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What are the Benefits for current PDE Code?

Low Order FEM on GPUs

Analytic Flexibility

Computational Flexibility

Efficiency

http://www.bitbucket.org/aterrel/flamefem
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Analytic Flexibility

Analytic Flexibility
Laplacian

∫
T
∇ϕi(x) · ∇ϕj(x)dx (1)

element = F in i teE lement ( ’ Lagrange ’ , te t rahedron , 1)
v = TestFunct ion ( element )
u = T r i a l F u n c t i o n ( element )
a = inner ( grad ( v ) , grad ( u ) ) * dx
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Analytic Flexibility

Analytic Flexibility
Linear Elasticity

1
4

∫
T

(
∇ϕ⃗i(x) +∇T ϕ⃗i(x)

)
:
(
∇ϕ⃗j(x) +∇ϕ⃗j(x)

)
dx (2)

element = VectorElement ( ’ Lagrange ’ , te t rahedron , 1)
v = TestFunct ion ( element )
u = T r i a l F u n c t i o n ( element )
a = inner (sym( grad ( v ) ) , sym( grad ( u ) ) ) * dx

M. Knepley (UC) SC AGU ’10 7 / 28



Analytic Flexibility

Analytic Flexibility
Linear Elasticity

1
4

∫
T

(
∇ϕ⃗i(x) +∇T ϕ⃗i(x)

)
:
(
∇ϕ⃗j(x) +∇ϕ⃗j(x)

)
dx (2)

element = VectorElement ( ’ Lagrange ’ , te t rahedron , 1)
v = TestFunct ion ( element )
u = T r i a l F u n c t i o n ( element )
a = inner (sym( grad ( v ) ) , sym( grad ( u ) ) ) * dx

M. Knepley (UC) SC AGU ’10 7 / 28



Analytic Flexibility

Analytic Flexibility
Full Elasticity

1
4

∫
T

(
∇ϕ⃗i(x) +∇T ϕ⃗i(x)

)
: C :

(
∇ϕ⃗j(x) +∇ϕ⃗j(x)

)
dx (3)

element = VectorElement ( ’ Lagrange ’ , te t rahedron , 1)
cElement = TensorElement ( ’ Lagrange ’ , te t rahedron , 1 ,

( dim , dim , dim , dim ) )
v = TestFunct ion ( element )
u = T r i a l F u n c t i o n ( element )
C = C o e f f i c i e n t ( cElement )
i , j , k , l = i nd i ces ( 4 )
a = sym( grad ( v ) ) [ i , j ] *C[ i , j , k , l ] * sym( grad ( u ) ) [ k , l ] * dx

Currently broken in FEniCS release
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Analytic Flexibility

Form Decomposition

Element integrals are decomposed into analytic and geometric parts:

∫
T ∇ϕi(x) · ∇ϕj(x)dx (4)

=
∫
T

∂ϕi (x)
∂xα

∂ϕj (x)
∂xα dx (5)

=
∫
Tref

∂ξβ
∂xα

∂ϕi (ξ)
∂ξβ

∂ξγ
∂xα

∂ϕj (ξ)
∂ξγ

|J|dx (6)

=
∂ξβ
∂xα

∂ξγ
∂xα |J|

∫
Tref

∂ϕi (ξ)
∂ξβ

∂ϕj (ξ)
∂ξγ

dx (7)

= Gβγ(T )K ij
βγ (8)

Coefficients are also put into the geometric part.
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Analytic Flexibility

Weak Form Processing

from f f c . ana l ys i s impor t analyze_forms
from f f c . compi ler impor t compute_ir

parameters = f f c . defau l t_parameters ( )
parameters [ ’ r ep resen ta t i on ’ ] = ’ tensor ’
ana l ys i s = analyze_forms ( [ a , L ] , { } , parameters )
i r = compute_ir ( ana lys is , parameters )

a_K = i r [ 2 ] [ 0 ] [ ’AK ’ ] [ 0 ] [ 0 ]
a_G = i r [ 2 ] [ 0 ] [ ’AK ’ ] [ 0 ] [ 1 ]

K = a_K . A0 . astype (numpy . f l o a t 3 2 )
G = a_G
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Computational Flexibility

Outline

1 Analytic Flexibility

2 Computational Flexibility

3 Efficiency
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Computational Flexibility

Computational Flexibility

We generate different computations on the fly,

and can change
Element Batch Size

Number of Concurrent Elements

Loop unrolling

Interleaving stores with computation
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Computational Flexibility

Computational Flexibility
Basic Contraction

G K

Figure: Tensor Contraction Gβγ(T )K ij
βγ
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G K
thread 0

Figure: Tensor Contraction Gβγ(T )K ij
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G K
thread 0

thread 5

thread 15
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Computational Flexibility

Computational Flexibility
Element Batch Size

G0

G1

G2

G3

K
thread 0

thread 5

thread 15
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Computational Flexibility

Computational Flexibility
Concurrent Elements
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Computational Flexibility

Computational Flexibility
Loop Unrolling

/ * G K c o n t r a c t i o n : u n r o l l = f u l l * /
E [ 0 ] += G[ 0 ] * K [ 0 ] ;
E [ 0 ] += G[ 1 ] * K [ 1 ] ;
E [ 0 ] += G[ 2 ] * K [ 2 ] ;
E [ 0 ] += G[ 3 ] * K [ 3 ] ;
E [ 0 ] += G[ 4 ] * K [ 4 ] ;
E [ 0 ] += G[ 5 ] * K [ 5 ] ;
E [ 0 ] += G[ 6 ] * K [ 6 ] ;
E [ 0 ] += G[ 7 ] * K [ 7 ] ;
E [ 0 ] += G[ 8 ] * K [ 8 ] ;
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Computational Flexibility

Computational Flexibility
Loop Unrolling

/ * G K c o n t r a c t i o n : u n r o l l = none * /
f o r ( i n t b = 0; b < 1; ++b ) {

const i n t n = b * 1 ;
f o r ( i n t alpha = 0; alpha < 3; ++alpha ) {

f o r ( i n t beta = 0; beta < 3; ++beta ) {
E [ b ] += G[ n*9+ alpha *3+ beta ] * K [ alpha *3+ beta ] ;

}
}

}
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Computational Flexibility

Computational Flexibility
Interleaving stores

/ * G K c o n t r a c t i o n : u n r o l l = none * /
f o r ( i n t b = 0; b < 4; ++b ) {

const i n t n = b * 1 ;
f o r ( i n t alpha = 0; alpha < 3; ++alpha ) {

f o r ( i n t beta = 0; beta < 3; ++beta ) {
E [ b ] += G[ n*9+ alpha *3+ beta ] * K [ alpha *3+ beta ] ;

}
}

}
/ * Store c o n t r a c t i o n r e s u l t s * /
elemMat [ Eo f f se t + idx +0] = E [ 0 ] ;
elemMat [ Eo f f se t + idx +16] = E [ 1 ] ;
elemMat [ Eo f f se t + idx +32] = E [ 2 ] ;
elemMat [ Eo f f se t + idx +48] = E [ 3 ] ;
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Computational Flexibility

Computational Flexibility
Interleaving stores

n = 0;
f o r ( i n t alpha = 0; alpha < 3; ++alpha ) {

f o r ( i n t beta = 0; beta < 3; ++beta ) {
E += G[ n*9+ alpha *3+ beta ] * K [ alpha *3+ beta ] ;

}
}
/ * Store c o n t r a c t i o n r e s u l t * /
elemMat [ Eo f f se t + idx +0] = E;
n = 1; E = 0 . 0 ; / * con t rac t * /
elemMat [ Eo f f se t + idx +16] = E;
n = 2; E = 0 . 0 ; / * con t rac t * /
elemMat [ Eo f f se t + idx +32] = E;
n = 3; E = 0 . 0 ; / * con t rac t * /
elemMat [ Eo f f se t + idx +48] = E;
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Efficiency

Outline
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Efficiency

Performance
Influence of Element Batch Sizes
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Efficiency

Performance
Influence of Code Structure
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Efficiency

Performance

Price-Performance Comparison of CPU and GPU
3D P1 Laplacian Integration

Model Price ($) GF/s MF/s$
GTX285 390 90 231
Core 2 Duo 300 2 6.6

∗ Jed Brown Optimization Engine
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Conclusion

Why Should You Try This?

Many Codes Today use Low Order FEM,
GPUs can Help

Analytic Flexibility

Computational Flexibility

Efficiency
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Conclusion

Extension to Quadrature

Formulation due to Jed Brown

Add additional contraction over quadrature points:∫
Ω
ϕ · f0(u,∇u) +∇ϕ : f1(u,∇u) = 0 (9)

∑
e

ET
e

[
BT W qf0(uq,∇uq) +

∑
k

DT
k W qf k

1 (u
q,∇uq)

]
= 0 (10)

Single thread computes quadrature loops to avoid reductions,
just like contractions
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