances from two
T
−1
classes Si = ẑTi,t Σ̂−1
ẑi,t .
E ẑi,t − ẑi,t (ψ Σ̂I )
end for
i∗ = argmaxi Si , and output ωt = ωi∗ .

other distance measures such as Chi-squared distance are often
used [3], [8], [10]. Hence, the second compared algorithm
is NNC + Chi-squared distance, denoted as NNC-Chi2D. As
the dimensionality of LBP feature is often high, Mahalanobis
distance cannot be directly calculated in the original feature
space, and PCA is often applied to reduce the dimensionality [12], [21]–[26]. Thus, the third one is PCA-mMDC.
We also compare the proposed algorithm with other stateof-the-art approaches. Power mean support vector machine
(PmSVM) [39] has achieved a superior performance in classifying LBP features. It is claimed in [39] that when features
are histograms, SVMs of additive kernels are most effective.
PmSVM utilizes a special family of additive kernels, i.e.
1/p
d  p
X
xi + yip
Mp (x, y) =
,
(24)
2
i=1
for any p < 0. It includes some popular additive kernels,
e.g. χ2 kernel if p = −1 and histogram-intersection kernel
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if p = − inf. We compare the proposed approach with both,
i.e. PmSVM-Chi2 and PmSVM-HI. 3 As suggested in [39], we
use p = −8 for PmSVM-HI, and cost parameter C = 0.01 in
all experiments. Very recently, a simple transform that squareroots every feature value [40] is shown to improve the fitness
to Gaussian for video features. We use it with PCA-mMDC,
and name it as SR-PCA-mMDC. 4 Besides these, the proposed
approach is also compared with other state-of-the-art solutions
to dynamic texture recognition.
The proposed transformation can be also applied to other
histogram features such as HOG features [41] to improve its
fitness to Gaussian. To verify this, we conduct a comparison
experiment on the LFW dataset using HOG features.
A. Chi-Square Goodness-of-Fit Test
We conduct Chi2GOF test [38] on 7 datasets to validate
that LBP features fit to truncated Gaussian distribution, and
the transformed features fit to Gaussian distribution. We fit
LBP features to the following distributions through maximumlikelihood estimation: Rice, Rayleigh, Gaussian and truncated
Gaussian. The first two are often used to model non-negative
random variables. We then conduct Chi2GOF test to check
whether they fit to one of these distributions. For example, the
null hypothesis for Gaussian distribution is that the underlying
distribution is Gaussian. A feature passes the test if the
null hypothesis cannot be rejected at the 5% significance
level. More specifically, Chi-square test [38] is performed by
grouping data into bins, calculating observed and expected bin
counts, and computing the test statistic
χ2 =

d
X
i=1

(Oi − Ei )2 /Ei ,

(25)

where Oi and Ei are observed and expected bin counts,
respectively.
The pass rate 5 is used as the evaluation metric, and results
are shown in Table I. For all datasets, truncated Gaussian
distribution consistently has the highest pass rate, and they
are all about 80% and some even higher. This validates that
LBP features fit well to truncated Gaussian.
We further conduct Chi2GOF test [38] for the transformed
features on Gaussian distribution. The pass rates are shown in
the last row of Table I. All datasets have high pass rate, which
indicates that the transformed features fit well to Gaussian
distributions under Chi-square test.
B. Jarque-Bera Normality Test
In Section II-C, we show that theoretically the proposed
transformation results in a feature that fits better to Gaussian
distribution under JBTest [34]. Now, we conduct JBTest on
real images: AR [42], O2FN [43] and 2D Hela [44] databases.
The results on other datasets are similar to these three, and
3 We use the source codes of power mean SVM downloaded from
https://sites.google.com/site/wujx2001/home/power-mean-svm.
4 Before applying PCA-mMDC, every feature value is square-rooted.
5 The pass rate is defined as the number of features passing the test
normalized by the total number of features.
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TABLE I
PASS RATE OF LBP FEATURE AT 5% SIGNIFICANCE LEVEL IN C HI - SQUARE GOODNESS - OF - FIT TEST FOR R ICE , R AYLEIGH , TRUNCATED G AUSSIAN AND
G AUSSIAN DISTRIBUTIONS ( FIRST 4 ROWS ), AND THAT OF TRANSFORMED FEATURES FOR G AUSSIAN DISTRIBUTION .
Distributions

AR [42]

O2FN [43]

Rice
Rayleigh
Truncated Gaussian
Gaussian
Gaussian (after CST)

0.06%
5.24%
88.91%
5.67%
90.02%

0.05%
5.86%
79.10%
3.39%
82.43%

LFW High-Dim
LBP [25], [30]
0.00%
1.45%
84.63%
3.09%
88.86%

2D
Hela
[44]
0.00%
0.00%
91.53%
2.82%
92.66%

−1

10

−2

10

−3

Jarque–Bera Test p Value

pt

pt
−1

10

−2

10

−3

10

4000
6000
Feature Index

(a) The AR database

8000

DynTex++
[47]
0.00%
13.15%
80.34%
8.33%
83.72%

pt
−1

10

−2

10

−3

10
2000

UCLA [45],
[46]
0.00%
1.82%
85.55%
4.69%
88.22%

pz

pz
Jarque–Bera Test p Value

Jarque–Bera Test p Value

pz

LFW Baseline
LBP [25], [30]
0.00%
1.78%
82.58%
2.59%
86.97%

10
2000

4000
6000
Feature Index

8000

(b) The O2FN database

50

100
Feature Index

150

(c) The 2D Hela database

Fig. 7. Comparison of the p-value pt and pz of Jarque-Bera test for features before and after the proposed transformation on (a) the AR database, (b) the
O2FN database, (c) the 2D Hela database. For a better view, pz is sorted in an ascending order.

hence omitted. We plot pt and pz in Fig. 7, which represent
p-values of JBTest for features before and after the proposed
transformation, respectively. A larger p-value indicates a better
fit to Gaussian. For a better view, pz is sorted in an ascending
order, and plotted together with corresponding pt .
We can see that most pt are very small, which indicates that
LBP features deviate far from Gaussian distribution. After the
proposed transformation, pz are significantly larger than pt
on all three databases. Indeed, 0.70%/87.01%, 0.44%/85.37%
and 0.56%/87.57% of features before/after the transformation
pass JBTest at 5% significance level on AR, O2FN and 2D
Hela databases, respectively. This validates that the proposed
transformation produces a feature that fits better to Gaussian
distribution under Jarque-Bera test.
C. Face Recognition on the AR Database
We normalize the image to 150 × 130 pixels, apply an
ellipse mask to remove background pixels and divide it into
u2
patches of 21 × 18 pixels. The feature descriptor is LBP8,2
.
Initial experiments show that a better performance is achieved
when there is 50% overlapping between neighboring patches.
In total, there are 13 × 13 = 169 patches. The concatenated
feature has 59 × 169 = 9971 dimensions. 75 subjects are
chosen from the AR database [42], each with two sections.
Each section contains 7 images: one neutral, 3 with different
facial expressions and 3 in different illumination conditions.
We use the first section for training and the second for testing.
The comparison with other approaches is shown in Table II.
NNC-Chi2D performs better than NNC-ED, which indicates
that Chi-squared distance is a better measure for LBP features. PCA-mMDC performs even worse than NNC-Chi2D,

TABLE II
C OMPARISON OF ERROR RATES FOR DIFFERENT APPROACHES ON THE AR
DATABASE .
Algorithms
NNC-ED
NNC-Chi2D
PCA-mMDC
SR-PCA-mMDC [40]
PmSVM-Chi2 [39]
PmSVM-HI [39]
Proposed Approach

Error Rate
3.43%
1.33%
2.48%
1.33%
0.00%
0.00%
0.38%

mainly because of non-normality of LBP features. SR-PCAmMDC outperforms PCA-mMDC, as it improves the fitness
to Gaussian by square-rooting features. The proposed CSTAPCA performs much better than PCA-mMDC, which indeed
demonstrates the superiority of the proposed transformation.
Surprisingly, PmSVM-Chi2 and PmSVM-HI achieve an errorfree classification on this dataset.
D. Face Recognition on the O2FN Mobile Database
The O2FN database [43] contains 50 subjects, each with 40
images of 144 × 176 pixels. The images are captured using
the front camera of a mobile phone with native settings, and
hence they are of low image quality and severely distorted by
noise. They also contain some pose variations and significant
illumination variations. We use first 20 images of each subject
for training and the rest for testing. LBP features are extracted
similarly as for the AR database, which have 9971 dimensions.
The comparison with others is shown in Table III. NNCChi2D slightly reduces the error rate compared with NNC-ED.
As images are noisy, many dimensions of LBP features are not
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reliable. PCA-mMDC greatly reduces the classification error
by removing these unreliable dimensions. SR-PCA-mMDC
further boosts the performance by improving the fitness to
Gaussian. On top of these, the proposed CST-APCA significantly outperforms all compared approaches.
TABLE III
C OMPARISON OF

ERROR RATES FOR DIFFERENT APPROACHES ON THE
O2FN DATABASE .

Algorithms
NNC-ED
NNC-Chi2D
PCA-mMDC
SR-PCA-mMDC [40]
PmSVM-Chi2 [39]
PmSVM-HI [39]
Proposed Approach

Error Rate
33.20%
30.00%
5.00%
2.80%
4.00%
4.10%
1.50%
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We report the averaged results over 10 folds of View 2.
More precisely, 3000 positive pairs (two images of the same
subject) and 3000 negative pairs (two images of different
subjects) are divided into 10 subsets. In each fold, 9 subsets
are used as the training set and the hold-out subset is used for
testing. The task is to determine whether an image pair comes
from the same subject or not. We follow the LFW’s restricted
protocol. No outside dataset is used for training. We test
several subspace approaches with the proposed transformation.
ERE approach [27] performs best, and hence we report this
result. The results are summarized in Table IV. The results of
Joint Bayesian [25] are copied here for comparison.
TABLE IV
C OMPARISON OF ERROR RATES FOR DIFFERENT APPROACHES ON THE
LFW DATABASE .
Algorithms

E. Face Recognition on the LFW Database
The LFW database has been widely used as a benchmark
dataset to evaluate face recognition algorithm [25], [48], [49].
It consists of 13,233 images of 5,749 subjects. All images are
collected from the internet with large pose, illumination and
facial-expression variations, as well as occlusions.
In [25], it is shown that high-dimensional LBP features
achieve a better performance than baseline LBP features. In
this paper, we report the results on both datasets. 6 In image
understanding and recognition, histogram-like features are
widely used, e.g. LBP histogram, histogram of oriented gradient (HOG), scale-invariant feature transform, color histogram
and gray-level co-occurrence histogram. The proposed transformation can improve the performance of other histogramlike features. To verify this, we conduct experiments on HOG
features. These features are extracted as follow:
Baseline LBP Feature: The image is normalized to 100×100
pixels by an affine transformation derived using 5 landmarks
(two eyes, nose and two mouth tips). Then, it is partitioned
into 10 × 10 non-overlapped patches. An LBP histogram is
extracted from each patch. All histograms are concatenated to
form the final feature vector of 59 × 102 = 5900 dimensions.
Baseline HOG Feature: The image is normalized to 128×128
pixels. A sliding window of 16 × 16 pixels is used to scan
the whole image, at the stripe size of 8 pixels. Each sliding
window is divided into 4 cells. A HOG histogram of 9 bins is
extracted from each cell. The histograms of one window are
l2-normalized. The concatenated feature vector has 9 × 4 ×
152 = 8100 dimensions.
High-Dim LBP Feature: The normalized images are resized
to five scales, i.e. the side lengths in each scale are 300, 212,
150, 106 and 75. In each scale, an image cell of 40×40 pixels
is extracted from each of 27 facial landmarks, and further
divided into non-overlapped patches of 10 × 10 pixels. An
LBP histogram is extracted from each patch. The concatenated
feature vector has 59 × 27 × 5 × 16 = 127, 440 dimensions.
This high-dim LBP feature has achieved the state-of-the-art
performance on the LFW dataset [25], but also imposes a great
challenge on both memory and computational complexity.
6 Features

can be downloaded from http://home.ustc.edu.cn/∼chendong/.

NNC-ED
NNC-Chi2D
PCA-mMDC
SR-PCA-mMDC [40]
PmSVM-Chi2 [39]
PmSVM-HI [39]
Joint Bayesian [25]
Proposed Approach

Baseline
LBP
32.70%
28.70%
25.92%
19.43%
21.17%
21.20%
19.95%
15.42%

Error Rate
Baseline
HOG
35.95%
34.12%
30.27%
27.62%
27.02%
26.88%
20.00%

High-Dim
LBP
28.70%
26.35%
21.05%
15.88%
13.67%
13.43%
15.92%
9.50%

For all approaches, baseline LBP performs poor than highdim LBP, but better than baseline HOG. NNC-Chi2D consistently outperforms NNC-ED. PCA-mMDC marginally reduces
the error rate compared with these two. SR-PCA-mMDC
further reduces the error, and achieves even slightly better
performance than joint Bayesian approach [25]. PmSVMs
perform worse than SR-PCA-mMDC on baseline LBP, but
better on baseline HOG and high-dim LBP. It shows that
PmSVMs are more effective on higher-dimensional features.
The proposed approach further reduces the error rates on
all three datasets. Especially on high-dim LBP feature, it
significantly decreases the error rate of joint Bayesian [25],
the published best results, from 15.92% to 9.50%.
F. Protein Cellular Classification on the 2D Hela Database
Protein cellular classification is useful for characterizing
newly discovered genes. The 2D Hela database [44] contains
862 single-cell images (16-bit gray image of size 382 × 382
pixels). It has 10 classes and each with more than 70 images.
We extract LBP features at multiple scales, i.e. LBP8,1 ,
LBP8,2 and LBP8,3 , same as in [50]. At each scale, the
histogram has 28 = 256 bins. Protein cellular only occupies
a small portion of the image. The background pixels are
harmful for reliable classification, and mainly fall into bin
256. Thus, bin 256 at each scale is removed. The histograms
are concatenated to form the final feature vector of 765
dimensions. We randomly choose 80% of the images for
training and the rest for testing. The experiments are repeated
five times and the average performance is reported in Table V.
As shown in Table V, NNC-Chi2D significantly outperforms
NNC-ED in the LBP feature space. PCA-mMDC greatly
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TABLE V
C OMPARISON OF ERROR RATES FOR DIFFERENT APPROACHES ON THE 2D
H ELA DATABASE .
Algorithms
NNC-ED
NNC-Chi2D
PCA-mMDC
SR-PCA-mMDC [40]
PmSVM-Chi2 [39]
PmSVM-HI [39]
Proposed Approach

Error Rate
30.81%
24.53%
13.49%
9.42%
11.63%
12.91%
8.60%

reduces the error rate, which shows the effectiveness of
subspace approaches in removing unreliable dimensions of
LBP features. SR-PCA-mMDC further boosts the performance
compared with PCA-mMDC by improving the fitness to
Gaussian. On top of these, the proposed CST-APCA further
reduces the error rate to 8.60%. The transformed features
fit better to Gaussian distribution, and hence yield a better
performance.
G. Dynamic Texture Recognition on the UCLA Database
Dynamic texture (DT) is a sequence of images of moving
scenes that exhibit certain stationarity properties in time [45],
[46]. The UCLA database [51], [52] has been widely used as a
benchmark dataset for DT recognition [46], [47], [53], [54]. It
has 50 classes, each with 4 sequences. Several breakdowns
were used to evaluate the dataset [46]. Among them, we
choose 3 representative settings:
50-Class: Original setting. 4-fold cross-validation is used.
9-Class: Sequences of different viewpoints are grouped as 9
classes to evaluate DT recognition under viewpoint changes.
We use the same settings as in [46], [47]. We randomly choose
half of the dataset for training and the other half for testing.
The average recognition rate over 10 trials is reported.
Shift-invariant Recognition (SIR): Each sequence is spatially
partitioned into non-overlapping left and right halves. “Shiftinvariant recognition” [54] was implemented to compare sequences only between halves. This setting is very challenging.
We report both rank-1 (R1) and rank-5 (R5) recognition rates.
We use LBP-TOP [5] as the feature descriptor, in which
LBP features are extracted from three orthogonal planes, i.e.
XY-plane, XT-plane and YT-plane, and concatenated to form
the final feature vector. We try different ways to partition DTs.
The best performance is achieved when we divide DTs along
time axis into two patches for 50-class and SIR, and spatially
divide sequences into 3 × 3 patches for 9-class. The feature
dimensionality is 1536, 6912, 1536 for 50-class, 9-class and
SIR, respectively. The results are shown in Table VI.
On the 50-class setting, the proposed CST-APCA achieves
an error-free classification. On the 9-class setting, previous
published lowest error rate is 2.5% achieved by DFS [46].
PCA-mMDC slightly improves the performance, and SRPCA-mMDC boosts it further. On top of these, the proposed
approach significantly reduces it to 1.0%. On the most challenging SIR setting, the published best result is R5 error rate
of 26.2% achieved by DFS [46]. PCA-mMDC and SR-PCAmMDC decrease the error rate compared with DFS, and the
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TABLE VI
C OMPARISON WITH THE STATE OF THE ARTS ON THE UCLA DT DATASET
FOR 50- CLASS , 9- CLASS AND SIR SETTINGS .
Method
Distributed spacetime orientation [54]
DL-PEGASOS [47]
DFS [46]
NNC-ED
NNC-Chi2D
PCA-mMDC
SR-PCA-mMDC [40]
PmSVM-Chi2 [39]
PmSVM-HI [39]
Proposed Approach

50-Class
19.0%

Error Rate
9-Class
SIR-R1
57.7%

SIR-R5
40.0%

1.0%
0.0%
10.5%
10.0%
0.5%
0.5%
7.5%
7.5%
0.0%

4.4%
2.5%
2.3%
2.2%
2.1%
1.5%
2.9%
2.7%
1.0%

26.2%
7.7%
5.0%
4.0%
3.8%
2.2%

22.0%
14.0%
17.7%
16.5%
13.5%
13.5%
12.7%

proposed approach further significantly reduces it to 2.2%. On
the SIR-R1 setting, the proposed CST-APCA also significantly
reduces the error rate compared with PCA-mMDC and SRPCA-mMDC. In summary, on the UCLA dataset, the proposed
CST-APCA achieves an error-free classification on the 50class setting, and a better performance on the 9-class and SIR
settings compared with the state-of-the-art approaches.
H. Dynamic Texture Recognition on the DynTex++ Dataset
The DynTex++ dataset proposed in [47] aims to provide
a rich benchmark for DT recognition. It has 36 classes, each
with 100 sequences of size 50 × 50 × 50. LBP-TOP [5] is used
as the feature descriptor, which has 768 dimensions. We use
the same setup as in [46], [47]. For each class, 50 sequences
are randomly chosen as the training set, and the other 50 are
used in testing. The experiments are repeated 5 times and the
average performance is reported in Table VII.
TABLE VII
C OMPARISON WITH THE STATE OF THE ARTS ON THE DYN T EX ++ DT
DATASET.
Algorithms
DL-PEGASOS [47]
DFS [46]
NNC-ED
NNC-Chi2D
PCA-mMDC
SR-PCA-mMDC [40]
PmSVM-Chi2 [39]
PmSVM-HI [39]
Proposed Approach

Error Rate
36.30%
10.10%
10.43%
5.92%
5.48%
4.60%
11.79%
11.83%
3.02%

In literature, the lowest error rate reported on the DynTex++
dataset was 10.10% achieved by DFS [46]. When NNC-Chi2D
is used with LBP-TOP, the error rate is significantly reduced.
PCA-mMDC on LBP-TOP significantly outperforms NNCED, but only marginally outperforms NNC-Chi2D. SR-PCAmMDC slightly reduces the error rate compared with PCAmMDC. The proposed CST-APCA outperforms all compared
approaches, and significantly reduces the error rate to 3.02%.
I. Computational Complexity Analysis
In Section II-D, we show that the proposed approach
requires some additional memory and computational costs
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compared with PCA-mMDC. In this section, we compare the
time consumption of different approaches on the high-dim
LBP feature of the LFW dataset, including time consumption
of both training and testing. PmSVM is implemented in C++,
and others are implemented in Matlab. The PC has Intel(R)
Core(TM) i7-3930K CPU@ 3.2GHz and 16G RAM. The
results are shown in Table VIII.
TABLE VIII
C OMPARISON OF TIME CONSUMPTION OF DIFFERENT APPROACHES ON
THE HIGH - DIM LBP FEATURES OF THE LFW DATABASE .
Algorithms
NNC-ED
NNC-Chi2D
PCA-mMDC
SR-PCA-mMDC [40]
PmSVM-Chi2 [39]
PmSVM-HI [39]
Proposed Approach

Time (s)
19
21
1295
1618
14217
14695
5428

As expected, NNC requires least time as no training required. SR-PCA-mMDC requires more time than PCA-mMDC
due to square-rooting. The proposed approach requires more
time than other subspace approaches, mainly due to the
memory limitations so that we have to save data to harddisk
and reload them later. Even so, the proposed approach is
still much faster than PmSVMs. Note that the evaluation is
10-fold cross-validation on high-dim LBP features (127,440
dimensions) of the LFW dataset (13,233 images).
J. Summary and Discussion
From all 11 aforementioned image-classification results, it
is very interesting and informative to see the following facts:
1) Without dimensionality reduction, Chi-squared distance
consistently outperforms Euclidean distance.
2) The dimension-reduction approaches such as PCAmMDC, SR-PCA-mMDC and the proposed CST-APCA
consistently outperform NNC-ED.
3) Without the proposed transformation, dimensionalityreduction approaches do not always outperform NNCChi2D, e.g. PCA-mMDC performs poorer than NNCChi2D on the AR database.
4) SR-PCA-mMDC outperforms PCA-mMDC consistently.
5) The proposed approach consistently leads to the best
performance in 10 out of 11 cases. Some performance
gains are significant.
6) Besides LBP features, the proposed approach also outperforms others on HOG features of the LFW dataset.
The above facts clearly lead to the following analysis:
1) Infrequent patterns play an important role in LBPhistogram matching. Chi-squared distance better handles
them than Euclidean distance.
2) Subspace approaches remove the unreliable dimensions
of LBP features, and hence improve the performance.
3) LBP features deviate far from Gaussian distribution,
which limits the performance gain brought by subspace
approaches.
4) Square-rooting the features improves the fitness to Gaussian, and hence improves the performance.
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5) The proposed Chi-squared transformation produces a
feature that fits better to Gaussian distribution, and hence
enhances the performance gain of subspace approaches.
6) The proposed transformation improves the performance
not only on LBP features, but also on other histogramlike features such as HOG.
IV. C ONCLUSION
Subspace approaches have been applied to the LBP histogram in order to remove unreliable dimensions or to derive
a compact feature representation. We show that LBP-histogram
feature deviates far from Gaussian distribution, which largely
limits the performance gain brought by subspace approaches.
This work proposes a truncated Gaussian model for the
LBP feature, and a Chi-squared transformation to reduce the
truncation effect. Both analysis and experiments show that
the transformed feature fits better to Gaussian distribution.
The proposed transformation naturally leads to an asymmetric
two-class classification problem. We propose a CST-APCA
approach to better remove the unreliable dimensions in the
CST feature space. The proposed approach is tested on face
recognition, protein cellular classification and dynamic texture
classification. All experiments have demonstrated consistent
performance gains brought by the proposed Chi-squared transformation, some of which are significant.
A PPENDIX A
D ERIVATION OF S KEWNESS AND K URTOSIS

OF

LBP

FEATURE

Based on the results from [55], the r-th moment mr (α, β)
for the standard Gaussian distribution N (0, 1) truncated in the
range of (α, β) is calculated as:
!
k
X
[z 2i−1 φ(z)]α
1
β
m2k (α, β) = (2k − 1)!! 1 −
(2i − 1)!! [Φ(z)]α
β
i=1
for k = 1, 2, . . . ,

m2k+1 (α, β) = −

k
X
i=0

(2k)!! [z 2i φ(z)]α
β
for k = 0, 1, . . . ,
(2i)!! [Φ(z)]α
β

where n!! is the double factorial, i.e. n!! = n × (n − 2)!! if
n ≥ 2, and n!! = 1 if n = −1, 0 or 1. [f (z)]α
β = f (α) − f (β).
By plugging φ(β) = 0, Φ(β) = 1 into m2k (α, β)
and m2k+1 (α, β), the first four moments can be obtained.
3/2
Plug these moments into st = m3 (α, β)/m2 (α, β) and
kt = m4 (α, β)/m22 (α, β), we can derive the skewness st in
Eqn. (15) and the kurtosis kt in Eqn. (16).
A PPENDIX B
D ERIVATION OF S KEWNESS AND K URTOSIS
T RANSFORMED F EATURE

OF

p
nThe p-th omoment of z is calculated as: E{z } =
E ( √x−y
)p . For every sample pair {x, y}, we have a
x+y

corresponding sample pair {y, x}, i.e. z̃ = √y−x
, such that
x+y
z p + z̃ p = 0 for odd p. Thus, the odd moment of z is zero,
and hence the skewness sz = 0.
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We now derive the kurtosis kz . In Appendix A, mk (α, β)
is derived for N (0, 1) truncated in (α, β). If the Gaussian
before truncation is N (µ, σ), mk (α, β) =
n distribution
o
h−µ k
E ( σ ) . The raw moment mk,u = E{hk } can be
calculated
in
o an iterative manner by expanding mk (α, β) =
n
h−µ k
E ( σ ) , i.e.
mk,u = σ k mk (α, β) +

k
X
k!(−1)i+1 µi mk−i,u
i=1

i!(k − i)!

.

n
o
2
The second-order moment of z is m2,z = E (x−y)
,
x+y
where x, y are two independent random variables drawn from
the truncated Gaussian distribution. We apply the Taylor
1
around E{x + y},
expansion up to the second order for x+y




(x − y)2
(x − y)2 (x + y − E{x + y})
m2,z ≈ E
−E
E{x + y}
E2 {x + y}


2
(x − y) (x + y − E{x + y})2
+E
.
E3 {x + y}
Our analysis shows that m2,z is well approximated using the
first term only. Including other two terms only slightly reduces
the approximation error, but greatly increases then complexo
(x−y)2
.
ity. For simplicity, m2,z is approximated by E E{x+y}

Thus, m2,z ≈
E{(x−y)4 }
E{(x+y)2 } .

E{(x−y)2 }
E{x+y}

=

m2,u −m21,u
.
m1,u

Similarly, m4,z ≈

After some algebra, we have E{(x − y)4 } =
2m4,u − 8m3,u m1,u + 6m22,u and E{(x + y)2 } = 2m2,u +
2m21,u . kz is then approximated by
kz ≈

m4,u − 4m3,u m1,u + 3m22,u
m21,u
×
. (26)
m2,u + m21,u
(m2,u − m21,u )2

kz can be represented as a function of α by utilizing α = − σµ .
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