
‘-

1

Simulation Components in PETSc

Matt Knepley, Mark Adams, Joseph Pusztay, Danny Finn

Computer Science and Engineering
University at Buffalo

NumKin 2023
Max Planck Institut für Plasmaphysik, Garching, DE

Nov 7, 2023



Never believe anything

until you run it.



Outline

Unstructured and Semistructured grids

Discretizatons

Solvers

Examples



Unstructured Meshes
PETSc DMPlex

PETSc supports unstructured and structured adaptive meshes
using the DMPlex object.

▶ Dimension independent

▶ Supports hybrid meshes
▶ Structured adaptive through p4est (Isaac and Knepley 2017)
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Unstructured Meshes
PETSc DMPlex

PETSc supports unstructured and structured adaptive meshes
using the DMPlex object.

▶ Dimension independent
▶ Supports hybrid meshes
▶ Structured adaptive through p4est (Isaac and Knepley 2017)

Isaac, 2019

https://www.p4est.org/


Unstructured Meshes
PETSc DMPlex

PETSc supports unstructured and structured adaptive meshes
using the DMPlex object.

▶ Dimension independent
▶ Supports hybrid meshes
▶ Structured adaptive through p4est (Isaac and Knepley 2017)

Plex supports many common operations, in parallel,
▶ refinement
▶ extrusion
▶ cell conversion
▶ edge/face creation

https://www.p4est.org/


Unstructured Meshes
PETSc DMPlex

PETSc supports unstructured and structured adaptive meshes
using the DMPlex object.

▶ Dimension independent
▶ Supports hybrid meshes
▶ AMR: (Barral et al. 2016), (Wallwork et al. 2022)



Unstructured Meshes
PETSc DMPlex

PETSc supports unstructured and structured adaptive meshes
using the DMPlex object.

▶ Dimension independent
▶ Supports hybrid meshes
▶ AMR: (Barral et al. 2016), (Wallwork et al. 2022)

Plex publications:

(Knepley and Karpeev 2009)

(Lange et al. 2016)

(Knepley, Lange, and Gorman 2017)

(Hapla et al. 2021)



DMPlex Applications
Plex has been used in many large-scale applications:
▶ Crustal deformation in PyLith

▶ Seismology in Salvus
▶ Compressible Navier-Stokes flow in SSDC
▶ Fracture mechanics in MEF90

https://geodynamics.org/cig/software/pylith/
https://mondaic.com/
https://ecrc.kaust.edu.sa/Documents/SHAXC-2016/Parsani_SHAXC16_slides.pdf
https://github.com/bourdin/mef90
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DMPlex Applications
Plex has been used in many large-scale applications:
▶ Crustal deformation in PyLith
▶ Seismology in Salvus
▶ Compressible Navier-Stokes flow in SSDC

▶ Fracture mechanics in MEF90

M. Parsani, R. Boukharfane, I.R. Nolasco et al. Journal of Computational Physics 424 (2021) 109844

Fig. 22. Solution polynomial degree distribution, p, computational domain and boundary mesh elements for the 65◦ swept delta wing test case.

Vortex Flow Experiment (VFE-2). This new delta wing model was manufactured based on a NASA wing geometry that 
served as reference configuration [62]. We compare the SSDC solutions with the experimental data presented by Furman 
and Breitsamter [44].

In wind tunnel models, the delta wing is composed of a flat inner plate and an interchangeable leading edge to ease the 
testing of different geometries. Here, we consider the flow past two different leading edge configurations, namely a sharp 
leading edge (rLE/c̄ = 0) and a medium radius leading edge (rLE/c̄ = 0.0015), where c̄ = 0.653 m. The delta wing has a mean 
aerodynamic chord of � = 0.667 m, a root chord length of cr = 1.47�, and a wing span of b = 1.37�. Furthermore, it has no 
twist or camber, and the central region is flat. A Cartesian coordinate system is set at the apex of the delta wing with the x1
coordinate pointing downstream, the x2 coordinate pointing in a span-wise direction, and the x3 coordinate perpendicular 
to the flat plate section. The sting is kept downstream as part of the geometry up to the position x1/cr = 1.758.

The grids consist of ≈ 9.209 × 104 hexahedral cells for the rounded leading edge model and ≈ 8.713 × 103 for the sharp 
leading edge model. The grids are subdivided into three blocks, as shown in Fig. 22, with each block corresponding to a 
different solution polynomial degree. In particular, we use p = 2 in the far-field region, p = 5 in the region surrounding the 
delta wing and its support, and p = 3 elsewhere. Given the degree of the solution and the number of cells in each block, 
the number of DOFs is ≈ 1.435 × 107 and ≈ 1.706 × 107 for the round leading-edge and the sharp leading-edge test cases, 
respectively.

The simulations are carried out for an angle of attack of AoA = 13◦ , a Mach number Ma = 0.07 and a Reynolds number 
of Re = 106, based on the mean aerodynamic chord. The undisturbed flow field conditions upstream of the wing (denoted 
with ∞) are used to define the similarity parameters. The simulation is initialized with constant freestream values in the 
entire domain. Entropy stable adiabatic no-slip wall boundary conditions are applied to the wing and sting surfaces, whereas 
freestream far-field boundary conditions are applied at the inlet and outlet planes. Due to the symmetry of the problem 
in the span-wise direction, half span of the flow is modeled through a symmetry boundary condition. On the rest of the 
boundary planes, entropy stable inviscid wall boundary conditions [80] are prescribed.

Fig. 23 shows the instantaneous flow field for both the sharp and the rounded leading-edge configurations. The flow 
around a delta wing is peculiar. When the angle of attack exceeds 7◦ , typically, flow separation occurs at the leading edge. 
This behavior is the opposite of what generally happens in a rectangular wing where the flow separation occurs downstream 
near the trailing-edge. The roll up of the leading-edge vortices, as shown in Fig. 23, induces low pressure on the upper 
surface of the wing and enhances the lift. This phenomenon is called vortex lift and contributes to a delayed high-stall angle 
compared to the stall angle of a rectangular wing. The vortices start at the wing apex and progress downstream where they 
eventually breakdown due to a high adverse pressure gradient. For relatively low angles of attack, the vortex burst occurs 
downstream of the trailing-edge, as reproduced by the simulations. However, when the angle of attack increases, the location 
of the vortex breakdown moves towards the apex, to a point where it occurs over most of the wing surface, reducing the 
lift and causing the wing to stall.

We observe a primary vortex, originating at approximately one-third chord length for the round leading edge (see 
Fig. 23(a)) and at approximately one-fifth chord length for the sharp leading edge (see Fig. 23(b)), an apex vortex, and 
a counter rotating trailing-edge vortex.

The vortex system leads to the characteristic pressure coefficient distribution on the upper surface of the wing with a 
suction peak below the axis of the primary vortex; see Fig. 24. Additionally, we observe that the primary vortex separation 
occurs farther from the apex for the round leading-edge geometry, with a corresponding displacement in the suction peaks. 
Fig. 25 compares the computed average pressure coefficient distribution, CP , as a function of η = x2/s(x1) (s(x1) being the 
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Example: Toroidal Mesh

Phase 1: Create one poloidal plane and distribute
-phase1_dm_plex_filename /path/to/plane.mesh
-phase1_dm_plex_simplex 0 -phase1_dm_refine_pre 1

Phase 2: Refine in parallel
-phase2_dm_refine 2

Phase 3: Extrude periodically
-phase3_dm_plex_transform_type extrude -phase3_dm_extrude 16
-phase3_dm_plex_transform_extrude_thickness 1
-phase3_dm_plex_transform_extrude_use_tensor false
-phase3_dm_plex_transform_extrude_periodic
-phase3_dm_extrude_levels 2



Example: Toroidal Mesh

Phase 1: Create one poloidal plane and distribute
-phase1_dm_plex_filename /path/to/plane.mesh
-phase1_dm_plex_simplex 0 -phase1_dm_refine_pre 1

Phase 2: Refine in parallel
-phase2_dm_refine 2

Phase 3: Extrude periodically
-phase3_dm_plex_transform_type extrude -phase3_dm_extrude 16
-phase3_dm_plex_transform_extrude_thickness 1
-phase3_dm_plex_transform_extrude_use_tensor false
-phase3_dm_plex_transform_extrude_periodic
-phase3_dm_extrude_levels 2



Example: Toroidal Mesh

Phase 1: Create one poloidal plane and distribute
-phase1_dm_plex_filename /path/to/plane.mesh
-phase1_dm_plex_simplex 0 -phase1_dm_refine_pre 1

Phase 2: Refine in parallel
-phase2_dm_refine 2

Phase 3: Extrude periodically
-phase3_dm_plex_transform_type extrude -phase3_dm_extrude 16
-phase3_dm_plex_transform_extrude_thickness 1
-phase3_dm_plex_transform_extrude_use_tensor false
-phase3_dm_plex_transform_extrude_periodic
-phase3_dm_extrude_levels 2



Example: Toroidal Mesh

Phase 1: Create one poloidal plane and distribute
-phase1_dm_plex_filename /path/to/plane.mesh
-phase1_dm_plex_simplex 0 -phase1_dm_refine_pre 1

Phase 2: Refine in parallel
-phase2_dm_refine 2

Phase 3: Extrude periodically
-phase3_dm_plex_transform_type extrude -phase3_dm_extrude 16
-phase3_dm_plex_transform_extrude_thickness 1
-phase3_dm_plex_transform_extrude_use_tensor false
-phase3_dm_plex_transform_extrude_periodic
-phase3_dm_extrude_levels 2



Example: Toroidal Mesh



Outline

Unstructured and Semistructured grids

Discretizatons

Solvers

Examples



Continuum Discretizations
PetscFE

Build spaces using
▶ P
▶ P−

▶ direct sum
▶ direct product

Pointwise dual spaces are built topologically

Support L2, H1, H(div), H(curl) spaces



Raviart-Thomas on a Quadrilateral

-petscspace_type sum
-petscspace_variables 2
-petscspace_components 2
-petscspace_sum_spaces 2
-petscspace_sum_concatenate true

-sumcomp_0_petscspace_variables 2
-sumcomp_0_petscspace_type tensor
-sumcomp_0_petscspace_tensor_spaces 2
-sumcomp_0_petscspace_tensor_uniform false
-sumcomp_0_tensorcomp_0_petscspace_degree <k>
-sumcomp_0_tensorcomp_1_petscspace_degree <k-1>
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Continuum Discretizations
PetscFV

Constant and linear reconstruction

Pointwise Riemann solvers

Library of limiters

Interoperates with PetscFE

Handles hanging nodes



Particle Discretizations
PETSc DMSwarm

PETSc supports particle discretizations
using the DMSwarm object.

▶ Arbitrary particle data
▶ Scalable particle push
▶ Scalable point location for unstructured meshes
▶ Conservative projection from/onto FEM bases



Particle Discretizations
Swarm Applications

Swarm has been used in a few of large-scale applications:
▶ Plasma kinetics in XGC1

▶ Geodynamics in ptatin3d
▶ Plan to use for droplets in Ablate

18 A. Mollén, M. F. Adams, M. G. Knepley, R. Hager and C. S. Chang
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Figure 6. Color maps of the change in kinetic energy normalized to pressure
∆E

3nT/2
(relative

energy error) for the ions in all configuration space vertices of the poloidal cross-section in time

step 200 of the simulation. The color maps show the change due to the collisions (a, c, e) and

the change due to the interpolation (b, d, f), comparing the three different velocity mapping

methods: 1st-order “pseudo-inverse” (a, b), 2nd-order “pseudo-inverse” (c, d) and “bilinear” (e,

f).

example shown here is not significant. However, in the steep edge pedestal, this error could

become significant. How the bilinear interpolation error could cause some inaccuracies

in the edge pedestal physics and how the present quadratic pseudo-inverse interpolation

can correct them will be the subject of a subsequent report.

V. Discussion and conclusions

We have updated the particle-in-cell code XGC with a new mass, momentum, and

energy-conserving mapping between marker particles and the uniform rectangular grid

in velocity space. This new technique, based upon the calculation of a pseudo-inverse,

https://hbps.pppl.gov/computing/xgc-1
https://bitbucket.org/ptatin/ptatin3d/src/master/
https://github.com/UBCHREST/ablate
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Particle Discretizations
Swarm Applications

Swarm has been used in a few of large-scale applications:
▶ Plasma kinetics in XGC1
▶ Geodynamics in ptatin3d

▶ Plan to use for droplets in Ablate

Fig. 3. Evolution of topography (H) and basin structures from a rifting
experiment ∼10 Myr after breakup has occurred. Upper panel outlines the
passive margins (topographic lows), which are accurately simulated via the
deformed free surface. Lower panel shows the second invariant of the strain-
rate tensor (eII), which highlights the complex geometry of cross-cutting
faults that intersect the isolated basin (front face). This simulation employed
2 mm/yr shortening which resulted in the development of oblique active
structures (denoted by yellow isosurfaces).

consisting of 2×6 Intel Xeon (Series 5600) cores running at
2.8 GHz. Each model utilized a mesh resolution of 256 ×
32 × 128 Q2 elements. Convergence of the nonlinear Stokes
problem was defined to have occurred when ‖F‖ < 10−2, or
when the initial nonlinear residual (redefined at each time step)
was reduced by a factor of 104. We restricted the nonlinear
solver to perform a maximum of five iterations. For the non
dimensional scaling we adopted, these nonlinear stopping
conditions proved effective for the transient rift problems
considered here (see Figure 4). We defined the action of
J̃−1uu in Equation (17) via a V (3, 3) cycle. The multigrid
preconditioner was configured with three levels, using the
following element hierarchy (from the coarsest to the finest
level): 32× 16× 16, 128× 32× 64, 256× 32× 128.
We used a coarse grid solver consisting of an inexact Krylov

method (CG), preconditioned with an algebraically defined
additive Schwarz method (ASM). The ASM preonditioner
employed an overlap of 4, with subdomain solves defined
via a single application of ILU(0). The coarse grid solver
was terminated after 25 iterations, or if the initial residual
was reduced by a factor of 104. From our experience, using
ASM preconditioners for variable viscosity Stokes problems in
which the total number of cores (subdomains) is < 2-3×103,
will result in an efficient coarse grid solver. However, when
the numbers of cores (subdomains) becomes larger than >
4×103, we find ASM is inefficient, leading to coarse grid
solve times which are larger than the total time spent applying
the smoother on the finest level. This is in part associated
to (i) the poor algorithmic scalability of ASM and (ii) the
number of global reductions required by the Krylov method
which is applied to a fully distributed coarse grid operator
which possesses as many subdomains as the fine grid operator,
thereby exposing network latency. In such situations, where the
core count exceeds 2k, we find that coarse grid preconditioners

which are both computational and algorithmically scalable
(e.g. the smoothed aggregation based GAMG implementation
in PETSc) are essential.
In Figure 4 we summarize the performance characteristics of

the nonlinear solver and preconditioner configuration adopted
for the rifting experiments. As a function of each model time
step, we show the total number of nonlinear iterations (“Total
Newton” - green dots) required to ensure that ‖F‖ < 10−2,
and the total number of Krylov iterations required to solve
the linearized Stokes problem (“Total Krylov” - grey bars).
The average number of Krylov iterations per time step is
shown via the blue line. In the early stages of the simulation
(first five time steps), we observe failure of our nonlinear
solver, with more than five iterations being required. This is
attributed to rapid variations in the free surface (topography)
which occur due to an initial buoyancy structure that is out of
equilibrium with the initially horizontal topography. Once this
nonzero and dynamically consistent topographic surface has
been established, enforcing ‖F‖ < 10−2 is possible with 1-
2 Newton iterations. As time advances, damage accumulates
in the central region of the domain and shear zones, repre-
sented via rheological nonlinearities, become highly localized.
We note that despite the yielding condition (associated with
strain-rate and pressure dependent viscosity) being activated
throughout the entire simulation, we observe convergence of
the nonlinear Stokes problem in typically less than three
iterations.
Each model required approximately 1500-2000 time steps,

with the average CPU time per time step being ∼160-200
seconds. This average reflects the time required to: solve the
nonlinear Stokes problem; perform all nonlinear residual eval-
uations; interpolate between material points and the quadrature
points; the update of material point history variables (plastic
strain) and the coordinates; perform all mesh updates asso-
ciated with the ALE formulation; solve the conservation of
energy (Equation (20)) and to write any requested data to disk.

Our models on continental rifting confirm that a weak
lower crust favors wider passive margins and that a quiescent
period of propagation of continental rifting can be induced by
shortening in the direction normal to the ridge. These models
highlight that a very small amount of axial shortening also
induces obliquity and that the accommodation of this obliquity
by the mid-oceanic ridge or by the continental structures is
a strong function of the viscosity of the lower crust. A weak
lower crust favors margins that are oblique to spreading, while
a strong lower crust favors ridge jumps and transform margins.

VI. OUTLOOK

We have presented a practical geodynamics package using a
material-point method and stable, locally conservative, mixed
finite element discretization. By eschewing assembled sparse
matrices in favor of a matrix-free evaluation that exploits
tensor-product structure, the cost of applying the operator in
multigrid smoothing and residual evaluation was reduced by
an order of magnitude. With regards to time-to-solution, our
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Particle Discretizations
Swarm Applications

Swarm has been used in a few of large-scale applications:
▶ Plasma kinetics in XGC1
▶ Geodynamics in ptatin3d
▶ Plan to use for droplets in Ablate

Gravity
Droplet

Shear
Droplet
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Linear and Nonlinear

▶ Many, many solvers and preconditioners

▶ Focus on optimal, multilevel solvers

▶ Patch multgrid

▶ Nonlinear preconditioners



Solving the Discrete Gradients System

Precondition Newton using Richardson
(-snes_npc_type nrichardson)

Line-Search Newton (-snes_type newtonls)

Act with FD residual, include block-diagonal in pmat
(-snes_mf_operator -pc_type lu -pc_factor_mat_solver_type mumps)

Represent preconditioning matrix as A + UCVT

(use MatLRC type)
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DG Gonzalez term has global coupling
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Timestepping

▶ Explicit, Implicit, and IMEX formulations

▶ Symplectic methods

▶ Index 1 and 2 Differential-Algebraic Equations (DAE)

▶ Adaptivity and error control

▶ Discrete Adjoints and Sensitivity Analysis

▶ Handles events and discontinuities



Optimization

▶ Minimization
▶ Unconstrained
▶ Bound-Constrained Optimization
▶ Generally Constrained Solvers

▶ Nonlinear Least-Squares
▶ Bound-constrained Regularized Gauss-Newton
▶ Derivative-Free

▶ Complementarity

▶ PDE-constrained Optimization



Eigensolves

▶ Linear Eigenvalue Problem

▶ Singular Value Decomposition

▶ Polynomial Eigenvalue Problem

▶ Nonlinear Eigenvalue Problem

▶ Matrix Function

▶ Linear Matrix Equation
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Integrating into PETSc,

we get support and

long term maintenance.



Using linear algebra interfaces,

we get portability

and optimization.



Abstracting operations,

enables composition and

new algorithmic choices.



By designing library interfaces,

we can embed PIC in

more complex simulations.



Linear Algebra

As an example, let us derive:

Conservative projection operators

between Particle and FEM spaces.



Linear Algebra

∫
f =

∫
f

where

f ∈ F f ∈ P



Linear Algebra

∫
x⃗f =

∫
x⃗f
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f ∈ F f ∈ P



Linear Algebra

∫
x2f =

∫
x2f

where

f ∈ F f ∈ P



Linear Algebra

∫
ϕif =

∫
ϕif ∀ϕi ∈ F

where

f ∈ F f ∈ P



Linear Algebra

∫
ϕi

∑
j

cj ϕj =

∫
ϕi

∑
p

wp δ(⃗x − x⃗p)

which in linear algebra terms is

Mc = Vw
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∫
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∑
p

wp δ(⃗x − x⃗p)

which in linear algebra terms is

Mc = Vw



Linear Algebra

Mij =

∫
ϕiϕj

Vip =

∫
ϕi δ(⃗x − x⃗p)



Linear Algebra

FEM coef. from particle weights:

c = M−1Vw

FEM rhs from particle weights:∫
ϕi f = Mc = Vw



Linear Algebra

Particle weights from FEM field:

w = V+Mc

Pseudo-inverse is block-diagonal
with a DG basis.



Scaling



Embedding
Two Stream Instability

PETSc TS tutorials/hamiltonian/ex2



Embedding

All tests may be reproduced:

▶ Install PETSc www.mcs.anl.gov/petsc

cd $PETSC_DIR

make -f ./gmakefile test
search="ts_tutorials_hamiltonian-ex2*"

cd src/ts/tutorials/hamiltonian

make ex2

▶ Test options at the end of the source file

https://www.mcs.anl.gov/petsc/documentation/installation.html
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My Focus

Ingredients for GEMPIC:

▶ Symplectic integrator
▶ Conservative Projection
▶ Continuous E-field
▶ Entropic Integrator
▶ Collision Operator



Abstraction

We can dynamically select:
▶ FEM discretization

▶ Particle layout

▶ Background mesh

▶ Poisson solver

▶ Projection solver

▶ Time integrators
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