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©-Notation: Asymptotic Tight Bound

©-Notation For a function g(n),
O(g(n)) = {function f : ez > ¢1 > 0,ng > 0 such that

aig(n) < f(n) < cag(n).¥n > o}

@ 3n?+2n = O(n? — 20n)
° 2n/3+100 — @(211/3)
P 2n/3+\/ﬁ+100 — @<2n/3)

Theorem f(n) = ©(g(n)) if and only if
f(n) = O(g(n)) and f(n) = Q(g(n)). J
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Recall: O, ), ©-Notation: Asymptotic Bounds

O-Notation For a function g(n),
O(g(n)) = {function f : 3¢ > 0,ng > 0 such that

f(n) <cg(n),¥n > ne}.

(2-Notation For a function g(n),
Q(g(n)) = {function f : 3¢ > 0,ng > 0 such that

f(n) > cg(n),¥n > ne}.

©-Notation For a function g(n),
O(g(n)) = {function f : Ie; > ¢; > 0,n > 0 such that

c1g(n) < f(n) < cag(n),¥n > ng}.
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Trivial Facts on Comparison Relations
ea<b & b>a

ea=b < a<banda>b
ea<bora>b

Correct Analogies
o f(n)=0(g(n)) & g(n)
o f(n) =0(g(n)) < f(n)

Q(f(n))
O(g(n)) and f(n) = Q(g(n))

Incorrect Analogy
o f(n)=0(g(n)) or f(n) =Qg(n))
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o f(n) = 0(g(n)) or f(n) =Q(g(n))
f(n) =n’
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Recall: Informal way to define O-notation

ignoring lower order terms: 3n? — 10n — 5 — 3n?

ignoring leading constant: 3n? — n?

3n? —10n — 5 = O(n?)

Indeed, 3n? — 10n — 5 = Q(n?),3n* — 10n — 5 = O(n?)

In the formal definition of O(-), nothing tells us to ignore lower
order terms and leading constant.

3n? —10n — 5 = O(5n* — 6n + 5) is correct, though weird

3n? — 10n — 5 = O(n?) is the most natural since n? is the
simplest term we can have inside O(+).



Notice that O denotes asymptotic bound

e n? +2n = 0O(n?) is correct.
@ The following sentence is correct: the running time of the
insertion sort algorithm is O(n?).

@ We say: the running time of the insertion sort algorithm is O(n?)
and the bound is tight.



Notice that O denotes asymptotic bound

e n? +2n = 0O(n?) is correct.

@ The following sentence is correct: the running time of the
insertion sort algorithm is O(n?).

@ We say: the running time of the insertion sort algorithm is O(n?)
and the bound is tight.

@ We do not use €2 and © very often when we upper bound running
times.



Exercise

For each pair of functions f, g in the following table, indicate whether

fis O, Qor © of g.
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Exercise
For each pair of functions f, g in the following table, indicate whether
fis O, Qor © of g.
f g O\ Q|0
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We often use log n for log, n. But for O(logn), the base is not
important.
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@ Common Running times



O(n) (Linear) Running Time

Computing the sum of n numbers

sum(A, n)
1. S« 0
2: fori< 1ton
3: S« S+ A[Z]
4: return S
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@ Merge two sorted arrays
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O(n) (Linear) Running Time

merge(B, C,ny, ns) \\ B and C are sorted, with
length ny and ns
A i+ 1,5+ 1
while : < n; and 7 < n, do
if B[i] < C[j] then
append Bli] to A; i1+ 1
else
append Cljlto A; j+ j+1
if i < ny then append Bli..ny] to A
if j < ny then append C[j..ns] to A
return A

[y
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O(n) (Linear) Running Time

merge(B, C,ny, ns) \\ B and C are sorted, with
length ny and ns

A i+ 1,5+ 1

2: while i < n; and j < ny, do

3. if Bli| < C[j] then

4 append Bli] to A; i1+ 1
55 else
6
7
8
9

[y

append Cljlto A; j+ j+1
. if i < ny then append Bli..n;] to A
. if j < ny then append C[j..ns] to A
. return A

Running time = O(n) where n = ny + no.



O(nlogn) Running Time

merge-sort(A, n)

1. if n =1 then

2: return A
. B+ merge—sort(A[l..Ln/ZJ], Ln/2j>
4: C merge—sort(A[[n/Qj +1.n],n— Ln/2j)
5. return merge(B,C, [n/2|,n — |n/2])

w




O(nlogn) Running Time

@ Merge-Sort

\ A[L.8] \

\Auzw ‘ABAW ‘Abﬁw %wg]\

A (g 4] 4w [a6)] 4 n
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O(nlogn) Running Time

@ Merge-Sort

‘ A[L.8] \

o

A[l 2]\ %[7 )

ﬁﬁ

@ Each level takes running time O(n

@ There are O(logn) levels

@ Running time = O(nlogn)
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5: if d < bestd then
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O(n?) (Quardatic) Running Time

Closest Pair
Input: n points in plane: (z1,91), (72,92), - , (T, v0)
Output: the pair of points that are closest

closest-pair(z, y,n)

1: bestd <+ oo

2. fori<1ton—1do

3: for j«—i+1tondo

& de /@il - 2D+ Wil — g0
5: if d < bestd then
6
7:

besti < i, bestj < 7, bestd < d
return (besti, besty)

Closest pair can be solved in O(nlogn) time!



O(n?) (Cubic) Running Time

Multiply two matrices of size n x n

matrix-multiplication(A, B, n)
: C' < matrix of size n x n, with all entries being 0
: for i < 1 ton do
for j + 1 ton do

1

2

3

4: for k < 1 ton do
5 Cli, k] + Ci, k] + A[i, j] x B[j, k]|
6

- return C




