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Anisotropic Hyperelastic Model

Arterial wall can be modeled by a nearly incompressible, anisotropic and
hyperelastic equation that allows large deformation.

I Energy Functional

 =  iso(C)+ vol(C)+ ti(C, M(i)), (1)
where C is Cauthy-Green tensor, M(i) are
the structural tensors.

I Principal Invariants

I1 := tr C, I2 := tr [cofC], I3 := det C,

J(i)
4 := tr[CM(i)], J(i)

5 := tr[C2M(i)].

with  iso =  iso(Ii),  vol =  vol(I3) and
 ti =  ti(Ii, J(i)

j ).

I Momentum Equation

divP = �f , (2)
where P = FS, S = @ 

@C.

Figure 1: A carotid artery with
plaques

Figure 2: Collagen fibre
reinforcement

To solve nonlinear system (2), the performance of Inexact Newton methods
(IN) and the linear solvers degrade in the cases of

Large Deformation; Near Incompressibility; High Anisotropy.
We use an overlapping Schwarz preconditioner and propose a nonlinearly
preconditioned Newton’s method based on nonlinear elimination to
accelerate the convergence of linear and nonlinear iterations, respectively.

Nonlinear Preconditioning Based on Nonlinear Elimination

Denote the nonlinear system discretized from (2) by

F (u⇤) = 0

where F : Rn 7! Rn. Newton’s method finds a sequence of improving
approximate solutions iteratively u(k+1) = u(k) � �F 0(u(k))

��1 F (u(k)).

I Convergence of Newton’s method:

e(k+1) = �
⇣

F 0(u(k))
⌘�1

⌧
1
2

F 00(u(k))e(k), e(k)

�
+ O(ke(k)k3).

Here e(k) = u⇤ � u(k) is the error of the k th approximate solution.
I Key idea:

Eliminate some "subfunctions" of F to balance the overall nonlinearity.
I Quantitative characterization of the nonlinearity:

F (u(k+1)) = F (u(k)) + F 0(u(k))p(k) +

⌧
1
2

F 00(u(k) + ✓p(k))p(k), p(k)

�

⇡
D

F 00(u(k) + ✓p(k))p(k), p(k)
E

.

High nonlinearity ⇠ Large residual.
I Nonlinear elimination:

I Find "bad" DOF set Sb from S = {1, · · · , n}, according to the residual

Vb = {v | v = (v1, · · · , vn)
T 2 Rn, vk = 0, if k 62 Sb}.

I Given an approximation u, NE finds correction by solving ub 2 Vb such
that

Fb(ub) := RbF (ub + u) = 0.

Inexact Newton with Nonlinear Elimination Preconditioner

Algorithm (IN-NE)
Step 1. Compute the next approximate solution u(k+1) by solving

F (u) = 0

with one step of IN iteration using u(k) as the initial guess.
Step 2. (Nonlinearity checking)

2.1 If kF (u(k+1))k < %1kF (u(k))k, go to Step 1.
2.2 Finding “bad" d.o.f. by

Sb := {j 2 S
�� |Fj(u(k+1))| > %2kF (u(k+1))k1}.

And extend Sb to S�b by adding the neighboring DOFs.
2.3 If #(S�b) < %3n, go to Step 3. Otherwise, go to Step 1.

Step 3. Compute the correction u�b 2 Vb by solving the subproblem
approximately

F �
b(u�b) := R�

bF (u�b + u(k+1)) = 0,

with an initial guess u�b = 0.Update u(k+1) u�b + u(k+1). Go to
Step 1.

I Three control parameters:
%1 the tolerance for the reduction of the residual norm;
%2 the tolerance to pick up the bad variables and equations;
%3 the tolerance to limit the size of the subproblem.

I Boundary effect:
I If the nonlinear elimination just on Sb, the residual near the boundaries

of the eliminating domains would become very large.
I To ease this phenomenon, we extend the index set Sb to S�b by adding

the neighboring DOFs, of which the distances to Sb are smaller than �.

Test Examples

We consider the polyconvex energy functional

 A =  isochoric +  volumetric +  ti

:= c1
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Based on the parameter sets of the model  A in Table. 1, we propose
three test examples to investigate the performance of our algorithms for
the case of large deformation, near incompressibility and high anisotropy.

Set Layer c1(kPa) ✏1(kPa) ✏2(-) ↵1(kPa) ↵2 Purpose
L – 1.0 1.0 1.0 0.0 0.0 Deformations by different pulls

C1 – 17.5 4.998 2.4 0.0 0.0
Different penalties for compressiblityC2 – 17.5 49.98 2.4 0.0 0.0

C3 – 17.5 499.8 2.4 0.0 0.0

A1
Adv. 7.5 100.0 20.0 1.5e10 20.0

Anisotropic arterial walls

Med. 17.5 100.0 50.0 5.0e5 7.0

A2
Adv. 6.6 23.9 10 1503.0 6.3
Med. 17.5 499.8 2.4 30001.9 5.1

A3
Adv. 7.8 70.0 8.5 1503.0 6.3
Med. 9.2 360.0 9.0 30001.9 5.1

Table 1: Model parameter sets of  A.

The first example simulates the deformations of a cylindrical rod by
different pulls L1 = 1.e1 Pa, L2 = 1.e2 Pa and L3 = 1.e3 Pa. The rest
examples simulate the artery walls imposing blood pressure 12 kPa.

Numerical Results

I The simulation results for the three examples are depicted as follows

Figure 3: Deformations
by different pulls Figure 4: A diastolic carotid artery

Figure 5: A fibre-reinforced
multilayer artery

I The convergence history
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(c) Example A

Figure 6: Convergence history of IN and IN-NE

I The parameter-sensitivity tests

%2 = .9, %3 = .3
%1 .9 .95 .98

Global Newton iterations 23 23 24
Total Newton iterations of NE 40 25 23

⇢1 = .95, ⇢3 = .3
%2 .8 .9 .95

Global Newton iterations 24 23 25
Total Newton iterations of NE 31 25 23

⇢1 = .95, ⇢2 = .9
%3 .1 .2 .3

Global Newton iterations 54 23 23
Total Newton iterations of NE 15 25 25

Table 2: Number of iterations of IN-NE with respect to
different pre-chosen parameters.

Set Poisson’s Ratio
C1 0.125
C2 0.452
C3 0.495

Table 3: Poisson’s ratio of
materials C1, C2 and C3.

mesh \ � 2 3 4
m0 15 23 23
m1 58 36 26

Table 4: Mesh refinement,
Set A2, ⇢0 = .9, ⇢1 = .9,

⇢2 = .25.

Concluding Remarks

I We investigated the performance of a nonlinear elimination preconditioner with
applications in computational hyperelasticity.

I A robust strategy of nonlinearity checking was adapted to capture the subregions
with stronger nonlinearity, which coincide with the propagation of the elastic wave.

I We found that the extension for the eliminating index set by adding the neighboring
DOFs is an effective trick to ease the thrashing phenomenon of nonlinear
elimination.

Nonlinear Elimination for Hyperelasticity, CU-Boulder, June 15, 2017
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Fig. 10. Left: fine mesh, right: isogeometric coarse mesh. Here h0 and h1 correspond to the coarse and the fine meshes, respectively. Triangulations at 
!0

w,h0
, !0

s,h0
, !0

f ,h0
are identical to their counterparts of the fine mesh.

Table 7
Different isogeometric coarse meshes. A coupled FSI system with 9,730,852 unknowns is solved by two two-level Schwarz preconditioned inexact Newton–
Krylov methods, respectively. np is the number of processor cores (MPI tasks), “mesh” denotes the coarse mesh for the two-level method, “NI” denotes the 
averaged number of Newton iterations per time step, “LI” denotes the averaged number of fGMRES iterations per Newton step, “T” is the total compute time 
in second for 10 time steps, “PSetup”, in second, is the preconditioner setup time consisting of the construction and the ILU factorization of the subdomain 
matrices at all levels. “TPrec” is the time, in second, spent on the preconditioner, consisting of the setup and the application of the preconditioner on all 
levels. TPrec is part of T, and PSetup is part of TPrec. “SP” is the speedup and “EFF” is the parallel efficiency.

np mesh NI LI T PSetup TPrec SP EFF

128 "h1 2 5.6 1043 57 765 1 100%
128 "h0 2 3 677 55 399 1 100%

256 "h1 2 6.8 616 34 476 1.69 85%
256 "h0 2 3.7 382 32 245 1.77 89%

512 "h1 2 6.9 358 21 281 2.9 73%
512 "h0 2 3.7 222 18 139 3.1 78%

1,024 "h1 2 7.7 218 18 178 4.78 60%
1,024 "h0 2 3.8 132 17 93 5.12 64%

cores, the two coarse meshes are much smaller than the fine mesh to save the compute time spent on the coarse levels 
because the coarse solves are often not scalable. 10 iterations of GMRES are used as a solver on the second coarse level. 
Numerical results are summarized in Table 8.

Note that, in Table 8, the parallel efficiency and speedup are calculated by comparing with the compute time obtained 
by using 2,048 cores so that it is easier to understand which subdomain solver is better. ILU(1) and ILU(2) do not work 
when we use 2,048 processor cores because there is no enough memory. ILU(0) is the best subdomain solver in this test. 
For all subdomain solvers, the number of Newton iterations stays as a constant when we increase the number of processor 
cores. The number of fGMRES iterations varies with different number of processor cores, and it impacts the efficiency 
and speedup but not much. For ILU(0), the efficiency is more than 77%, and at least 63% efficiency is obtained for two 
other subdomain solvers. The corresponding speedups and efficiencies are also plotted in Fig. 11. To further understand 
the three-level Schwarz method, the compute times, when using ILU(0), spent on different levels of the preconditioner, 
interpolation/restriction, and outer nonlinear and linear solvers are plotted in the left figure of Fig. 12. “level 2” is the fine 
level, “level 1” is the second coarse level, and “level 0” is the coarsest level. The compute times spent on levels 1 and 0 are 
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ADAPTIVE NONLINEAR PRECONDITIONING TECHNIQUES A1177

4. The preconditioners have di↵erent implications for large-scale parallel imple-
mentation. The variable workloads of the local problems in the domain-based
form of ASPIN, in which the nonlinear subproblems are solved concurrently,
may lead to load imbalance among the processors. The load balancing is-
sue essentially disappears for the field-split methods because the concurrent
problems on the subdomains (in a parallel implementation) are linear and
generally easy to load balance. Load balancing issues with right precondi-
tioning must be considered case by case. In this paper, we merely note these
issues and leave their practical resolution to future work that takes into ac-
count the cost of data movement in rebalancing load.

5. Even though the domain-based ASPIN is typically more robust than INB and
is a good default strategy, local subproblems may still fail to converge due to
unbalanced nonlinearities or the lack of a good initial guess. The field-split
algorithms such as MSPIN or INB-NE provide additional options for local
nonlinear solves of ASPIN—that is, the preconditioning strategies may be
further nested.
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Fig. 1. The path history using INB, ASPIN, MSPIN, and INB-NE for the example in section 2
from a variety of starting points. Note that the exact solution x⇤ = [1, 1]T is located within the valley.
The red triangle, the blue diamond, the blue circle, and the blue square represent the intermediate
solution x(k+1) corresponding to INB, ASPIN, MSPIN, and INB-NE, respectively.
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Figure 6. Problem D (n D 1000). Effect of varying steepest descent parameter ı on jf .ui / ! f !j conver-
gence for the nonlinear generalized minimal residual optimization method using steepest descent precondi-
tioning with predefined step (N-GMRES-sd) as a function of f=g evaluations. Steepest descent parameter

ı D 10"4 emerges as a suitable choice, leading to rapid convergence.

too large (like 1) or too small (like 10!7) leads to much decreased performance. We have found
ı D 10!4 to be a suitable choice for the test problems reported in this paper.

Tables II and III on f=g evaluation counts for Problems E–G again confirm the trends that were
observed before. N-GMRES-sdls and N-GMRES-sd give f=g evaluation counts that are of the
same order of magnitude as N-CG and L-BFGS, and N-GMRES-sd in particular is competitive with
N-CG and L-BFGS. Table II includes some tests with larger problem size.

3.4. Numerical results for a tensor optimization problem

We conclude this section with some numerical results for a difficult tensor optimization problem, in
particular, the canonical tensor approximation problem of Figures 1.2 and 1.3 in Paper I ([1]). In this
problem, a rank-three canonical tensor approximation (with 450 variables) is sought for a three-way
data tensor of size 50 " 50 " 50. The data tensor is generated starting from a canonical tensor with
specified rank and random factor matrices that are modified to have prespecified column collinear-
ity, and noise is added. This is a standard canonical tensor decomposition test problem [16]. See

Table II. Average number of f=g evaluations needed to reach jf .ui / ! f !j < 10"6 for 10 instances of
Problems D and E with random initial guess and with different sizes. Numbers in brackets give the number

of random trials (out of 10) that did not converge to the required tolerance within 500 iterations (if any).

problem N-GMRES-sdls N-GMRES-sd N-CG L-BFGS

D n=500 525 172 222 166
D n=1,000 445 211 223 170
D n=50,000 461 251 236 216
D n=100,000 661 220 237 243
E n=100 294 259 243 358
E n=200 317 243 240 394
E n=50,000 832 494 496 1592
E n=100,000 933 650 556 1752

N-GMRES-sdls, nonlinear generalized minimal residual method using steepest descent preconditioning with line
search; N-GMRES-sd, N-GMRES method using steepest descent preconditioning with predefined step; N-CG,
nonlinear conjugate gradient method; L-BFGS, limited-memory Broyden–Fletcher–Goldfarb–Shanno.
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Fig. 2. Problem II. From top to bottom: input tensor image, image from the ATD, noisy tensor
image, and image from the ATD of noisy tensor.

0 10 20 30 40 50 60 70 80 90 100
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

Time (s)

S
ca

le
d

N
or

m
of

G
ra

d
ie

n
t

Convergence Histories for Computating ATD of MNIST Data

 

 

HOOI
N-GMRES
NPCG (Tilde)
NPCG (Hat)
NCG
L-BFGS
TR

0 100 200 300 400 500 600 700 800
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

Time (s)

S
ca

le
d

N
or

m
of

G
ra

d
ie

n
t

Convergence Histories for Computating ATD of MNIST Data with Noise

 

 

HOOI
N-GMRES
NPCG (Tilde)
NPCG (Hat)
NCG
L-BFGS
TR

Fig. 3. Problem III. Sample convergence histories based on MNIST digit input data: noise-free
(left) and noisy (right) (without any initial HOOI iterations).

X′, and the ATD of X′. Approximations from X are somewhat blurred, reflecting a
loss of fine detail, but facial features are quite well represented.

Problem III. The final test problem used the MNIST Database of Handwritten
Digits [32], previously used in [41, 51]. This is a collection of 70,000 images, each of a
digit centered in a 28× 28 image. We formed a tensor X ∈ R28×28×5000 consisting of
5000 images of the digit 5. ATDs with multilinear rank (14, 14, 100) were computed
by the same methods considered in the previous example. The experiment was then

repeated using X′ = X+2.5 ∥X∥
∥N∥N, where N has entries uniformly distributed in [0, 1].

Upper limits of 250 iterations and 1500 seconds were imposed. Sample convergence
histories are presented in Figure 3. As in Problem II, we repeated the experiment
on ten different noisy tensors, using 50 iterations of HOOI to refine initial points for
NCG, LBFGS, and TR. Table 5 reports the total times (including the 50 refining
HOOI), numbers of iterations (excluding the 50 refining HOOI), and scaled gradient
norms for each trial.
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Composition Strategies

Abstract System

Out prototypical nonlinear equation is:

F(x) = b

and we define the residual as

r(x) = F(x)− b
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F(x) = b

and we define the (linear) residual as
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Composition Strategies

Linear Left Preconditioning

The modified equation becomes

P−1 (Ax − b) = 0 (1)

Matt (Buff) PETSc AMS19 12 / 79



Composition Strategies

Linear Left Preconditioning

The modified defect correction equation becomes

P−1 (Axi − b) = xi+1 − xi (2)
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Composition Strategies

Additive Combination

The linear iteration

xi+1 = xi − (αP−1 + βQ−1)(Axi − b) (3)

becomes the nonlinear iteration

xi+1 = xi +α(N (F,xi ,b)−xi)+β(M(F,xi ,b)−xi) (5)
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Composition Strategies

Nonlinear Left Preconditioning

From the additive combination, we have

P−1r =⇒ xi −N (F,xi ,b) (6)

so we define the preconditioning operation as

rL ≡ x −N (F,x,b) (7)

Matt (Buff) PETSc AMS19 14 / 79



Composition Strategies

Multiplicative Combination

The linear iteration

xi+1 = xi − (P−1 + Q−1 − Q−1AP−1)ri (8)

becomes the nonlinear iteration

xi+1 = M(F, N (F,xi ,b), b) (11)
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Composition Strategies

Multiplicative Combination

The linear iteration

xi+1/2 = xi − P−1ri (9)

xi = xi+1/2 − Q−1ri+1/2 (10)

becomes the nonlinear iteration

xi+1 = M(F, N (F,xi ,b), b) (11)
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Composition Strategies

Nonlinear Right Preconditioning

For the linear case, we have

AP−1y = b (12)

x = P−1y (13)

so we define the preconditioning operation as

y = M(F(N (F , ·,b)), xi ,b) (14)
x = N (F,y,b) (15)

Matt (Buff) PETSc AMS19 16 / 79



Composition Strategies

Nonlinear Preconditioning

Type Sym Statement Abbreviation
Additive + x + α(M(F,x,b)− x) M+N

+ β(N (F,x,b)− x)
Multiplicative ∗ M(F,N (F,x,b),b) M∗N
Left Prec. −L M(x −N (F,x,b),x,b) M−L N
Right Prec. −R M(F(N (F,x,b)),x,b) M−R N
Inner Lin. Inv. \ y = J(x)−1r(x) = K(J(x),y0,b) N\K

Composing Scalable Nonlinear Algebraic Solvers (Brune et al. 2015)

Matt (Buff) PETSc AMS19 17 / 79
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Solvers Richardson

Nonlinear Richardson

1: procedure NRICH(F,xi ,b)
2:d = −r(xi)
3: xi+1 = xi + λd ▷ λ determined by line search
4: end procedure
5: return xi+1

L Adds line search to N
R Uses N to improve search direction

Matt (Buff) PETSc AMS19 20 / 79
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Solvers Richardson

Line Search

Equivalent to NRICH −L N :

NRICH −L N

NRICH(x −N (F,x,b),x,b)
xi+1 = xi − λrL

xi+1 = xi + λ(N (F,xi ,b)− xi)

Let R1 be Richardson iteration with a unit step scaling (no damping).
Then we have

M−L R1 = M R1 −L M = M (16)

so that R1 is the identity operation for left preconditioning, whereas for
right preconditioning this is just the identity map.
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Solvers Newton

Newton-Krylov

1: procedure N\K(F,xi ,b)
2: d = J(xi)

−1r(xi ,b) ▷ solve by Krylov method
3: xi+1 = xi + λd ▷ λ determined by line search
4: end procedure
5: return xi+1

Matt (Buff) PETSc AMS19 23 / 79



Solvers Newton

Left Preconditioned Newton-Krylov

1: procedure N\K(x −M(F,x,b),xi ,0)

2: d = ∂(xi−M(F,xi ,b))
∂xi

−1
(xi −M(F,xi ,b))

3: xi+1 = xi + λd
4: end procedure
5: return xi+1

Matt (Buff) PETSc AMS19 24 / 79



Solvers Newton

Jacobian Computation

Impractical!

∂(x −M(F,xi ,b))
xi

= I − ∂M(F,xi ,b)
∂xi

,

Direct differencing would require
one inner nonlinear iteration

per Krylov iteration.
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Solvers Newton

Jacobian Computation
Approximation for NASM

∂(x −M(F,x,b))
∂x

=
∂(x − (x −∑

b Jb(xb)
−1Fb(xb)))

∂x
≈

∑

b

Jb(xb∗)
−1J(x)

This would require
one inner nonlinear iteration
small number of block solves

per outer nonlinear iteration.

Nonlinearly preconditioned inexact Newton algorithms (X.-C. Cai and Keyes 2002)

Matt (Buff) PETSc AMS19 26 / 79
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Solvers Newton

Right Preconditioned Newton-Krylov

1: procedure NK(F(M(F, ·,b)),yi ,b)
2: xi = M(F,yi ,b)
3: d = J(x)−1r(xi)
4: xi+1 = xi + λd ▷ λ determined by line search
5: end procedure
6: return xi+1

Matt (Buff) PETSc AMS19 27 / 79



Solvers Newton

Jacobian Computation
First-Order Approximation

Only the action of the original Jacobian is needed at first order:

yi+1 = yi − λ
∂M(F,yi)

∂yi

−1

J(M(F,yi))
−1F(M(F,yi))

M(F,yi+1) = M(F,yi − λ
∂M(F,yi)

∂yi

−1

J(M(F,yi))
−1F(M(F,yi)))

≈ M(F,yi)

− λ
∂M(F,yi)

∂yi

∂M(F,yi)

∂yi

−1

J(M(F,yi))
−1F(M(F,yi)))

= M(F,yi)− λJ(M(F,yi))
−1F(M(F,yi))

xi+1 = xi − λJ(xi)
−1F(xi)

N\K −R M⃗ is equivalent to N\K ∗ M⃗ at first order
A parallel adaptive nonlinear elimination preconditioned inexact Newton method for transonic full

potential equation (Hwang, Su, and Xiao-Chuan Cai 2015)Matt (Buff) PETSc AMS19 28 / 79

http://www.sciencedirect.com/science/article/pii/S004579301400142X
http://www.sciencedirect.com/science/article/pii/S004579301400142X
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Solvers Newton

Jacobian Computation
Direct Approximation

F(M(F,yi ,b)) = J(M(F,yi ,b))
∂M(F,yi ,b)

∂yi
(yi+1 − yi)

≈ J(M(F,yi ,b))(M(F,yi + d,b)− xi)

Solve for d
Requires inner nonlinear solve for each Krylov iterate
Needs FGMRES

On nonlinear preconditioners in Newton-Krylov methods for unsteady flows (Birken and
Jameson 2010)

Matt (Buff) PETSc AMS19 29 / 79
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Solvers Generalized Broyden

Anderson

1: procedure ANDERSON(F,xi ,b)
2: γi = (FT

i Fi)
−1FT

i r(xi ,b) ▷ solve LS by SVD
3: xi+1 = xi + βr(xi ,b)− (xk + βFk )γk
4: end procedure
5: return xi+1

Iterative procedures for nonlinear integral equations (Anderson 1965)

Matt (Buff) PETSc AMS19 31 / 79
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Solvers Generalized Broyden

Generalized Broyden

1: procedure GB(F,xi ,b)
2: γi = (FT

i Fi)
−1FT

i r(xi ,b) ▷ solve LS by SVD
3: xi+1 = xi − G0r(xi ,b)− (Xk − G0Fk )γk
4: end procedure
5: return xi+1

Two classes of multisecant methods for nonlinear acceleration (Fang and Saad 2009)

Matt (Buff) PETSc AMS19 32 / 79

http://epubs.siam.org/doi/abs/10.1137/10078356X


Solvers Generalized Broyden

Left Preconditioned Generalized Broyden

1: procedure GB(x − M⃗(F,x,b),xi ,b)
2: γi = (FT

i Fi)
−1FT

i (x − M⃗(F,x,b)) ▷ solve LS by SVD
3: xi+1 = xi − G0(x − M⃗(F,x,b))− (Xk − G0Fk )γk
4: end procedure
5: return xi+1

We change the minimization problem,
since we minimize over different residuals.

Anderson acceleration for fixed-point iterations (Walker and Ni 2011)

Matt (Buff) PETSc AMS19 33 / 79
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Solvers Generalized Broyden

Right Preconditioned Generalized Broyden

1: procedure GB(F(M(F, ·,b)),xi ,b)
2: γi = (FT

i Fi)
−1FT

i r(M(xi),b) ▷ solve LS by SVD
3: xi+1 = xi − G0r(M(xi),b)− (Xk − G0Fk )γk
4: end procedure
5: return xi+1

We change the minimization problem,
since we use candidate solutions from the inner solver.

Krylov Subspace Acceleration for Nonlinear Multigrid Schemes with Application to Recirculating

Flow (Washio and Oosterlee 2000)

Matt (Buff) PETSc AMS19 34 / 79
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Examples

I ran NPC on some problem
and it worked.
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Convergence Nondiscrete Induction

Rate of Convergence

What should be a Rate of Convergence? [Ptak, 1977]:
1 It should relate quantities which may be measured or estimated

during the actual process
2 It should describe accurately in particular the initial stage of the

process, not only its asymptotic behavior . . .

∥xn+1 − x∗∥ ≤ c∥xn − x∗∥q

Matt (Buff) PETSc AMS19 39 / 79
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Convergence Nondiscrete Induction

Rate of Convergence

What should be a Rate of Convergence? [Ptak, 1977]:
1 It should relate quantities which may be measured or estimated

during the actual process
2 It should describe accurately in particular the initial stage of the

process, not only its asymptotic behavior . . .

∥xn+1 − xn∥ ≤ ω(∥xn − xn−1∥)

where we have for all r ∈ (0,R]

σ(r) =
∞∑

n=0

ω(n)(r) <∞

Matt (Buff) PETSc AMS19 39 / 79
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Convergence Nondiscrete Induction

Nondiscrete Induction

Define an approximate set Z (r), where x∗ ∈ Z (0) implies f (x∗) = 0.
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Convergence Nondiscrete Induction

Nondiscrete Induction

Define an approximate set Z (r), where x∗ ∈ Z (0) implies f (x∗) = 0.

For Newton’s method, we use

Z (r) =
{

x
∣∣∣∥f ′(x)−1f (x)∥ ≤ r ,d(f ′(x)) ≥ h(r), ∥x − x0∥ ≤ g(r)

}
,

where

d(A) = inf
∥x∥≥1

∥Ax∥,

and h(r) and g(r) are positive functions.
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Convergence Nondiscrete Induction

Nondiscrete Induction

Define an approximate set Z (r), where x∗ ∈ Z (0) implies f (x∗) = 0.

For r ∈ (0,R],

Z (r) ⊂ U(Z (ω(r)), r)

implies

Z (r) ⊂ U(Z (0), σ(r)).
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Convergence Nondiscrete Induction

Nondiscrete Induction
For the fixed point iteration

xn+1 = Gxn,

if I have

x0 ∈ Z (r0)

and for x ∈ Z (r),

∥Gx − x∥ ≤ r
Gx ∈ Z (ω(r))

then
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Convergence Nondiscrete Induction

Nondiscrete Induction
For the fixed point iteration

xn+1 = Gxn,

if I have

x0 ∈ Z (r0)

and for x ∈ Z (r),

∥Gx − x∥ ≤ r
Gx ∈ Z (ω(r))

then

x∗ ∈ Z (0)

xn ∈ Z (ω(n)(r0))
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Convergence Nondiscrete Induction

Nondiscrete Induction
For the fixed point iteration

xn+1 = Gxn,

if I have

x0 ∈ Z (r0)

and for x ∈ Z (r),

∥Gx − x∥ ≤ r
Gx ∈ Z (ω(r))

then

∥xn+1 − xn∥ ≤ ω(n)(r0)

∥xn − x∗∥ ≤ σ(ω(n)(r0))
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Convergence Nondiscrete Induction

Nondiscrete Induction
For the fixed point iteration

xn+1 = Gxn,

if I have

x0 ∈ Z (r0)

and for x ∈ Z (r),

∥Gx − x∥ ≤ r
Gx ∈ Z (ω(r))

then

∥xn − x∗∥ ≤ σ(ω(∥xn − xn−1∥))
= σ(∥xn − xn−1∥)− ∥xn − xn−1∥

Matt (Buff) PETSc AMS19 41 / 79



Convergence Nondiscrete Induction

Newton’s Method

ωN (r) = cr2

Matt (Buff) PETSc AMS19 42 / 79



Convergence Nondiscrete Induction

Newton’s Method

ωN (r) =
r2

2
√

r2 + a2

σN (r) = r +
√

r2 + a2 − a

where

a =
1
k0

√
1 − 2k0r0,

k0 is the (scaled) Lipschitz constant for f ′, and
r0 is the (scaled) initial residual.
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Convergence Nondiscrete Induction

Newton’s Method

ωN (r) =
r2

2
√

r2 + a2

σN (r) = r +
√

r2 + a2 − a

This estimate is tight in that the bounds hold with equality for some
function f ,

f (x) = x2 − a2

using initial guess

x0 =
1
k0
.

Also, if equality is attained for some n0, this holds for all n ≥ n0.
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Convergence Nondiscrete Induction

Newton’s Method

ωN (r) =
r2

2
√

r2 + a2

σN (r) = r +
√

r2 + a2 − a

If r ≫ a, meaning we have an inaccurate guess,

ωN (r) ≈ 1
2

r ,

whereas if r ≪ a, meaning we are close to the solution,

ωN (r) ≈ 1
2a

r2.
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Convergence Nondiscrete Induction

Chord Method

If we define the approximate set

Z (r) = {u ∈ X ; ∥u − u0∥ ≤ σR(r0)− σR(r), ∥f ′−1(u0)f (u)∥ ≤ r}, (17)

we get a rate of convergence

ωR(r) =
1
2

kr2 + r
(

1 −
√

1 − 2k(r0 − r)
)

(18)

and corresponding estimate function

σR(r) =
1
k

√
a2 + 2kr − a. (19)
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Convergence Nondiscrete Induction

Chord Method

For rate of convergence,

ωR(r) =
1
2

kr2 + r
(

1 −
√

1 − 2k(r0 − r)
)

(20)

For r ≈ r0,

ωR(r) ≈ kr0r − 1
2

kr2 (21)
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Convergence Nondiscrete Induction

Chord Method

For rate of convergence,

ωR(r) =
1
2

kr2 + r
(

1 −
√

1 − 2k(r0 − r)
)

(20)

For r ≈ r0,

ωR(r) ≈ kr0r − 1
2

kr2 (22)

For r ≪ r0,

ωR(r) ≈ (1 − ka)r +
1
2

kr2. (23)
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Convergence Nondiscrete Induction

Chord Method

For rate of convergence,

ωR(r) =
1
2

kr2 + r
(

1 −
√

1 − 2k(r0 − r)
)

(20)

The later constant is greater than the former,

1 −
√

1 − 2kr0 > kr0 (24)

1 − kr0 >
√

1 − 2kr0 (25)

1 − 2kr0 + k2r2
0 > 1 − 2kr0 (26)

k2r2
0 > 0 (27)
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Convergence Nondiscrete Induction

Chord Method

For rate of convergence,

ωR(r) =
1
2

kr2 + r
(

1 −
√

1 − 2k(r0 − r)
)

(20)

Convergence decelerates nearer
to the solution.
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Convergence Nondiscrete Induction

Chord Method
Vertical lines at onset of asymptotic convergence (∥xn+1 − xn∥ ≈ a/e)
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Convergence Nonlinear Preconditioning

Outline

4 Convergence
Nondiscrete Induction
Nonlinear Preconditioning
Theory
PDE Example
Exploration
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Convergence Nonlinear Preconditioning

Left vs. Right

Left:

F(x) =⇒ x −N (F , x ,b)

Right:

x =⇒ y = N (F , x ,b)

Heisenberg vs. Schrödinger Picture
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Right:
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Convergence Nonlinear Preconditioning

M−R N

We start with x ∈ Z (r), apply N so that

y ∈ Z (ωN (r)),

and then apply M so that

x ′ ∈ Z (ωM(ωN (r))).

Thus we have

ωM−RN = ωM ◦ ωN
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Convergence Nonlinear Preconditioning

Non-Abelian

N −R NRICH

ωN ◦ ωNRICH =
1
2

r2
√

r2 + a2
◦ cr ,

=
1
2

c2r2
√

c2r2 + a2
,

=
1
2

cr2
√

r2 + (a/c)2
,

=
1
2

c
r2

√
r2 + ã2

,
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Convergence Nonlinear Preconditioning

Non-Abelian

N −R NRICH: 1
2c r2√

r2+ã2

NRICH −R N

ωNRICH ◦ ωN = cr ◦ 1
2

r2
√

r2 + a2
,

=
1
2

c
r2

√
r2 + a2

,

=
1
2

c
r2

√
r2 + a2

.
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Convergence Nonlinear Preconditioning

Non-Abelian

N −R NRICH: 1
2c r2√

r2+ã2

NRICH −R N : 1
2c r2√

r2+a2

The first method also changes the onset of second
order convergence.
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Convergence Nonlinear Preconditioning

Example

f (x) = x2 + (0.0894427)2

n ∥xn+1 − xn∥ ∥xn+1 − xn∥ − w (n)(r0) ∥xn − x∗∥ − s(w (n)(r0))

0 1.9990e+00 < 10−16 < 10−16

1 9.9850e-01 < 10−16 < 10−16

2 4.9726e-01 < 10−16 < 10−16

3 2.4470e-01 < 10−16 < 10−16

4 1.1492e-01 < 10−16 < 10−16

5 4.5342e-02 < 10−16 < 10−16

6 1.0251e-02 < 10−16 < 10−16

7 5.8360e-04 < 10−16 < 10−16

8 1.9039e-06 < 10−16 < 10−16

9 2.0264e-11 < 10−16 < 10−16

10 0.0000e+00 < 10−16 < 10−16
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Convergence Nonlinear Preconditioning

Example

Matrix iterations also 1D scalar once you diagonalize
Pták’s nondiscrete induction and its application to matrix iterations, Liesen, IMA J. Num. Anal.,

2014.
Matt (Buff) PETSc AMS19 53 / 79
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Convergence Theory

Composed Rates of Convergence

Theorem
If ω1 and ω2 are convex rates of convergence, then
ω = ω1 ◦ ω2 is a rate of convergence.
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Convergence Theory

Composed Rates of Convergence

Theorem
If ω1 and ω2 are convex rates of convergence, then
ω = ω1 ◦ ω2 is a rate of convergence.

First we show that

ω(s) ≤ s
r
ω(r),

which means that convex rates of convergence are
non-decreasing.

This implies that compositions of convex rates of con-
vergence are also convex and non-decreasing.
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Convergence Theory

Composed Rates of Convergence

Theorem
If ω1 and ω2 are convex rates of convergence, then
ω = ω1 ◦ ω2 is a rate of convergence.

Then we show that

ω(r) < r ∀r ∈ (0,R)

by contradiction.
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Convergence Theory

Composed Rates of Convergence

Theorem
If ω1 and ω2 are convex rates of convergence, then
ω = ω1 ◦ ω2 is a rate of convergence.

This is enough to show that

ω1(ω2(r)) < ω1(r),

and in fact

(ω1 ◦ ω2)
(n)(r) < ω

(n)
1 (r).
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Convergence Theory

Multidimensional Induction Theorem
Preconditions

Theorem
Let

p (1 for our case) and m (2 for our case) be two positive integers,
X be a complete metric space and D ⊂ X p,
G : D → X p and F : D → X p+1 be defined by Fu = (u,Gu),
Fk = PkF, −p + 1 ≤ k ≤ m, the components of F ,
P = Pm,
Z (r) ⊂ D for each r ∈ T p,
ω be a rate of convergence of type (p,m) on T ,
u0 ∈ D and r0 ∈ T p.
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Convergence Theory

Multidimensional Induction Theorem

Theorem
If the following conditions hold

u0 ∈ Z (r0),

PFZ (r) ⊂ Z (ω̃(r)),
∥Fku − Fk+1u∥ ≤ ωk (r),

for all r ∈ T p, u ∈ Z (r), and k = 0, . . . ,m − 1, then
1 u0 is admissible, and ∃x∗ ∈ X such that (Pkun)n≥0 → x∗,
2 and the following relations hold for n > 1,

Pun ∈ Z (ω̃(r0)),

∥Pkun − Pk+1un∥ ≤ ω
(n)
k (r0), 0 ≤ k ≤ m − 1,

∥Pkun − x∗∥ ≤ σk (ω̃(r0)), 0 ≤ k ≤ m;
Matt (Buff) PETSc AMS19 57 / 79



Convergence Theory

Multidimensional Induction Theorem

Theorem
If the following conditions hold

u0 ∈ Z (r0),

PFZ (r) ⊂ Z (ω̃(r)),
∥Fku − Fk+1u∥ ≤ ωk (r),

for all r ∈ T p, u ∈ Z (r), and k = 0, . . . ,m − 1, then
1 u0 is admissible, and ∃x∗ ∈ X such that (Pkun)n≥0 → x∗,
2 and the following relations hold for n > 1,

∥Pkun − x∗∥ ≤ σk (rn), 0 ≤ k ≤ m.

where rn ∈ T p and Pun−1 ∈ Z (rn).
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Convergence Theory

Multidimensional Induction Theorem

Theorem
If the following conditions hold

u0 ∈ Z (r0),

PFZ (r) ⊂ Z (ω̃(r)),
∥Fku − Fk+1u∥ ≤ ωk (r),

for all r ∈ T p, u ∈ Z (r), and k = 0, . . . ,m − 1, then
1 u0 is admissible, and ∃x∗ ∈ X such that (Pkun)n≥0 → x∗,
2 and the following relations hold for n > 1,

Pun ∈ Z (ω̃(r0)),

∥Pkun − Pk+1un∥ ≤ ω
(n)
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∥Pkun − x∗∥ ≤ σk (ω̃(r0)), 0 ≤ k ≤ m;
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Convergence Theory

Multidimensional Induction Theorem

Theorem
If the following conditions hold

u0 ∈ Z (r0),

PFZ (r) ⊂ Z (ω ◦ ψ(r)),
∥F0u − F1u∥ ≤ r ,
∥F1u − F2u∥ ≤ ψ(r),for all r ∈ T p, u ∈ Z (r), and k = 0, . . . ,m − 1, then

1 u0 is admissible, and ∃x∗ ∈ X such that (Pkun)n≥0 → x∗,
2 and the following relations hold for n > 1,

Pun ∈ Z (ω̃(r0)),

∥Pkun − Pk+1un∥ ≤ ω
(n)
k (r0), 0 ≤ k ≤ m − 1,

∥Pkun − x∗∥ ≤ σk (ω̃(r0)), 0 ≤ k ≤ m;
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Convergence Theory

Composed Newton Methods

Theorem
Suppose that we have two nonlinear solvers

M, Z1, ω,
N , Z0, ψ,

and consider M−R N , meaning a single step of N for each step of M.

Concretely, take M to be the Newton iteration, and N the Chord
method. Then the assumptions of the theorem above are satisfied
using Z = Z1 and

ω(r) = {ψ(r), ω ◦ ψ(r)},

giving us the existence of a solution, and both a priori and a posteriori
bounds on the error.
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Convergence PDE Example
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Convergence PDE Example

Driven Cavity Problem
SNES ex19.c

./ex19 -lidvelocity 100 -grashof 1e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_monitor_short -snes_converged_reason -snes_view

−∆U − ∂yΩ = 0

−∆V + ∂xΩ = 0

−∆Ω+∇ · ([UΩ,VΩ])− Gr ∂x T = 0

−∆T + Pr ∇ · ([UT ,VT ]) = 0

Matt (Buff) PETSc AMS19 60 / 79
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Convergence PDE Example

Driven Cavity Problem
SNES ex19.c

./ex19 -lidvelocity 100 -grashof 1e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_monitor_short -snes_converged_reason -snes_view

lid velocity = 100, prandtl # = 1, grashof # = 100
0 SNES Function norm 768.116
1 SNES Function norm 658.288
2 SNES Function norm 529.404
3 SNES Function norm 377.51
4 SNES Function norm 304.723
5 SNES Function norm 2.59998
6 SNES Function norm 0.00942733
7 SNES Function norm 5.20667e-08

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE iterations 7
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Convergence PDE Example

Driven Cavity Problem
SNES ex19.c

./ex19 -lidvelocity 100 -grashof 1e4
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_monitor_short -snes_converged_reason -snes_view
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Convergence PDE Example

Driven Cavity Problem
SNES ex19.c

./ex19 -lidvelocity 100 -grashof 1e4
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_monitor_short -snes_converged_reason -snes_view

lid velocity = 100, prandtl # = 1, grashof # = 10000
0 SNES Function norm 785.404
1 SNES Function norm 663.055
2 SNES Function norm 519.583
3 SNES Function norm 360.87
4 SNES Function norm 245.893
5 SNES Function norm 1.8117
6 SNES Function norm 0.00468828
7 SNES Function norm 4.417e-08

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE iterations 7

Matt (Buff) PETSc AMS19 60 / 79
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Convergence PDE Example

Driven Cavity Problem
SNES ex19.c

./ex19 -lidvelocity 100 -grashof 1e5
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_monitor_short -snes_converged_reason -snes_view
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Convergence PDE Example

Driven Cavity Problem
SNES ex19.c

./ex19 -lidvelocity 100 -grashof 1e5
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_monitor_short -snes_converged_reason -snes_view

lid velocity = 100, prandtl # = 1, grashof # = 100000
0 SNES Function norm 1809.96

Nonlinear solve did not converge due to DIVERGED_LINEAR_SOLVE iterations 0

Matt (Buff) PETSc AMS19 60 / 79
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Convergence PDE Example

Driven Cavity Problem
SNES ex19.c

./ex19 -lidvelocity 100 -grashof 1e5
-da_grid_x 16 -da_grid_y 16 -da_refine 2 -pc_type lu
-snes_monitor_short -snes_converged_reason -snes_view

lid velocity = 100, prandtl # = 1, grashof # = 100000
0 SNES Function norm 1809.96
1 SNES Function norm 1678.37
2 SNES Function norm 1643.76
3 SNES Function norm 1559.34
4 SNES Function norm 1557.6
5 SNES Function norm 1510.71
6 SNES Function norm 1500.47
7 SNES Function norm 1498.93
8 SNES Function norm 1498.44
9 SNES Function norm 1498.27
10 SNES Function norm 1498.18
11 SNES Function norm 1498.12
12 SNES Function norm 1498.11
13 SNES Function norm 1498.11
14 SNES Function norm 1498.11
...
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Convergence PDE Example

Deceleration of Convergence

./ex19 -lidvelocity 100 -grashof 1.3372e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type nrichardson -snes_linesearch_type cp -snes_max_it 10000
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Convergence PDE Example

Stagnation of Newton

./ex19 -lidvelocity 100 -grashof 1.3372e4
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type newtonls -snes_max_it 100 -pc_type lu
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Convergence PDE Example

Stagnation of Newton

./ex19 -lidvelocity 100 -grashof 1.3373e4
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type newtonls -snes_max_it 100 -pc_type lu
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Convergence PDE Example

Preconditioning NRichardson with Newton

./ex19 -lidvelocity 100 -grashof 1.3373e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type nrichardson -snes_max_it 200
-npc_snes_type newtonls -npc_snes_max_it 3 -npc_pc_type lu
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Convergence PDE Example

Preconditioning NRichardson with Newton

./ex19 -lidvelocity 100 -grashof 1.3373e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type nrichardson -snes_max_it 200
-npc_snes_type newtonls -npc_snes_max_it 4 -npc_pc_type lu
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Convergence PDE Example

Preconditioning Newton with NRichardson

./ex19 -lidvelocity 100 -grashof 1.3373e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type newtonls -snes_max_it 1000 -pc_type lu
-npc_snes_type nrichardson -npc_snes_max_it 1
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Convergence PDE Example

Preconditioning Newton with NRichardson

./ex19 -lidvelocity 100 -grashof 1.3373e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type newtonls -snes_max_it 1000 -pc_type lu
-npc_snes_type nrichardson -npc_snes_max_it 3
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Convergence PDE Example

Preconditioning Newton with NRichardson

./ex19 -lidvelocity 100 -grashof 1.3373e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type newtonls -snes_max_it 1000 -pc_type lu
-npc_snes_type nrichardson -npc_snes_max_it 5
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Convergence PDE Example

Preconditioning Newton with NRichardson

./ex19 -lidvelocity 100 -grashof 1.3373e2
-da_grid_x 16 -da_grid_y 16 -da_refine 2
-snes_type newtonls -snes_max_it 1000 -pc_type lu
-npc_snes_type nrichardson -npc_snes_max_it 6
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Convergence Exploration

Outline
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type newtonls -snes_converged_reason
-pc_type lu

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
1 SNES Function norm 1132.29
2 SNES Function norm 1026.17
3 SNES Function norm 925.717
4 SNES Function norm 924.778
5 SNES Function norm 836.867
...
21 SNES Function norm 585.143
22 SNES Function norm 585.142
23 SNES Function norm 585.142
24 SNES Function norm 585.142
...
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type fas -snes_converged_reason
-fas_levels_snes_type gs -fas_levels_snes_max_it 6

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
1 SNES Function norm 574.793
2 SNES Function norm 513.02
3 SNES Function norm 216.721
4 SNES Function norm 85.949

Nonlinear solve did not converge due to DIVERGED_INNER iterations 4
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type fas -snes_converged_reason
-fas_levels_snes_type gs -fas_levels_snes_max_it 6
-fas_coarse_snes_converged_reason

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 12

1 SNES Function norm 574.793
Nonlinear solve did not converge due to DIVERGED_MAX_IT its 50

2 SNES Function norm 513.02
Nonlinear solve did not converge due to DIVERGED_MAX_IT its 50

3 SNES Function norm 216.721
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 22

4 SNES Function norm 85.949
Nonlinear solve did not converge due to DIVERGED_LINE_SEARCH its 42

Nonlinear solve did not converge due to DIVERGED_INNER iterations 4
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type fas -snes_converged_reason
-fas_levels_snes_type gs -fas_levels_snes_max_it 6
-fas_coarse_snes_linesearch_type basic
-fas_coarse_snes_converged_reason

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 6

...
47 SNES Function norm 78.8401

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 5
48 SNES Function norm 73.1185

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 6
49 SNES Function norm 78.834

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 5
50 SNES Function norm 73.1176

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 6
...
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type nrichardson -npc_snes_max_it 1 -snes_converged_reason
-npc_snes_type fas -npc_fas_coarse_snes_converged_reason
-npc_fas_levels_snes_type gs -npc_fas_levels_snes_max_it 6
-npc_fas_coarse_snes_linesearch_type basic

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 6

1 SNES Function norm 552.271
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 27

2 SNES Function norm 173.45
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 45

...
43 SNES Function norm 3.45407e-05

Nonlinear solve converged due to CONVERGED_SNORM_RELATIVE its 2
44 SNES Function norm 1.6141e-05

Nonlinear solve converged due to CONVERGED_SNORM_RELATIVE its 2
45 SNES Function norm 9.13386e-06
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE iterations 45
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type ngmres -npc_snes_max_it 1 -snes_converged_reason
-npc_snes_type fas -npc_fas_coarse_snes_converged_reason
-npc_fas_levels_snes_type gs -npc_fas_levels_snes_max_it 6
-npc_fas_coarse_snes_linesearch_type basic

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 6

1 SNES Function norm 538.605
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 13

2 SNES Function norm 178.005
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 24

...
27 SNES Function norm 0.000102487

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE its 2
28 SNES Function norm 4.2744e-05

Nonlinear solve converged due to CONVERGED_SNORM_RELATIVE its 2
29 SNES Function norm 1.01621e-05
Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE iterations 29
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type ngmres -npc_snes_max_it 1 -snes_converged_reason
-npc_snes_type fas -npc_fas_coarse_snes_converged_reason
-npc_fas_levels_snes_type newtonls -npc_fas_levels_snes_max_it 6
-npc_fas_levels_snes_linesearch_type basic
-npc_fas_levels_snes_max_linear_solve_fail 30
-npc_fas_levels_ksp_max_it 20 -npc_fas_levels_snes_converged_reason
-npc_fas_coarse_snes_linesearch_type basic

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
Nonlinear solve did not converge due to DIVERGED_MAX_IT its 6
...

Nonlinear solve converged due to CONVERGED_SNORM_RELATIVE its 1
...

1 SNES Function norm 0.1935
2 SNES Function norm 0.0179938
3 SNES Function norm 0.00223698
4 SNES Function norm 0.000190461
5 SNES Function norm 1.6946e-06

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE iterations 5
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type composite -snes_composite_type additiveoptimal
-snes_composite_sneses fas,newtonls -snes_converged_reason
-sub_0_fas_levels_snes_type gs -sub_0_fas_levels_snes_max_it 6

-sub_0_fas_coarse_snes_linesearch_type basic
-sub_1_snes_linesearch_type basic -sub_1_pc_type mg

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
1 SNES Function norm 541.462
2 SNES Function norm 162.92
3 SNES Function norm 48.8138
4 SNES Function norm 11.1822
5 SNES Function norm 0.181469
6 SNES Function norm 0.00170909
7 SNES Function norm 3.24991e-08

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE iterations 7
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Convergence Exploration

Nonlinear Preconditioning
./ex19 -lidvelocity 100 -grashof 5e4 -da_refine 4 -snes_monitor_short
-snes_type composite -snes_composite_type multiplicative
-snes_composite_sneses fas,newtonls -snes_converged_reason
-sub_0_fas_levels_snes_type gs -sub_0_fas_levels_snes_max_it 6

-sub_0_fas_coarse_snes_linesearch_type basic
-sub_1_snes_linesearch_type basic -sub_1_pc_type mg

lid velocity = 100, prandtl # = 1, grashof # = 50000
0 SNES Function norm 1228.95
1 SNES Function norm 544.404
2 SNES Function norm 18.2513
3 SNES Function norm 0.488689
4 SNES Function norm 0.000108712
5 SNES Function norm 5.68497e-08

Nonlinear solve converged due to CONVERGED_FNORM_RELATIVE iterations 5
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Convergence Exploration

Nonlinear Preconditioning
Solver T N. It L. It Func Jac PC NPC
(N\K − MG) 9.83 17 352 34 85 370 –
NGMRES −R 7.48 10 220 21 50 231 10
(N\K − MG)
FAS 6.23 162 0 2382 377 754 –
FAS + (N\K − MG) 8.07 10 197 232 90 288 –
FAS ∗ (N\K − MG) 4.01 5 80 103 45 125 –
NRICH −L FAS 3.20 50 0 1180 192 384 50
NGMRES −R FAS 1.91 24 0 447 83 166 24
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Convergence Exploration

Nonlinear Preconditioning

See discussion in:

Composing Scalable Nonlinear Algebraic Solvers,
Peter Brune, Matthew Knepley, Barry Smith, and Xuemin Tu,

SIAM Review, 57(4), 535–565, 2015.

http://www.mcs.anl.gov/uploads/cels/papers/P2010-0112.pdf
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Further Questions

Outline

1 Composition Strategies

2 Solvers

3 Examples

4 Convergence

5 Further Questions
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Further Questions

Further Questions
What is ω for NASM? Nonlinear FETI-DP?

What are the Rules of Thumb for NPC?

Can a composed iteration have a larger region of convergence?

What API makes sense for simulations?
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Further Questions

Programming with Options

ex55: Allen-Cahn problem in 2D
constant mobility
triangular elements

Geometric multigrid method for saddle point variational inequalities:

./ex55 -ksp_type fgmres -pc_type mg -mg_levels_ksp_type fgmres
-mg_levels_pc_type fieldsplit -mg_levels_pc_fieldsplit_detect_saddle_point
-mg_levels_pc_fieldsplit_type schur -da_grid_x 65 -da_grid_y 65
-mg_levels_pc_fieldsplit_factorization_type full
-mg_levels_pc_fieldsplit_schur_precondition user
-mg_levels_fieldsplit_1_ksp_type gmres -mg_coarse_ksp_type preonly
-mg_levels_fieldsplit_1_pc_type none -mg_coarse_pc_type svd
-mg_levels_fieldsplit_0_ksp_type preonly
-mg_levels_fieldsplit_0_pc_type sor -pc_mg_levels 5
-mg_levels_fieldsplit_0_pc_sor_forward -pc_mg_galerkin
-snes_vi_monitor -ksp_monitor_true_residual -snes_atol 1.e-11
-mg_levels_ksp_monitor -mg_levels_fieldsplit_ksp_monitor
-mg_levels_ksp_max_it 2 -mg_levels_fieldsplit_ksp_max_it 5
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Further Questions

Programming with Options

ex55: Allen-Cahn problem in 2D

Run flexible GMRES with 5 levels of multigrid as the preconditioner

./ex55 -ksp_type fgmres -pc_type mg -pc_mg_levels 5
-da_grid_x 65 -da_grid_y 65

Use the Galerkin process to compute the coarse grid operators

-pc_mg_galerkin

Use SVD as the coarse grid saddle point solver

-mg_coarse_ksp_type preonly -mg_coarse_pc_type svd
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./ex55 -ksp_type fgmres -pc_type mg -pc_mg_levels 5
-da_grid_x 65 -da_grid_y 65

Use the Galerkin process to compute the coarse grid operators

-pc_mg_galerkin

Use SVD as the coarse grid saddle point solver
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Run flexible GMRES with 5 levels of multigrid as the preconditioner

./ex55 -ksp_type fgmres -pc_type mg -pc_mg_levels 5
-da_grid_x 65 -da_grid_y 65

Use the Galerkin process to compute the coarse grid operators

-pc_mg_galerkin

Use SVD as the coarse grid saddle point solver
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Further Questions

Programming with Options

ex55: Allen-Cahn problem in 2D

Run flexible GMRES with 5 levels of multigrid as the preconditioner

./ex55 -ksp_type fgmres -pc_type mg -pc_mg_levels 5
-da_grid_x 65 -da_grid_y 65

Use the Galerkin process to compute the coarse grid operators

-pc_mg_galerkin
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Further Questions

Programming with Options

ex55: Allen-Cahn problem in 2D

Smoother: Flexible GMRES (2 iterates) with a Schur complement PC

-mg_levels_ksp_type fgmres -mg_levels_pc_fieldsplit_detect_saddle_point
-mg_levels_ksp_max_it 2 -mg_levels_pc_type fieldsplit
-mg_levels_pc_fieldsplit_type schur
-mg_levels_pc_fieldsplit_factorization_type full
-mg_levels_pc_fieldsplit_schur_precondition diag

Schur complement solver: GMRES (5 iterates) with no preconditioner

-mg_levels_fieldsplit_1_ksp_type gmres
-mg_levels_fieldsplit_1_pc_type none -mg_levels_fieldsplit_ksp_max_it 5

Schur complement action: Use only the lower diagonal part of A00

-mg_levels_fieldsplit_0_ksp_type preonly
-mg_levels_fieldsplit_0_pc_type sor
-mg_levels_fieldsplit_0_pc_sor_forward

Matt (Buff) PETSc AMS19 71 / 79

http://www.mcs.anl.gov/petsc/petsc-current/src/snes/examples/tutorials/ex55.c.html


Further Questions

Programming with Options

ex55: Allen-Cahn problem in 2D

Smoother: Flexible GMRES (2 iterates) with a Schur complement PC

-mg_levels_ksp_type fgmres -mg_levels_pc_fieldsplit_detect_saddle_point
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Schur complement solver: GMRES (5 iterates) with no preconditioner
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Further Questions

Programming with Options

ex55: Allen-Cahn problem in 2D

Smoother: Flexible GMRES (2 iterates) with a Schur complement PC

-mg_levels_ksp_type fgmres -mg_levels_pc_fieldsplit_detect_saddle_point
-mg_levels_ksp_max_it 2 -mg_levels_pc_type fieldsplit
-mg_levels_pc_fieldsplit_type schur
-mg_levels_pc_fieldsplit_factorization_type full
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Schur complement solver: GMRES (5 iterates) with no preconditioner
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Further Questions

Programming with Options

ex55: Allen-Cahn problem in 2D

Smoother: Flexible GMRES (2 iterates) with a Schur complement PC

-mg_levels_ksp_type fgmres -mg_levels_pc_fieldsplit_detect_saddle_point
-mg_levels_ksp_max_it 2 -mg_levels_pc_type fieldsplit
-mg_levels_pc_fieldsplit_type schur
-mg_levels_pc_fieldsplit_factorization_type full
-mg_levels_pc_fieldsplit_schur_precondition diag

Schur complement solver: GMRES (5 iterates) with no preconditioner

-mg_levels_fieldsplit_1_ksp_type gmres
-mg_levels_fieldsplit_1_pc_type none -mg_levels_fieldsplit_ksp_max_it 5

Schur complement action: Use only the lower diagonal part of A00

-mg_levels_fieldsplit_0_ksp_type preonly
-mg_levels_fieldsplit_0_pc_type sor
-mg_levels_fieldsplit_0_pc_sor_forward
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Further Questions

Magma FAS Options

Top level

-snes_monitor -snes_converged_reason
-snes_type fas -snes_fas_type full -snes_fas_levels 4
-fas_levels_3_snes_monitor -fas_levels_3_snes_converged_reason
-fas_levels_3_snes_atol 1.0e-9 -fas_levels_3_snes_max_it 2
-fas_levels_3_snes_type newtonls -fas_levels_3_snes_linesearch_type bt
-fas_levels_3_snes_fd_color -fas_levels_3_snes_fd_color_use_mat
-fas_levels_3_ksp_rtol 1.0e-10 -mat_coloring_type greedy
-fas_levels_3_ksp_gmres_restart 50 -fas_levels_3_ksp_max_it 200
-fas_levels_3_pc_type fieldsplit
-fas_levels_3_pc_fieldsplit_0_fields 0,2
-fas_levels_3_pc_fieldsplit_1_fields 1
-fas_levels_3_pc_fieldsplit_type schur
-fas_levels_3_pc_fieldsplit_schur_precondition selfp
-fas_levels_3_pc_fieldsplit_schur_factorization_type full
-fas_levels_3_fieldsplit_0_pc_type lu
-fas_levels_3_fieldsplit_pressure_ksp_rtol 1.0e-9
-fas_levels_3_fieldsplit_pressure_pc_type gamg
-fas_levels_3_fieldsplit_pressure_ksp_gmres_restart 100
-fas_levels_3_fieldsplit_pressure_ksp_max_it 200
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Further Questions

Magma FAS Options

2nd level

-fas_levels_2_snes_monitor -fas_levels_2_snes_converged_reason
-fas_levels_2_snes_atol 1.0e-9 -fas_levels_2_snes_max_it 2
-fas_levels_2_snes_type newtonls -fas_levels_2_snes_linesearch_type bt
-fas_levels_2_snes_fd_color -fas_levels_2_snes_fd_color_use_mat
-fas_levels_2_ksp_rtol 1.0e-10 -fas_levels_2_ksp_gmres_restart 50
-fas_levels_2_pc_type fieldsplit
-fas_levels_2_pc_fieldsplit_0_fields 0,2
-fas_levels_2_pc_fieldsplit_1_fields 1
-fas_levels_2_pc_fieldsplit_type schur
-fas_levels_2_pc_fieldsplit_schur_precondition selfp
-fas_levels_2_pc_fieldsplit_schur_factorization_type full
-fas_levels_2_fieldsplit_0_pc_type lu
-fas_levels_2_fieldsplit_pressure_ksp_rtol 1.0e-9
-fas_levels_2_fieldsplit_pressure_pc_type gamg
-fas_levels_2_fieldsplit_pressure_ksp_gmres_restart 100
-fas_levels_2_fieldsplit_pressure_ksp_max_it 200
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Further Questions

Magma FAS Options

1st level

-fas_levels_1_snes_monitor -fas_levels_1_snes_converged_reason
-fas_levels_1_snes_atol 1.0e-9
-fas_levels_1_snes_type newtonls -fas_levels_1_snes_linesearch_type bt
-fas_levels_1_snes_fd_color -fas_levels_1_snes_fd_color_use_mat
-fas_levels_1_ksp_rtol 1.0e-10 -fas_levels_1_ksp_gmres_restart 50
-fas_levels_1_pc_type fieldsplit
-fas_levels_1_pc_fieldsplit_0_fields 0,2
-fas_levels_1_pc_fieldsplit_1_fields 1
-fas_levels_1_pc_fieldsplit_type schur
-fas_levels_1_pc_fieldsplit_schur_precondition selfp
-fas_levels_1_pc_fieldsplit_schur_factorization_type full
-fas_levels_1_fieldsplit_0_pc_type lu
-fas_levels_1_fieldsplit_pressure_ksp_rtol 1.0e-9
-fas_levels_1_fieldsplit_pressure_pc_type gamg
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Further Questions

Magma FAS Options

Coarse level

-fas_coarse_snes_monitor -fas_coarse_snes_converged_reason
-fas_coarse_snes_atol 1.0e-9
-fas_coarse_snes_type newtonls -fas_coarse_snes_linesearch_type bt
-fas_coarse_snes_fd_color -fas_coarse_snes_fd_color_use_mat
-fas_coarse_ksp_rtol 1.0e-10 -fas_coarse_ksp_gmres_restart 50
-fas_coarse_pc_type fieldsplit
-fas_coarse_pc_fieldsplit_0_fields 0,2
-fas_coarse_pc_fieldsplit_1_fields 1
-fas_coarse_pc_fieldsplit_type schur
-fas_coarse_pc_fieldsplit_schur_precondition selfp
-fas_coarse_pc_fieldsplit_schur_factorization_type full
-fas_coarse_fieldsplit_0_pc_type lu
-fas_coarse_fieldsplit_pressure_ksp_rtol 1.0e-9
-fas_coarse_fieldsplit_pressure_pc_type gamg
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Algebra

Additive Composition

We can represent the additive update rule

x⃗i+1 = x⃗i + α(M(F , x⃗i , )− x⃗i) + β(N (F , x⃗i , )− x⃗i)

as

x⃗i+1 = (M+N )(F , x⃗i , )
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Algebra

Additive Composition

If α = β = 1, this has an identity operation 0 (the identity map),

x⃗i+1 = x⃗i + α(M(F , x⃗i , )− x⃗i) + β(0(F , x⃗i , )− x⃗i)

= x⃗i + (M(F , x⃗i , )− x⃗i) +
(
x⃗i − x⃗i

)

= M(F , x⃗i , )

so that (M,+) is an abelian group.
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Algebra

Multiplicative Composition

We can represent the multiplicative update rule

x⃗i+1 = M(F , N (F , x⃗i , ), )

as

x⃗i+1 = (M∗N )(F , x⃗i , )

which is clearly associative.
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Algebra

Algebraic Structure

If we look at the distributive case,

x⃗i+1 = ((M+N ) ∗ Q)(F , x⃗i , )

we get the update rule

x⃗i+1 = x⃗i + α(M(F ,Q(F , x⃗i , ), )− x⃗i)

+ β(N (F ,Q(F , x⃗i , ), )− x⃗i)

Note however that

Q ∗ (M+N ) ̸= Q ∗M+Q ∗ N

which means (M,+, ∗) is a near ring.
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Algebra

Algebraic Structure

If we combine it using our left NPC operation

x⃗i+1 = ((M+N )−L Q)(F , x⃗i , )

we get the update rule

x⃗i+1 = x⃗i + α(M(x⃗ −Q(F , x⃗i , ), x⃗i , )− x⃗i)

+ β(N (x⃗ −Q(F , x⃗i , ), x⃗i , )− x⃗i)
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Algebra

Algebraic Structure

In the same way, we can combine it with our right NPC operation

x⃗i+1 = ((M+N )−R Q)(F , x⃗i , )

and get the update rule

x⃗i+1 = x⃗i + α(M(F(Q(F , x⃗i , )), x⃗i , )− x⃗i)

+ β(N (F(Q(F , x⃗i , )), x⃗i , )− x⃗i)
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Algebra

Algebraic Structure

In the same way, we can combine it with our right NPC operation

x⃗i+1 = ((M+N )−R Q)(F , x⃗i , )

which we can write as

x⃗i+1 = (M−R Q+N −R Q)(F , x⃗i , )

we we again have a near ring.
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Algebra

Polynomial solution through decomposition
Let us solve

x8 − 4x6 − 11x4 + 30x2 + 56 = 0

which can be decomposed
(

x4 − 4x3 − 11x2 + 30x + 56
)
◦ x2 = 0

(
x2 − 15x + 56

)
◦
(

x2 − 2x
)
◦ x2 = 0.
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Algebra

Polynomial solution through decomposition
Let us solve

x8 − 4x6 − 11x4 + 30x2 + 56 = 0

which can be decomposed
(

x4 − 4x3 − 11x2 + 30x + 56
)
◦ x2 = 0

(
x2 − 15x + 56

)
◦
(

x2 − 2x
)
◦ x2 = 0.

We solve the first equation, to get

x00 = 7 x01 = 8,

Matt (Buff) PETSc AMS19 79 / 79



Algebra

Polynomial solution through decomposition
Let us solve

x8 − 4x6 − 11x4 + 30x2 + 56 = 0

which can be decomposed
(

x4 − 4x3 − 11x2 + 30x + 56
)
◦ x2 = 0

(
x2 − 15x + 56

)
◦
(

x2 − 2x
)
◦ x2 = 0.

and then solve

x2 − 2x = 7 or 8,

to get

x10 = 1 + 2
√

2 x11 = 1 − 2
√

2 x12 = 4 x13 = −2.
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Algebra

Polynomial solution through decomposition
Let us solve

x8 − 4x6 − 11x4 + 30x2 + 56 = 0

which can be decomposed
(

x4 − 4x3 − 11x2 + 30x + 56
)
◦ x2 = 0

(
x2 − 15x + 56

)
◦
(

x2 − 2x
)
◦ x2 = 0.

At the end, we have x2 = x1j , so that

x0,1,2,3 = ±
√

1 ± 2
√

2
x5,6 = ±2

x7,8 = ±i
√

2.

There is an O(d lnd) algorithm for finding the unique decomposition.
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