Matrix Chain Multiplication: Design DP

@ Assume the last step is (A1 Ay -+ A;)(Ain1Aie - Ay)
@ Cost of last step: 1 X ¢; X ¢,

@ Optimality for sub-instances: we need to compute A A, --- A;
and A/L'+1AZ'+2 tee An optlmally

@ opt[i,j] : the minimum cost of computing A;A; 41 -+ A;

. 1=]
opt|t, j| = ) , . o
(7] {mmk:igkq (opt[i, k] + optlk + 1, 5] + rice;) i< j



Matrix Chain Multiplication: Design DP

matrix-chain-multiplication(n, r[1..n}, ¢[1..n])
1: let opt[i,i] < 0 foreveryi =1,2,--- ,n
2: for / < 2 ton do
3: fori<—1ton—-/+1do
4 j+—i+£-—1
5 optli, j] < oo
6: for k< itoj—1do
7 if opt[i, k| + opt[k + 1, j] + ricke; < opt[i, 7] then
8 opt[i, j] < optli, k| + opt[k + 1, j] + rickc;
9: return opt[l, n]




matrix-chain-multiplication(n, r[1..n}, ¢[1..n])
1: let opt[i,i] < 0 foreveryi =1,2,--- ,n
2: for / < 2 ton do
3: fori<—1ton—-/+1do
j+—i+£-—1
optli, j] < oo
for k< itoj—1do
if opt[i, k| + opt[k + 1, j] + ricke; < opt[i, 7] then
opt[i, j] < optli, k| + opt[k + 1, j] + rickc;
i, J] < k
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10: return opt[1,n]




Constructing Optimal Solution

Print-Optimal-Order(i, 7)

if i — j then
print("A”;)

else
print(“(")
Print-Optimal-Order(, 7[i, j])
Print-Optimal-Order(7[i, j] + 1, 7)
print(“)")
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matrix ‘ Al ‘ A2 ‘ A3 ‘ A4 ‘ A5

size [3x5[5x2[2x6[6x9][9x4

[1,1] + opt[2,2] + 3 x 5 x 2 = 30, T
— opt[2,2] + opt[3,3] + 5 x 2 x 6 =60,
opt[3,3] + opt{4, 4] +2x 6 x 9 =108,
= opt[4,4] + opt[5,5] +6 x 9 x4 =216, 7
= min{opt[1, 1] + opt[2,3] + 3 x 5 X 6,
opt[1,2] + opt[3,3] + 3 x 2 x 6}
— min{0 + 60 + 90,30 + 0 + 36} = 66,
opt[2,4] = min{opt[2, 2] 4+ opt[3,4] +5 x 2 x 9,
opt[2,3] 4+ opt[4,4] + 5 x 6 x 9}
= min{0 + 108 4+ 90,60 4+ 0 + 270} = 198,
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matrix‘ Al ‘ A2 ‘ A3 ‘ A4 ‘ A5
size [3x5[5x2[2x6[6x9][9x4

opt[3, 5] = min{opt(3, 3] + opt[4,5] + 2 x 6 x 4,
opt([3,4] + opt[5,5] +2 x 9 x 4}
= min{0 + 216 + 48,108 + 0 + 72} = 180,
7[3,5] = 4,
opt[1,4] = min{opt[1, 1] + opt[2,4] +3 x 5 x 9,
opt[1,2] + opt[3,4] + 3 x 2 x 9,
opt[1, 3] + opt[4,4] + 3 x 6 x 9}
= min{0 + 198 + 135,30 + 108 + 54,66 + 0 + 162} = 192,
7[l1,4] = 2,



matrix‘ Al ‘ AQ ‘ Ag ‘ A4 ‘ A5
size [3x5[5x2|2x6[6x9[9x4

opt[2,5] = min{opt[2,2] + opt[3,5] + 5 x 2 x 4,
opt[2, 3] + opt[4,5] + 5 x 6 x 4,
opt[2,4] + opt[5,5] +5 x 9 x 4}
= min{0 + 180 + 40,60 + 216 + 120, 198 + 0 + 180} = 220,
opt[1,5] = min{opt[1, 1] + opt[2,5] + 3 x 5 x 4,
opt[1,2] 4+ opt[3,5] + 3 x 2 x 4,
opt[1,3] + opt[4,5] +3 x 6 x 4,
opt[1,4] + opt[5,5] + 3 x 9 x 4}
= min{0 + 220 + 60, 30 + 180 + 24,
66 + 216 + 72,192 + 0 + 108}
— 234,
m[1,5] = 2.



matrix ‘ Al ‘ A2 ‘ Ag ‘ A4 ‘ A5

size [3x5[5x2|2x6[6x9[9x4

opt. m|j=1|j=2]j=3|j=4|]=
i=1/]0/1301]66 2]192 22342
i=2 0,/ | 60,2198, 2220, 2
i=3 0,/ | 108, 3180, 4
i=4 0,/ |216,4
i=5 0,/




opt,m|j=1]j=2|j=3|j=4];=
i=1] 0,/ | 30,166 2192 2] 2342
i=2 0,/ | 60,2 | 198, 2| 220, 2
i=3 0,/ | 108, 3180, 4
i=4 0,/ | 216, 4
i=5 0, /

Print-Optimal-Order(1,5)

Print-Optimal-Order(1, 2)
Print-Optimal-Order(1, 1)
Print-Optimal-Order(2, 2)

Print-Optimal-Order(3, 5)
Print-Optimal-Order(3, 4)

Print-Optimal-Order(3, 3)
Print-Optimal-Order(4, 4)
Print-Optimal-Order(5, 5)
Optimum way for multiplication: ((A;A42)((AsA4)As5))



@ Optimum Binary Search Tree



Optimum Binary Search Tree

Def. Binary search tree (BST), also called an ordered or sorted
binary tree, is a rooted binary tree data structure with the key of
each internal node being greater than all the keys in the respective
node’s left subtree and less than the ones in its right subtree.




Optimum Binary Search Tree

@ nelementse; <ey <es3<---< ey,

@ ¢; has frequency f;

@ goal: build a binary search tree for {e;, ez, -+ ,e,} with the
minimum accessing cost:

Z fi % (depth of ¢; in the tree)
i=1



Optimum Binary Search Tree

@ Example: f; =10,f; =5, f3 =3
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Optimum Binary Search Tree

Example: f; =10, fo =5, f3 =3
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1I0x1+5x24+3x3=29
10x24+5x1+3x2=31
10x3+H5x2+3x1=143



Optimum Binary Search Tree

Example: f; =10, fo =5, f3 =3
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10x24+5x1+3x2=31
10x3+H5x2+3x1=143



suppose we decided to let e, be the root

e1,€s, - ,ep_1 are on left sub-tree

€ki1, €ki2, - ,€n are on right sub-tree

d;: depth of e; in our tree

C,Cp, Cg: cost of tree, left sub-tree and right sub-tree

di =3,dy =2,d3 =3,dy, = 4,d5 =1,
e de =2,d7 = 4,dg = 3,dy = 4,
C=3fi+2fa+3fs+4fs+ f5+
() () 2f6 +4f7 +3fs +4fo
e e @ Cr=2fi+ fat+2f3+3f4
e e e Cr=fe+3fr+2fs+3fo

CZCL+CR+Z?:1JC]‘



C: cost of left tree
/

/
Cp: cost of left tree ,” . Cr: cost of left tree
N / .

C= Zfzde:Zfe(de— 1)+Zfz
=1 —1 —
k-1
ZZfe(de—l Zfzdz—l
=1

:CL+CR+ZfE

(=1



C=CL+Cr+> fi
(=1

@ In order to minimize C, need to minimize C, and C'y respectively
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@ In order to minimize C, need to minimize C, and C'y respectively

@ opt[i, j]: the optimum cost for the instance (fi, fit1, -+, fj)



C=CL+Cr+> fi
(=1

@ In order to minimize C, need to minimize C, and C'y respectively

@ opt[i, j]: the optimum cost for the instance (fi, fit1, -+, fj)

opt[1,n| = (opt[1, k — 1]+0pt[k+1,n])+2fz
=1



C=CL+Cr+> fi
(=1

@ In order to minimize C, need to minimize C, and C'y respectively

@ opt[i, j]: the optimum cost for the instance (fi, fit1, -+, fj)

opt[l,n] = min (opt[l,k — 1] + optlk + 1,n]) + Z fe

k:1<k<n
(=1



C=CL+Cr+> fi
(=1

@ In order to minimize C, need to minimize C, and C'y respectively

@ opt[i, j]: the optimum cost for the instance (fi, fit1, -+, fj)

opt[l,n] = min (opt[l,k — 1]+ opt[k + 1,n]) + z": e

k:1<k<n
(=1

@ In general, opt[i, j| =

0 ifi=j+1
miny;<i<; (optli,k — 1] + opt[k + 1, j]) + S fe ifi<y



Optimum Binary Search Tree
1 fsuml[0] - 0
2: for i <~ 1 to n do fsuml[i] < fsum[i — 1] + f;
> fsuml[i] = Z] 1 i
3: for i <~ 0 ton do opt[i +1,i] < 0
4: for { <~ 1 ton do
bs fori<1ton—/(+1do
j1+L0—1, optli,j] + o0
for k < i to j do
if opt[i,k — 1] + opt[k + 1, j] < opt[i, j] then
optli, j] < optli, k — 1] + opt[k + 1, j]
10: i, J] < k
11: optli, j| < optli, j] + fsumlj] — fsum[i — 1]
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Printing the Tree

Print-Tree(¢, 5)

1. if i > j then

2 return

3: else

4: print("(")

5: Print-Tree(i, w[i, j] — 1)
6 print(7[i, j])
7 Print-Tree(n (i, j] + 1, 7)
8 print(")")




@ Summary



Dynamic Programming

@ Break up a problem into many overlapping sub-problems
@ Build solutions for larger and larger sub-problems

@ Use a table to store solutions for sub-problems for reuse




Comparison with greedy algorithms

@ Greedy algorithm: each step is making a small progress towards
constructing the solution

@ Dynamic programming: the whole solution is constructed in the
last step

Comparison with divide and conquer

@ Divide and conquer: an instance is broken into many independent
sub-instances, which are solved separately.

@ Dynamic programming: the sub-instances we constructed are
overlapping.




Definition of Cells for Problems We Learnt

@ Weighted interval scheduling: opt|i] = value of instance defined
by jobs {1,2,--- ,i}

@ Subset sum, knapsack: opt[i, W’| = value of instance with items
{1,2,---,i} and budget W’

@ Longest common subsequence: optli, j| = value of instance
defined by A[l..i] and BI1..j]

@ Shortest paths in DAG: f[v] = length of shortest path from s to v

@ Matrix chain multiplication, optimum binary search tree:
optli, j] = value of instances defined by matrices i to j



