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http://profile.usgs.gov/baagaard
http://w3.geodynamics.org/cig/Members/willic3
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http://mathema.tician.de/software/hedge
http://code.google.com/p/opencurrent/wiki/OpenCurrent
http://www.bitbucket.org/petfmm/petfmm-dev
http://www.mcs.anl.gov/petsc
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What are the Benefits for current PDE Code?

Low Order FEM on GPUs

http://www.bitbucket.org/aterrel/flamefem
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What are the Benefits for current PDE Code?

Low Order FEM on GPUs

e Analytic Flexibility
e Computational Flexibility

e Efficiency
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Analytic Flexibility

Outline

@ Analytic Flexibility
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Analytic Flexibility

Analytic Flexibility

Laplacian

/T Vi(X) - Vj(x)dx (1)
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Analytic Flexibility

Analytic Flexibility

Laplacian

/T Vi(X) - Vey(x)dx (1)

element = FiniteElement(’Lagrange’, tetrahedron, 1)

v = TestFunction(element)
u = TrialFunction (element)
a = inner(grad(v), grad(u))=dx
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Analytic Flexibility

Analytic Flexibility

Linear Elasticity

: | (930 +9T600) : (Vi + Vi) ax @
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Analytic Flexibility

Analytic Flexibility

Linear Elasticity

: | (930 +9T600) : (Vi + Vi) ax @

element = VectorElement(’Lagrange’, tetrahedron, 1)

v = TestFunction(element)
u = TrialFunction (element)
a = inner(sym(grad(v)), sym(grad(u)))=dx
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Analytic Flexibility

Analytic Flexibility

Full Elasticity
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Analytic Flexibility

Analytic Flexibility

Full Elasticity

1/7_ <V<;_§,-(x) + VRE,-(X)) O (VQ_S}(X) + V(EJ(X)> ax (3)

element = VectorElement(’Lagrange’, tetrahedron, 1)
cElement = TensorElement(’Lagrange’, tetrahedron, 1,
(dim, dim, dim, dim))

v = TestFunction(element)

u = TrialFunction (element)

C = Coefficient (cElement)

i, j, k, I = indices (4)

a = sym(grad(v))[i,j]«C[i,]j,k,I]«sym(grad(u))[k,|]«dx
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Analytic Flexibility

Analytic Flexibility

Full Elasticity

1/7_ <V<;_§,-(x) + VRE,-(X)) O (VQ_S}(X) + V(EJ(X)> ax (3)

element = VectorElement(’Lagrange’, tetrahedron, 1)
cElement = TensorElement(’Lagrange’, tetrahedron, 1,
(dim, dim, dim, dim))

v = TestFunction(element)

u = TrialFunction (element)

C = Coefficient (cElement)

i, j, k, I = indices (4)

a = sym(grad(v))[i,j]«C[i,]j,k,I]«sym(grad(u))[k,|]«dx

Currently broken in FEnIiCS release
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Analytic Flexibility
Form Decomposition

Element integrals are decomposed into analytic and geometric parts:

J7 Véi(x) - Vj(x)dx (4)
= - 32;(*) dg;j(x )dx (5)
= JnatBa ‘93; |J|dx 6)
= et [, 20 7O gy @
= G&Y(T)K& (8)

Coefficients are also put into the geometric part.
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Analytic Flexibility

Weak Form Processing

from ffc.analysis import analyze_forms
from ffc.compiler import compute_ir

parameters = ffc.default_parameters()
parameters[ ' representation’] = ’tensor’
analysis = analyze_forms([a,L], {}, parameters)
ir = compute_ir(analysis, parameters)

a_K ir[2][0][ 'AK’][0][0]
a G ir[2][0][ 'AK" ][0][1]
= a_K.AO0.astype (numpy. float32)

=aG

O X
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Computational Flexibility

Outline

e Computational Flexibility
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Computational Flexibility

Computational Flexibility

We generate different computations on the fly,

and can change
e Element Batch Size

o Number of Concurrent Elements
e Loop unrolling
e Interleaving stores with computation
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Computational Flexibility

Computational Flexibility

Basic Contraction

Figure: Tensor Contraction G*(T)K?,
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Basic Contraction

G K

. thread 0

Figure: Tensor Contraction G*(T)K?,
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Basic Contraction

G K

thread 0

Figure: Tensor Contraction G*(T)K?,
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Computational Flexibility

Computational Flexibility

Basic Contraction
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Figure: Tensor Contraction G*(T)K?,
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Computational Flexibility

Computational Flexibility

Element Batch Size
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Figure: Tensor Contraction G*(T)K,
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Computational Flexibility

Computational Flexibility

Element Batch Size

Figure: Tensor Contraction G*(T)K,
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Computational Flexibility

Element Batch Size
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Figure: Tensor Contraction G*(T)K,
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Computational Flexibility

Computational Flexibility

Element Batch Size

Figure: Tensor Contraction G*(T)K,
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Computational Flexibility

Computational Flexibility

Concurrent Elements

thread

)
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Computational Flexibility

Computational Flexibility

Concurrent Elements

Al
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Concurrent Elements
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Computational Flexibility

Computational Flexibility

Concurrent Elements
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Computational Flexibility

Computational Flexibility

Loop Unrolling

/+ G K contraction: unroll = full =/
E[0] += G[0] « K[O];
E[0] += G[1] = K[1];
E[0] += G[2] « K[2];
E[0] += G[3] = K[3];
E[0] += G[4] « K[4];
E[0] += G[5] « K[5];
E[0] += G[6] « K[6];
E[0] += G[7] « K[7];
E[0] += G[8] « K[8];

M. Knepley (UC) SC AGU *10 16/28



Computational Flexibility

Computational Flexibility

Loop Unrolling

/= G K contraction: unroll = none «/
for(int b = 0; b < 1; ++b) {
const int n = b+1;
for(int alpha = 0; alpha < 3; ++alpha) {
for(int beta = 0; beta < 3; ++beta) {
E[b] += G[n+«9+alpha+3+beta] = K[alpha*3+beta];
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Computational Flexibility

Computational Flexibility

Interleaving stores

/= G K contraction: unroll = none «/
for(int b = 0; b < 4; ++b) {
const int n = bx1;
for(int alpha = 0; alpha < 3; ++alpha) {
for(int beta = 0; beta < 3; ++beta) {
E[b] += G[n*9+alpha=3+beta] * K[alpha+3+beta];
}
}
}

/+ Store contraction results «/

elemMat[ Eoffset+idx+0] = E[0];
elemMat[ Eoffset+idx+16] = E[1];
elemMat[ Eoffset+idx+32] = E[2];
elemMat[ Eoffset+idx+48] = E[3];
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Computational Flexibility

Computational Flexibility

Interleaving stores

n = 0;
for(int alpha = 0; alpha < 3; ++alpha) {
for(int beta = 0; beta < 3; ++beta) {
E += G[n+9+alpha*3+beta] = K[alpha«3+beta];
}
}

/= Store contraction result =/
elemMat[ Eoffset+idx+0] = E;
n=1; E=0.0; /+ contract «/
elemMat[ Eoffset+idx+16] = E;
n=2; E=0.0; /+ contract «/
elemMat[ Eoffset+idx+32] = E;
n=3;, E=0.0; /+ contract «/
elemMat[ Eoffset+idx+48] = E;
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Efficiency
Outline

@ Efficiency
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Efficiency

Performance

Influence of Element Batch Sizes

CPU vs. GPU Flop Rate for 3D P, Lagrange Laplacian
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Efficiency

Performance

Influence of Element Batch Sizes

CPU vs. GPU Flop Rate for 2D P, Lagrange ['Elasticity']
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Efficiency

Performance

Influence of Code Structure

CPU vs. GPU Flop Rate for 3D P, Lagrange Laplacian
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Efficiency

Performance

Influence of Code Structure

CPU vs. GPU Flop Rate for 3D P, Lagrange Laplacian
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Efficiency

Performance

Price-Performance Comparison of CPU and GPU
3D P; Laplacian Integration

Model Price ($) | GF/s | MF/s$
GTX285 390 90 231
Core 2 Duo 300 2 6.6
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Efficiency

Performance

Price-Performance Comparison of CPU and GPU
3D P; Laplacian Integration

Model Price ($) | GF/s | MF/s$
GTX285 390 90 231
Core 2 Duo 300 12* 40

* Jed Brown Optimization Engine
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Conclusion

Why Should You Try This?

Many Codes Today use Low Order FEM,
GPUs can Help

e Analytic Flexibility
e Computational Flexibility

e Efficiency
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Conclusion
Extension to Quadrature

Formulation due to Jed Brown

Add additional contraction over quadrature points:

/ ¢-fo(u,Vu)+Veo: fi(u,Vu)=0 (9)
Q

>o&d [Bqufo(uq,qu)+ZD[qu1k(uq,qu) =0 (10)
e k

Single thread computes quadrature loops to avoid reductions,
just like contractions
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http://portal.acm.org/citation.cfm?id=1851976
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