Polynomial Multiplication
Input: two polynomials of degree n — 1

Output: product of two polynomials

Example:

(323 + 22% — 5z +4) x (22° — 322 + 62 — 5)
= 62°% — 92° 4 182* — 1523

+ 425 — 62* + 1223 — 1022

— 10z* + 1523 — 3022 + 25z

+ 823 — 1222 + 242 — 20
= 62% — 525 + 22* + 2023 — 5222 + 492 — 20

o Input: (4,-5,2,3),(—5,6,—3,2)
o Output: (—20,49, —52,20,2, —5,6)




Naive Algorithm

polynomial-multiplication(A, B, n)

1: let C[k] < 0 for every k =0,1,2,--- ,2n — 2
2. fori<0Oton—1do

3: for j < 0ton—1do

4 Cli+ j] < C[i + j] + Ali] x Blj]

5. return C'




Naive Algorithm

polynomial-multiplication(A, B, n)

1: let C[k] < 0 for every k =0,1,2,--- ,2n — 2
2. fori<0Oton—1do

3: for j < 0ton—1do

4 Cli+ j] < C[i + j] + Ali] x Blj]

5. return C'

Running time: O(n?)
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p(z) = 32% + 222 — 5r +4 = (32 + 2)2® + (—5z + 4)
§(0) = 20° 328 4 60— 5 = (2 — 8)a” + (62— 5)
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Divide-and-Conquer for Polynomial Multiplication

p(z) = 32% + 222 — 5r +4 = (32 + 2)2® + (—5z + 4)
q(z) = 22° — 32% + 62 — 5 = (22 — 3)2> + (62 — 5)

(x): degree of n — 1 (assume n is even)
()

= pu()a"? + pr(@),
u(z), pr(x): polynomials of degree n/2 — 1.

e p
° p(x
ep

pq = (prz""? + pr) (quz™? + qr)
= prana" + (prqr + pram) 2™ + prar
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pq = (puz™? + pr) (quz™? + q1)
= puqur” + (pHC]L + QDL(IH)In/2 +PrLqL



Divide-and-Conquer for Polynomial Multiplication
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= praua" + (prar + pran) ™ + prac

multiply(p, ¢) = multiply(pg, q) x 2"
+ (multiply(pp, q.) + multiply(p, qu)) x 22
+ multiply(pr, qr.)
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Divide-and-Conquer for Polynomial Multiplication

pq = (puz™? + pr) (quz™? + q1)
= praua" + (prar + pran) ™ + prac

multiply(p, ¢) = multiply(pg, q) x 2"
+ (multiply(pp, q.) + multiply(p, qu)) x 22
+ multiply(pr, qr.)

@ Recurrence: T'(n) = 4T(n/2) + O(n)
e T(n) = 0(n?
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Reduce Number from 4 to 3

pq = (prz"? + pr) (quz™? + qr)
= puqur” + (pHQL + pLQH)$n/2 +PpLqL



Reduce Number from 4 to 3

pq = (puz™? + pr) (quz™? + q1)
= puqur” + (pHQL + pLQH)$n/2 +PpLqL

® puqr +prqu = (pu +pL)(qu + qr) — PHqE — PLAL
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Divide-and-Conquer for Polynomial Multiplication

ry = multiply(py, qu)
rr, = multiply(pr, q1.)
multiply(p, ¢) = rg x z"

+ (multiply(pH +pr,qu +qr) — e — TL) x a"?
+ 7y

@ Solving Recurrence: T'(n) = 3T (n/2) + O(n)
o T(n) = O(n'e23) = O(n'>%)



Assumption n is a power of 2. Arrays are (-indexed.

multiply(A, B, n)

o Nk

— =
—= O

—_
N

if n =1 then return (A[0]B]0])
Ap <+ A0 ..n/2 —1], Ay < A[n/2 .. n — 1]
Bp <+ B[0..n/2—1],By < B[n/2..n—1]
CL — muItipIy(AL,BL,n/Q)
Cy < multiply(Ay, Bp,n/2)
CM — multlply(AL + AH; B + BH,TI,/2>
C < array of (2n — 1) 0's
for i<~ 0ton—2do
Cli] «+ C[i] + Crli]
Cli +n] < Cli +n] + Cyli]
Cli +n/2] < Cli+n/2] + Cypli] — CL[i] — Cxli]

- return C




© Solving Recurrences



Methods for Solving Recurrences

@ The recursion-tree method

@ The master theorem



Recursion-Tree Method

e T'(n)=2T(n/2) + O(n)
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Recursion-Tree Method

e T'(n)=2T(n/2) + O(n)
| " |

/\

I R

‘71/4‘ ‘ n/4‘ ‘ n/4‘ ‘ n/4‘

@ Each level takes running time O(n)

@ There are O(Ign) levels
@ Running time = O(nlgn)
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@ Total running time at level ¢7
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Recursion-Tree Method

o Total running time at level i? 2 x 3" = (%)Zﬂ

21
@ Index of last level? 1g, n

e Total running time?

lgff (g>" -9 (" (;)m) = O(3"%") = O(n'=%).
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Recursion-Tree Method

e T(n) =3T(n/2) + O(n?*)

o Total running time at level i? ()" x 3" = (2)'n?

@ Index of last level? Ig,n

lgon i
E()-

@ Total running time?



Recursion-Tree Method

e T(n) =3T(n/2) + O(n?*)

o Total running time at level i? ()" x 3" = (2)'n?

@ Index of last level? Ig,n
@ Total running time?

lgf G) n? = O(n?).



Master Theorem

Recurrences alb|c time
T(n) =2T(n/2) + O(n) O(nlgn)
T(n)=3T(n/2) + O(n) O(n'e23)
T(n) =3T(n/2) + O(n?) O(n?)

Theorem 7'(n) = al'(n/b) + O(n°), where a > 1,b > 1,¢> 0 are
constants. Then,
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Proof of Master Theorem Using Recursion Tree

1 node ‘ n

a nodes (n/b)* (n/b)° wen’

a® nodes

a® nodes

: 1
® ¢ <lg,a : bottom-level dominates: ()" n¢ = nls°

e ¢ =1lg,a : all levels have same time: n°lg,n = O(n°lgn)

@ ¢ > lg,a : top-level dominates: O(n°)



@ Computing n-th Fibonacci Number



Fibonacci Numbers

(] FO = 0, Fl =1
(] Fn = Fn—l + Fn_g,Vn Z 2
@ Fibonacci sequence: 0,1,1,2,3,5,8,13,21, 34, 55,89, - - -

n-th Fibonacci Number
Input: integer n > 0
Output: F,




Computing F}, : Stupid Divide-and-Conquer

Algorithm

Fib(n)
1: if n =0 return O

2. if n=1return 1
3: return Fib(n — 1) + Fib(n — 2)

Q: Is the running time of the algorithm polynomial or exponential in
n?
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Computing F}, : Stupid Divide-and-Conquer

Algorithm

Fib(n)
1: if n =0 return O

2. if n=1return 1
3: return Fib(n — 1) + Fib(n — 2)

Q: Is the running time of the algorithm polynomial or exponential in

v

A: Exponential

)




