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Anisotropic Hyperelastic Model

Arterial wall can be modeled by a nearly incompressible, anisotropic and
hyperelastic equation that allows large deformation.

I Energy Functional

 =  iso(C)+ vol(C)+ ti(C, M(i)), (1)
where C is Cauthy-Green tensor, M(i) are
the structural tensors.

I Principal Invariants

I1 := tr C, I2 := tr [cofC], I3 := det C,

J(i)
4 := tr[CM(i)], J(i)

5 := tr[C2M(i)].

with  iso =  iso(Ii),  vol =  vol(I3) and
 ti =  ti(Ii, J(i)

j ).

I Momentum Equation

divP = �f , (2)
where P = FS, S = @ 

@C.

Figure 1: A carotid artery with
plaques

Figure 2: Collagen fibre
reinforcement

To solve nonlinear system (2), the performance of Inexact Newton methods
(IN) and the linear solvers degrade in the cases of

Large Deformation; Near Incompressibility; High Anisotropy.
We use an overlapping Schwarz preconditioner and propose a nonlinearly
preconditioned Newton’s method based on nonlinear elimination to
accelerate the convergence of linear and nonlinear iterations, respectively.

Nonlinear Preconditioning Based on Nonlinear Elimination

Denote the nonlinear system discretized from (2) by

F (u⇤) = 0

where F : Rn 7! Rn. Newton’s method finds a sequence of improving
approximate solutions iteratively u(k+1) = u(k) � �F 0(u(k))

��1 F (u(k)).

I Convergence of Newton’s method:

e(k+1) = �
⇣

F 0(u(k))
⌘�1

⌧
1
2

F 00(u(k))e(k), e(k)

�
+ O(ke(k)k3).

Here e(k) = u⇤ � u(k) is the error of the k th approximate solution.
I Key idea:

Eliminate some "subfunctions" of F to balance the overall nonlinearity.
I Quantitative characterization of the nonlinearity:

F (u(k+1)) = F (u(k)) + F 0(u(k))p(k) +

⌧
1
2

F 00(u(k) + ✓p(k))p(k), p(k)

�

⇡
D

F 00(u(k) + ✓p(k))p(k), p(k)
E

.

High nonlinearity ⇠ Large residual.
I Nonlinear elimination:

I Find "bad" DOF set Sb from S = {1, · · · , n}, according to the residual

Vb = {v | v = (v1, · · · , vn)
T 2 Rn, vk = 0, if k 62 Sb}.

I Given an approximation u, NE finds correction by solving ub 2 Vb such
that

Fb(ub) := RbF (ub + u) = 0.

Inexact Newton with Nonlinear Elimination Preconditioner

Algorithm (IN-NE)
Step 1. Compute the next approximate solution u(k+1) by solving

F (u) = 0

with one step of IN iteration using u(k) as the initial guess.
Step 2. (Nonlinearity checking)

2.1 If kF (u(k+1))k < %1kF (u(k))k, go to Step 1.
2.2 Finding “bad" d.o.f. by

Sb := {j 2 S
�� |Fj(u(k+1))| > %2kF (u(k+1))k1}.

And extend Sb to S�b by adding the neighboring DOFs.
2.3 If #(S�b) < %3n, go to Step 3. Otherwise, go to Step 1.

Step 3. Compute the correction u�b 2 Vb by solving the subproblem
approximately

F �
b(u�b) := R�

bF (u�b + u(k+1)) = 0,

with an initial guess u�b = 0.Update u(k+1) u�b + u(k+1). Go to
Step 1.

I Three control parameters:
%1 the tolerance for the reduction of the residual norm;
%2 the tolerance to pick up the bad variables and equations;
%3 the tolerance to limit the size of the subproblem.

I Boundary effect:
I If the nonlinear elimination just on Sb, the residual near the boundaries

of the eliminating domains would become very large.
I To ease this phenomenon, we extend the index set Sb to S�b by adding

the neighboring DOFs, of which the distances to Sb are smaller than �.

Test Examples

We consider the polyconvex energy functional

 A =  isochoric +  volumetric +  ti

:= c1
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Based on the parameter sets of the model  A in Table. 1, we propose
three test examples to investigate the performance of our algorithms for
the case of large deformation, near incompressibility and high anisotropy.

Set Layer c1(kPa) ✏1(kPa) ✏2(-) ↵1(kPa) ↵2 Purpose
L – 1.0 1.0 1.0 0.0 0.0 Deformations by different pulls

C1 – 17.5 4.998 2.4 0.0 0.0
Different penalties for compressiblityC2 – 17.5 49.98 2.4 0.0 0.0

C3 – 17.5 499.8 2.4 0.0 0.0

A1
Adv. 7.5 100.0 20.0 1.5e10 20.0

Anisotropic arterial walls

Med. 17.5 100.0 50.0 5.0e5 7.0

A2
Adv. 6.6 23.9 10 1503.0 6.3
Med. 17.5 499.8 2.4 30001.9 5.1

A3
Adv. 7.8 70.0 8.5 1503.0 6.3
Med. 9.2 360.0 9.0 30001.9 5.1

Table 1: Model parameter sets of  A.

The first example simulates the deformations of a cylindrical rod by
different pulls L1 = 1.e1 Pa, L2 = 1.e2 Pa and L3 = 1.e3 Pa. The rest
examples simulate the artery walls imposing blood pressure 12 kPa.

Numerical Results

I The simulation results for the three examples are depicted as follows

Figure 3: Deformations
by different pulls Figure 4: A diastolic carotid artery

Figure 5: A fibre-reinforced
multilayer artery

I The convergence history

Newton Iterations
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(c) Example A

Figure 6: Convergence history of IN and IN-NE

I The parameter-sensitivity tests

%2 = .9, %3 = .3
%1 .9 .95 .98

Global Newton iterations 23 23 24
Total Newton iterations of NE 40 25 23

⇢1 = .95, ⇢3 = .3
%2 .8 .9 .95

Global Newton iterations 24 23 25
Total Newton iterations of NE 31 25 23

⇢1 = .95, ⇢2 = .9
%3 .1 .2 .3

Global Newton iterations 54 23 23
Total Newton iterations of NE 15 25 25

Table 2: Number of iterations of IN-NE with respect to
different pre-chosen parameters.

Set Poisson’s Ratio
C1 0.125
C2 0.452
C3 0.495

Table 3: Poisson’s ratio of
materials C1, C2 and C3.

mesh \ � 2 3 4
m0 15 23 23
m1 58 36 26

Table 4: Mesh refinement,
Set A2, ⇢0 = .9, ⇢1 = .9,

⇢2 = .25.

Concluding Remarks

I We investigated the performance of a nonlinear elimination preconditioner with
applications in computational hyperelasticity.

I A robust strategy of nonlinearity checking was adapted to capture the subregions
with stronger nonlinearity, which coincide with the propagation of the elastic wave.

I We found that the extension for the eliminating index set by adding the neighboring
DOFs is an effective trick to ease the thrashing phenomenon of nonlinear
elimination.

Nonlinear Elimination for Hyperelasticity, CU-Boulder, June 15, 2017
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Vb = {v | v = (v1, · · · , vn)
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I Given an approximation u, NE finds correction by solving ub 2 Vb such
that

Fb(ub) := RbF (ub + u) = 0.

Inexact Newton with Nonlinear Elimination Preconditioner

Algorithm (IN-NE)
Step 1. Compute the next approximate solution u(k+1) by solving

F (u) = 0

with one step of IN iteration using u(k) as the initial guess.
Step 2. (Nonlinearity checking)

2.1 If kF (u(k+1))k < %1kF (u(k))k, go to Step 1.
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approximately
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Based on the parameter sets of the model  A in Table. 1, we propose
three test examples to investigate the performance of our algorithms for
the case of large deformation, near incompressibility and high anisotropy.

Set Layer c1(kPa) ✏1(kPa) ✏2(-) ↵1(kPa) ↵2 Purpose
L – 1.0 1.0 1.0 0.0 0.0 Deformations by different pulls

C1 – 17.5 4.998 2.4 0.0 0.0
Different penalties for compressiblityC2 – 17.5 49.98 2.4 0.0 0.0
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Adv. 7.5 100.0 20.0 1.5e10 20.0
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The first example simulates the deformations of a cylindrical rod by
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Table 2: Number of iterations of IN-NE with respect to
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Set Poisson’s Ratio
C1 0.125
C2 0.452
C3 0.495

Table 3: Poisson’s ratio of
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Concluding Remarks

I We investigated the performance of a nonlinear elimination preconditioner with
applications in computational hyperelasticity.

I A robust strategy of nonlinearity checking was adapted to capture the subregions
with stronger nonlinearity, which coincide with the propagation of the elastic wave.

I We found that the extension for the eliminating index set by adding the neighboring
DOFs is an effective trick to ease the thrashing phenomenon of nonlinear
elimination.
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Fig. 10. Left: fine mesh, right: isogeometric coarse mesh. Here h0 and h1 correspond to the coarse and the fine meshes, respectively. Triangulations at 
!0

w,h0
, !0

s,h0
, !0

f ,h0
are identical to their counterparts of the fine mesh.

Table 7
Different isogeometric coarse meshes. A coupled FSI system with 9,730,852 unknowns is solved by two two-level Schwarz preconditioned inexact Newton–
Krylov methods, respectively. np is the number of processor cores (MPI tasks), “mesh” denotes the coarse mesh for the two-level method, “NI” denotes the 
averaged number of Newton iterations per time step, “LI” denotes the averaged number of fGMRES iterations per Newton step, “T” is the total compute time 
in second for 10 time steps, “PSetup”, in second, is the preconditioner setup time consisting of the construction and the ILU factorization of the subdomain 
matrices at all levels. “TPrec” is the time, in second, spent on the preconditioner, consisting of the setup and the application of the preconditioner on all 
levels. TPrec is part of T, and PSetup is part of TPrec. “SP” is the speedup and “EFF” is the parallel efficiency.

np mesh NI LI T PSetup TPrec SP EFF

128 "h1 2 5.6 1043 57 765 1 100%
128 "h0 2 3 677 55 399 1 100%

256 "h1 2 6.8 616 34 476 1.69 85%
256 "h0 2 3.7 382 32 245 1.77 89%

512 "h1 2 6.9 358 21 281 2.9 73%
512 "h0 2 3.7 222 18 139 3.1 78%

1,024 "h1 2 7.7 218 18 178 4.78 60%
1,024 "h0 2 3.8 132 17 93 5.12 64%

cores, the two coarse meshes are much smaller than the fine mesh to save the compute time spent on the coarse levels 
because the coarse solves are often not scalable. 10 iterations of GMRES are used as a solver on the second coarse level. 
Numerical results are summarized in Table 8.

Note that, in Table 8, the parallel efficiency and speedup are calculated by comparing with the compute time obtained 
by using 2,048 cores so that it is easier to understand which subdomain solver is better. ILU(1) and ILU(2) do not work 
when we use 2,048 processor cores because there is no enough memory. ILU(0) is the best subdomain solver in this test. 
For all subdomain solvers, the number of Newton iterations stays as a constant when we increase the number of processor 
cores. The number of fGMRES iterations varies with different number of processor cores, and it impacts the efficiency 
and speedup but not much. For ILU(0), the efficiency is more than 77%, and at least 63% efficiency is obtained for two 
other subdomain solvers. The corresponding speedups and efficiencies are also plotted in Fig. 11. To further understand 
the three-level Schwarz method, the compute times, when using ILU(0), spent on different levels of the preconditioner, 
interpolation/restriction, and outer nonlinear and linear solvers are plotted in the left figure of Fig. 12. “level 2” is the fine 
level, “level 1” is the second coarse level, and “level 0” is the coarsest level. The compute times spent on levels 1 and 0 are 
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4. The preconditioners have di↵erent implications for large-scale parallel imple-
mentation. The variable workloads of the local problems in the domain-based
form of ASPIN, in which the nonlinear subproblems are solved concurrently,
may lead to load imbalance among the processors. The load balancing is-
sue essentially disappears for the field-split methods because the concurrent
problems on the subdomains (in a parallel implementation) are linear and
generally easy to load balance. Load balancing issues with right precondi-
tioning must be considered case by case. In this paper, we merely note these
issues and leave their practical resolution to future work that takes into ac-
count the cost of data movement in rebalancing load.

5. Even though the domain-based ASPIN is typically more robust than INB and
is a good default strategy, local subproblems may still fail to converge due to
unbalanced nonlinearities or the lack of a good initial guess. The field-split
algorithms such as MSPIN or INB-NE provide additional options for local
nonlinear solves of ASPIN—that is, the preconditioning strategies may be
further nested.
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Fig. 1. The path history using INB, ASPIN, MSPIN, and INB-NE for the example in section 2
from a variety of starting points. Note that the exact solution x⇤ = [1, 1]T is located within the valley.
The red triangle, the blue diamond, the blue circle, and the blue square represent the intermediate
solution x(k+1) corresponding to INB, ASPIN, MSPIN, and INB-NE, respectively.
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Figure 6. Problem D (n D 1000). Effect of varying steepest descent parameter ı on jf .ui / ! f !j conver-
gence for the nonlinear generalized minimal residual optimization method using steepest descent precondi-
tioning with predefined step (N-GMRES-sd) as a function of f=g evaluations. Steepest descent parameter

ı D 10"4 emerges as a suitable choice, leading to rapid convergence.

too large (like 1) or too small (like 10!7) leads to much decreased performance. We have found
ı D 10!4 to be a suitable choice for the test problems reported in this paper.

Tables II and III on f=g evaluation counts for Problems E–G again confirm the trends that were
observed before. N-GMRES-sdls and N-GMRES-sd give f=g evaluation counts that are of the
same order of magnitude as N-CG and L-BFGS, and N-GMRES-sd in particular is competitive with
N-CG and L-BFGS. Table II includes some tests with larger problem size.

3.4. Numerical results for a tensor optimization problem

We conclude this section with some numerical results for a difficult tensor optimization problem, in
particular, the canonical tensor approximation problem of Figures 1.2 and 1.3 in Paper I ([1]). In this
problem, a rank-three canonical tensor approximation (with 450 variables) is sought for a three-way
data tensor of size 50 " 50 " 50. The data tensor is generated starting from a canonical tensor with
specified rank and random factor matrices that are modified to have prespecified column collinear-
ity, and noise is added. This is a standard canonical tensor decomposition test problem [16]. See

Table II. Average number of f=g evaluations needed to reach jf .ui / ! f !j < 10"6 for 10 instances of
Problems D and E with random initial guess and with different sizes. Numbers in brackets give the number

of random trials (out of 10) that did not converge to the required tolerance within 500 iterations (if any).

problem N-GMRES-sdls N-GMRES-sd N-CG L-BFGS

D n=500 525 172 222 166
D n=1,000 445 211 223 170
D n=50,000 461 251 236 216
D n=100,000 661 220 237 243
E n=100 294 259 243 358
E n=200 317 243 240 394
E n=50,000 832 494 496 1592
E n=100,000 933 650 556 1752

N-GMRES-sdls, nonlinear generalized minimal residual method using steepest descent preconditioning with line
search; N-GMRES-sd, N-GMRES method using steepest descent preconditioning with predefined step; N-CG,
nonlinear conjugate gradient method; L-BFGS, limited-memory Broyden–Fletcher–Goldfarb–Shanno.
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Figure 6. Problem D (n D 1000). Effect of varying steepest descent parameter ı on jf .ui / ! f !j conver-
gence for the nonlinear generalized minimal residual optimization method using steepest descent precondi-
tioning with predefined step (N-GMRES-sd) as a function of f=g evaluations. Steepest descent parameter

ı D 10"4 emerges as a suitable choice, leading to rapid convergence.

too large (like 1) or too small (like 10!7) leads to much decreased performance. We have found
ı D 10!4 to be a suitable choice for the test problems reported in this paper.

Tables II and III on f=g evaluation counts for Problems E–G again confirm the trends that were
observed before. N-GMRES-sdls and N-GMRES-sd give f=g evaluation counts that are of the
same order of magnitude as N-CG and L-BFGS, and N-GMRES-sd in particular is competitive with
N-CG and L-BFGS. Table II includes some tests with larger problem size.

3.4. Numerical results for a tensor optimization problem

We conclude this section with some numerical results for a difficult tensor optimization problem, in
particular, the canonical tensor approximation problem of Figures 1.2 and 1.3 in Paper I ([1]). In this
problem, a rank-three canonical tensor approximation (with 450 variables) is sought for a three-way
data tensor of size 50 " 50 " 50. The data tensor is generated starting from a canonical tensor with
specified rank and random factor matrices that are modified to have prespecified column collinear-
ity, and noise is added. This is a standard canonical tensor decomposition test problem [16]. See

Table II. Average number of f=g evaluations needed to reach jf .ui / ! f !j < 10"6 for 10 instances of
Problems D and E with random initial guess and with different sizes. Numbers in brackets give the number

of random trials (out of 10) that did not converge to the required tolerance within 500 iterations (if any).

problem N-GMRES-sdls N-GMRES-sd N-CG L-BFGS

D n=500 525 172 222 166
D n=1,000 445 211 223 170
D n=50,000 461 251 236 216
D n=100,000 661 220 237 243
E n=100 294 259 243 358
E n=200 317 243 240 394
E n=50,000 832 494 496 1592
E n=100,000 933 650 556 1752

N-GMRES-sdls, nonlinear generalized minimal residual method using steepest descent preconditioning with line
search; N-GMRES-sd, N-GMRES method using steepest descent preconditioning with predefined step; N-CG,
nonlinear conjugate gradient method; L-BFGS, limited-memory Broyden–Fletcher–Goldfarb–Shanno.
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Fig. 2. Problem II. From top to bottom: input tensor image, image from the ATD, noisy tensor
image, and image from the ATD of noisy tensor.
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Fig. 3. Problem III. Sample convergence histories based on MNIST digit input data: noise-free
(left) and noisy (right) (without any initial HOOI iterations).

X′, and the ATD of X′. Approximations from X are somewhat blurred, reflecting a
loss of fine detail, but facial features are quite well represented.

Problem III. The final test problem used the MNIST Database of Handwritten
Digits [32], previously used in [41, 51]. This is a collection of 70,000 images, each of a
digit centered in a 28× 28 image. We formed a tensor X ∈ R28×28×5000 consisting of
5000 images of the digit 5. ATDs with multilinear rank (14, 14, 100) were computed
by the same methods considered in the previous example. The experiment was then

repeated using X′ = X+2.5 ∥X∥
∥N∥N, where N has entries uniformly distributed in [0, 1].

Upper limits of 250 iterations and 1500 seconds were imposed. Sample convergence
histories are presented in Figure 3. As in Problem II, we repeated the experiment
on ten different noisy tensors, using 50 iterations of HOOI to refine initial points for
NCG, LBFGS, and TR. Table 5 reports the total times (including the 50 refining
HOOI), numbers of iterations (excluding the 50 refining HOOI), and scaled gradient
norms for each trial.
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Abstract System

Out prototypical nonlinear equation is:

F(x) = b

and we define the residual as

r(x) = F(x)− b



Abstract System

Out prototypical nonlinear equation is:

F(x) = b

and we define the (linear) residual as

r(x) = Ax − b



Linear Left Preconditioning

The modified equation becomes

P−1 (Ax − b) = 0 (1)



Linear Left Preconditioning

The modified defect correction equation becomes

P−1 (Axi − b) = xi+1 − xi (2)



Additive Combination

The linear iteration

xi+1 = xi − (αP−1 + βQ−1)(Axi − b) (3)

becomes the nonlinear iteration

xi+1 = xi + α(N (F, xi,b)− xi) + β(M(F, xi,b)− xi) (5)
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The linear iteration
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becomes the nonlinear iteration

xi+1 = xi + α(N (F, xi,b)− xi) + β(M(F, xi,b)− xi) (5)



Additive Combination

The linear iteration

xi+1 = xi − (αP−1 + βQ−1)ri (4)

becomes the nonlinear iteration

xi+1 = xi + α(N (F, xi,b)− xi) + β(M(F, xi,b)− xi) (5)



Nonlinear Left Preconditioning

From the additive combination, we have

P−1r =⇒ xi −N (F, xi,b) (6)

so we define the preconditioning operation as

rL ≡ x −N (F, x,b) (7)



Multiplicative Combination

The linear iteration

xi+1 = xi − (P−1 + Q−1 − Q−1AP−1)ri (8)

becomes the nonlinear iteration

xi+1 = M(F, N (F, xi,b), b) (11)



Multiplicative Combination

The linear iteration

xi+1/2 = xi − P−1ri (9)

xi = xi+1/2 − Q−1ri+1/2 (10)

becomes the nonlinear iteration

xi+1 = M(F, N (F, xi,b), b) (11)



Multiplicative Combination

The linear iteration

xi+1/2 = xi − P−1ri (9)

xi = xi+1/2 − Q−1ri+1/2 (10)

becomes the nonlinear iteration

xi+1 = M(F, N (F, xi,b), b) (11)



Nonlinear Right Preconditioning

For the linear case, we have

AP−1y = b (12)

x = P−1y (13)

so we define the preconditioning operation as

y = M(F(N (F , ·,b)), xi,b) (14)
x = N (F, y,b) (15)



Nonlinear Preconditioning

Type Sym Statement Abbreviation
Additive + x + α(M(F, x,b)− x) M+N

+ β(N (F, x,b)− x)
Multiplicative ∗ M(F,N (F, x,b),b) M∗N
Left Prec. −L M(x −N (F, x,b), x,b) M−L N
Right Prec. −R M(F(N (F, x,b)), x,b) M−R N
Inner Lin. Inv. \ y = J(x)−1r(x) = K(J(x), y0,b) N\K

Composing Scalable Nonlinear Algebraic Solvers (bruneknepleysmithtu15)

http://www.mcs.anl.gov/papers/P2010-0112.pdf


Newton

./bubble
-h_0 0.00135 -u_0 0.01 -rho_d 1.20 -nu_d 1.5E-05 -gamma 0.0728 -rho_c 1000.00
-nu_c 1.0E-06 -R 0.0254 -G 0.00 -gr -9.81
-cells 100 -dm_plex_transform_type refine_1d -dm_plex_hash_location
-vel_petscspace_degree 3 -rad_petscspace_degree 3 -slope_petscspace_degree 2
-ts_dt 1e-6 -ts_type beuler -ts_max_reject 20 -ts_max_steps 1 -ts_monitor
-snes_converged_reason -snes_max_funcs 1000000 -snes_mf_operator -snes_view
-ksp_rtol 1e-10 -pc_type lu



Newton

SNES Object: 1 MPI process
type: newtonls
maximum iterations=50, maximum function evaluations=1000000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of linear solver iterations=6
total number of function evaluations=20
norm schedule ALWAYS
Jacobian is applied matrix-free with differencing
SNESLineSearch Object: 1 MPI process
type: bt

interpolation: cubic
alpha=1.000000e-04

maxstep=1.000000e+08, minlambda=1.000000e-12
tolerances: relative=1.000000e-08, absolute=1.000000e-15, lambda=1.000000e-08
maximum iterations=40



Newton

KSP Object: 1 MPI process
type: gmres
restart=30, using Classical (unmodified) Gram-Schmidt Orthogonalization with no iterative refinement
happy breakdown tolerance 1e-30

maximum iterations=10000, initial guess is zero
tolerances: relative=1e-05, absolute=1e-50, divergence=10000.
left preconditioning
using PRECONDITIONED norm type for convergence test

PC Object: 1 MPI process
type: lu

out-of-place factorization
tolerance for zero pivot 2.22045e-14
matrix ordering: nd
factor fill ratio given 5., needed 1.14047

Factored matrix follows:
Mat Object: 1 MPI process

type: seqaij
rows=800, cols=800
package used to perform factorization: petsc
total: nonzeros=12714, allocated nonzeros=12714

using I-node routines: found 201 nodes, limit used is 5



Newton

linear system matrix followed by preconditioner matrix:
Mat Object: 1 MPI process
type: mffd
rows=800, cols=800

Matrix-free approximation:
err=1.49012e-08 (relative error in function evaluation)
Using wp compute h routine

Does not compute normU
Mat Object: 1 MPI process
type: seqaij
rows=800, cols=800
total: nonzeros=11148, allocated nonzeros=11148
total number of mallocs used during MatSetValues calls=0

using I-node routines: found 201 nodes, limit used is 5



Additive NPC

./bubble

...
-snes_type composite -snes_composite_type additiveoptimal
-snes_composite_sneses nrichardson,newtonls
-sub_0_snes_linesearch_type cp
-sub_1_snes_mf_operator -sub_1_ksp_rtol 1e-10 -sub_1_pc_type lu -sub_1_snes_max_it 1

-snes_converged_reason -snes_max_funcs 1000000 -snes_view



Additive NPC
SNES Object: 1 MPI process

type: composite
type - ADDITIVEOPTIMAL
SNESes on composite preconditioner follow
---------------------------------
SNES Object: (sub_0_) 1 MPI process
type: nrichardson
maximum iterations=1, maximum function evaluations=1000000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of function evaluations=2
norm schedule FINALONLY
SNESLineSearch Object: (sub_0_) 1 MPI process

type: cp
maxstep=1.000000e+08, minlambda=1.000000e-12
tolerances: relative=1.000000e-08, absolute=1.000000e-15, lambda=1.000000e-08
maximum iterations=1

SNES Object: (sub_1_) 1 MPI process
type: newtonls
maximum iterations=1, maximum function evaluations=1000000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of linear solver iterations=2
total number of function evaluations=4
norm schedule FINALONLY
Jacobian is applied matrix-free with differencing



Multiplicative NPC

./bubble

...
-snes_type composite -snes_composite_type multiplicative
-snes_composite_sneses nrichardson,newtonls
-sub_0_snes_linesearch_type cp
-sub_1_snes_mf_operator -sub_1_ksp_rtol 1e-10 -sub_1_pc_type lu -sub_1_snes_max_it 1

-snes_converged_reason -snes_max_funcs 1000000 -snes_view



Multiplicative NPC
SNES Object: 1 MPI process

type: composite
type - MULTIPLICATIVE
SNESes on composite preconditioner follow
---------------------------------
SNES Object: (sub_0_) 1 MPI process
type: nrichardson
maximum iterations=1, maximum function evaluations=1000000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of function evaluations=2
norm schedule FINALONLY
SNESLineSearch Object: (sub_0_) 1 MPI process

type: cp
maxstep=1.000000e+08, minlambda=1.000000e-12
tolerances: relative=1.000000e-08, absolute=1.000000e-15, lambda=1.000000e-08
maximum iterations=1

SNES Object: (sub_1_) 1 MPI process
type: newtonls
maximum iterations=1, maximum function evaluations=1000000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of linear solver iterations=2
total number of function evaluations=4
norm schedule FINALONLY
Jacobian is applied matrix-free with differencing



Left NPC

./bubble

...
-snes_mf_operator -ksp_rtol 1e-10 -pc_type lu
-npc_snes_type nrichardson -snes_npc_side left -npc_snes_linesearch_type cp

-snes_converged_reason -snes_max_funcs 1000000 -snes_view



Left NPC

SNES Object: 1 MPI process
type: newtonls
maximum iterations=50, maximum function evaluations=1000000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of linear solver iterations=0
total number of function evaluations=0
norm schedule ALWAYS
Jacobian is applied matrix-free with differencing, no explicit Jacobian
SNESLineSearch Object: 1 MPI process
type: bt

interpolation: cubic
alpha=1.000000e-04

maxstep=1.000000e+08, minlambda=1.000000e-12
tolerances: relative=1.000000e-08, absolute=1.000000e-15, lambda=1.000000e-08
maximum iterations=40



Left NPC

NPC side LEFT
SNES Object: (npc_) 1 MPI process
type: nrichardson
maximum iterations=1, maximum function evaluations=30000
tolerances: relative=0., absolute=0., solution=0.
total number of function evaluations=3
Jacobian is applied matrix-free with differencing
SNESLineSearch Object: (npc_) 1 MPI process
type: cp
maxstep=1.000000e+08, minlambda=1.000000e-12
tolerances: relative=1.000000e-08, absolute=1.000000e-15, lambda=1.000000e-08
maximum iterations=1



Right NPC

./bubble

...
-snes_mf_operator -ksp_rtol 1e-10 -pc_type lu
-npc_snes_type nrichardson -snes_npc_side right -npc_snes_linesearch_type cp

-snes_converged_reason -snes_max_funcs 1000000 -snes_view



Right NPC

NPC side RIGHT
SNES Object: (npc_) 1 MPI process
type: nrichardson
maximum iterations=1, maximum function evaluations=30000
tolerances: relative=0., absolute=0., solution=0.
total number of function evaluations=3
Jacobian is applied matrix-free with differencing
SNESLineSearch Object: (npc_) 1 MPI process
type: cp
maxstep=1.000000e+08, minlambda=1.000000e-12
tolerances: relative=1.000000e-08, absolute=1.000000e-15, lambda=1.000000e-08
maximum iterations=1
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Subproblems

▶ Field subset

▶ Subdomain

▶ Coarse mesh

▶ Approximate equations



Subproblems

PETSc provides DMCreateSubDM():

▶ Creates embedding of subproblem (IS)

▶ Parallel data layout for subproblem

▶ Subsets discretizations and equations

▶ Subsets boundary conditions



Block Nonlinear Gauss-Seidel

./bubble

...
-snes_type multiblock -snes_multiblock_0_fields 0 -snes_multiblock_1_fields 1,2

-multiblock_0_snes_mf_operator -multiblock_0_pc_type lu
-multiblock_1_snes_mf_operator -multiblock_1_pc_type lu

-snes_converged_reason -snes_max_funcs 1000000 -snes_view



Block Nonlinear Gauss-Seidel

SNES Object: 1 MPI process
type: multiblock
SNES Multiblock with MULTIPLICATIVE composition: total blocks = 2
Solver info for each split is in the following SNES objects:
Block 0 Fields 0
SNES Object: (multiblock_0_) 1 MPI process
type: newtonls
maximum iterations=50, maximum function evaluations=10000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of linear solver iterations=1
total number of function evaluations=4
norm schedule ALWAYS
Jacobian is applied matrix-free with differencing
SNESLineSearch Object: (multiblock_0_) 1 MPI process

type: bt
interpolation: cubic
alpha=1.000000e-04

maxstep=1.000000e+08, minlambda=1.000000e-12
tolerances: relative=1.000000e-08, absolute=1.000000e-15, lambda=1.000000e-08
maximum iterations=40



Block Nonlinear Gauss-Seidel

KSP Object: (multiblock_0_) 1 MPI process
type: gmres

restart=30, using Classical (unmodified) Gram-Schmidt Orthogonalization with no iterative refinement
happy breakdown tolerance 1e-30

maximum iterations=10000, initial guess is zero
tolerances: relative=1e-05, absolute=1e-50, divergence=10000.
left preconditioning
using PRECONDITIONED norm type for convergence test

PC Object: (multiblock_0_) 1 MPI process
type: lu

out-of-place factorization
tolerance for zero pivot 2.22045e-14
matrix ordering: nd
factor fill ratio given 5., needed 1.11647

Factored matrix follows:
Mat Object: (multiblock_0_) 1 MPI process

type: seqaij
rows=300, cols=300
package used to perform factorization: petsc
total: nonzeros=1668, allocated nonzeros=1668

using I-node routines: found 199 nodes, limit used is 5



Block Nonlinear Gauss-Seidel

linear system matrix followed by preconditioner matrix:
Mat Object: 1 MPI process

type: mffd
rows=300, cols=300

Matrix-free approximation:
err=1.49012e-08 (relative error in function evaluation)
Using wp compute h routine

Does not compute normU
Mat Object: 1 MPI process

type: seqaij
rows=300, cols=300
total: nonzeros=1494, allocated nonzeros=1494
total number of mallocs used during MatSetValues calls=0

using I-node routines: found 200 nodes, limit used is 5



Block Nonlinear Gauss-Seidel

Block 1 Fields 1, 2
SNES Object: (multiblock_1_) 1 MPI process
type: newtonls
maximum iterations=50, maximum function evaluations=10000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of linear solver iterations=1
total number of function evaluations=4
norm schedule ALWAYS
Jacobian is applied matrix-free with differencing
SNESLineSearch Object: (multiblock_1_) 1 MPI process

type: bt
interpolation: cubic
alpha=1.000000e-04

maxstep=1.000000e+08, minlambda=1.000000e-12
tolerances: relative=1.000000e-08, absolute=1.000000e-15, lambda=1.000000e-08
maximum iterations=40



Block Nonlinear Gauss-Seidel

KSP Object: (multiblock_1_) 1 MPI process
type: gmres

restart=30, using Classical (unmodified) Gram-Schmidt Orthogonalization with no iterative refinement
happy breakdown tolerance 1e-30

maximum iterations=10000, initial guess is zero
tolerances: relative=1e-05, absolute=1e-50, divergence=10000.
left preconditioning
using PRECONDITIONED norm type for convergence test

PC Object: (multiblock_1_) 1 MPI process
type: lu

out-of-place factorization
tolerance for zero pivot 2.22045e-14
matrix ordering: nd
factor fill ratio given 5., needed 1.15543

Factored matrix follows:
Mat Object: (multiblock_1_) 1 MPI process

type: seqaij
rows=500, cols=500
package used to perform factorization: petsc
total: nonzeros=5174, allocated nonzeros=5174

using I-node routines: found 199 nodes, limit used is 5



Block Nonlinear Gauss-Seidel

linear system matrix followed by preconditioner matrix:
Mat Object: 1 MPI process

type: mffd
rows=500, cols=500

Matrix-free approximation:
err=1.49012e-08 (relative error in function evaluation)
Using wp compute h routine

Does not compute normU
Mat Object: 1 MPI process

type: seqaij
rows=500, cols=500
total: nonzeros=4478, allocated nonzeros=4478
total number of mallocs used during MatSetValues calls=0

using I-node routines: found 201 nodes, limit used is 5
maximum iterations=50, maximum function evaluations=1000000
tolerances: relative=1e-08, absolute=1e-50, solution=1e-08
total number of function evaluations=51
norm schedule ALWAYS



T-vector L-vector E-vector Q-vector

global domain
all (shared) dofs

sub-domains
device (local) dofs

elements
element dofs

quadrature
point values

Element operations (dense)
libCEED Operator

Global problem



Assembly

▶ In order not to change kernels on subsetting, they need to
▶ receive the full space
▶ output for a single test space

▶ PETSc handles restriction (P and E)

▶ Need restrictions for full space and subset for each kernel

▶ Propagate adapted mesh to all subsolvers



Outer Timestepping

▶ Create a subTS for each block, copy state and adjust callbacks
▶ Callbacks need to receive both the subspace and fullspace inputs

▶ Have to preserve un while updating copy of state

▶ For FEM, we need to handle the mass matrix
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Mathematical Modeling: NS equations

The Navier-Stokes equations in cylindrical coordinates:
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Mathematical Modeling: Interface tracking
The motion is axisymmetric and the interface moves with the fluid velocity
(EggersDupont1994)
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Fluid

Figure: Generic flow geometry describing the interface h(z) and rotational symmetry around the z
axis.



Mathematical Modeling: Asymptotic expansion

▶ The radius of the fluid column is much smaller than the length.

▶ The radial contraction is faster than the elongation.

▶ Therefore, using r as the asymptotic parameter, we expand the field variables.

ud
z = ud

0 + ud
2r2 + ... (16)

pd = pd
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2r2 + ... (17)

and using ud
z in continuity equation, we get ud
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ud
r = −∂ud

0
∂z

r
2
− ∂ud

2
∂z

r3

4
− ... (18)



Mathematical Modeling: Continuous phase flow

The velocity profile in a co-flow type environment is assumed to be parabolic (Hua2007)

uc
z(r) =

r2

4µc
dpc

dz
+ C1 ln(r) + C2

The constants are defined using following conditions.

r = h uc
z = ud

z

r = Ch uc
z =

1
4µc

dp
dz

(
C2h2 − R2

)

Here, the parameter C must be greater than 1.
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Mathematical Modeling: Continuous phase flow

▶ The continuous phase velocity profile

uc
z = ud

0 + ud
0
ln(h/r)
ln(C)

+

(
r2 − h2

)

4µc
dp
dz

−
(
h2 − R2

)

4µc
dp
dz

ln(h/r)
ln(C)

▶ The force balance on the interface.

n̂σdn̂ + n̂σcn̂ = −γK

n̂σd t̂ + n̂σct̂ = 0

where, σc and σd represents the stress tensor for the continuous phase and diffuse
phase respectively.
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Mathematical Modeling: Governing equations
▶ The advecting boundary equation

∂h
∂t

+ u
∂h
∂z

+
1
2
∂u
∂z

h = 0

▶ The momentum equation in case of no outer flow,
∂ud

0

∂t
+ ud

0
∂ud

0

∂z
+

γ

ρ

∂K
∂z

− 6νd

h
∂ud

0

∂z
∂h
∂z

− 3νd ∂
2ud

0

∂z2 − g = 0

▶ The momentum equation in case of outer flow,
∂ud

0

∂t
+ ud

0
∂ud

0

∂z
+

γ

ρ

∂K
∂z

− 6νd

h
∂ud

0

∂z
∂h
∂z

(
1 +

µc

µd

)
− 3νd ∂

2ud
0

∂z2

(
1 +

2
3
µc

µd

)

+
2
ρd

dpc

dz
+

1
2ρd ln(C)

dpc

dz
−

(
1 − ρc

ρd

)
g = 0

where,

K =

 1

h
(

1 + ∂h
∂z

2
)1/2 −

∂2h
∂z2(

1 + ∂h
∂z

2
)3/2


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