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Note: ***NEW*** or ***UPDATED*** material is highlighted

1 Background Definitions and Examples

Definition
Let t be a term (constant, variable, or functional term).
Let v be a variable.
Thenv/t is a binding (or: is a variable assignment) =d f t is substituted forv (or: v is assigned, or bound to,t).

• Other notations:t/v, v := t, v← t

Definition
A substitution isd f a finite setθ = {v1/t1, . . . ,vn/tn} of bindings such that, for alli, j:

1. ti 6= vi , and

2. if vi/ti ∈ θ andv j/t j ∈ θ, thenvi 6= v j

(i.e., don’t substitute 2 different terms for the same variable).

Definition
Let θ = {v1/t1, . . . ,vn/tn} be a substitution.
Let E be an expression (wff or term).
Then:

1. Eθ =d f the expression obtained fromE by simultaneously(i.e., in parallel) replacing eachvi in E by ti .

2. Eθ isd f an instanceof E.

3. If W = {E1, . . . ,En}, thenWθ =d f {E1θ, . . . ,Enθ}.

• Other notation:Ev1,... ,vn
t1,... ,tn

Example
Supposeθ = {x/a, y/ f (b), z/c},
andE = P(x,y,z).
ThenEθ = E{x/a, y/ f (b), z/c}= P(a, f (b), c).
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Definition
Let θ = {x1/t1, . . . ,xn/tn}
andσ = {y1/u1, . . . ,ym/um} be substitutions.
Thenthe composition ofθ with σ

θ◦σ

=d f {x1/t1σ, . . . , xn/tnσ, y1/u1, . . . , ym/um}
***UPDATE*** −{x j/t jσ : t jσ = x j} // eliminate “redundant substitutions”x j/x j

−{y j/ui : yi ∈ {x1, . . . ,xn} } // eliminate clashes, but letθ-as-modified-by-σ trumpσ.

• Note:
◦ is not commutative! To see why, letθ = {x/ f (y), y/z} and letσ = {x/a, y/b, z/y}.
Then computeθ◦σ andσ◦θ.

Definition
Let θ be a substitution.
Let E1, . . . ,En be expressions.
Thenθ is a unifier of {E1, . . . ,En} (andE1, . . . ,En are unifiable) =d f E1θ = . . .= Ekθ
(i.e., iff {E1θ, . . . ,Enθ} is a singleton).

• I.e.,Eiθ is a “common instance” ofE1, . . . ,En.

Example
θ = {x/a, y/ f (b)} unifies{P(a,y), P(x, f (b))}.
The common instance is:P(a, f (b)).

Definition
Let θ be a unifier of{E1, . . . ,En}.
Thenθ is a [NOT ‘the’!] most general unifier (MGU) of {E1, . . . ,En}=d f

(∀ (other) unifierτ of {E1, . . . ,En})(∃ substitutionσ)[τ = θ◦σ]

• I.e., any (other) unifierτ is the composition ofθ with some substitutionσ.

2



2 The Unification Algorithm

Algorithm Unification; // Chang & Lee
input non-empty set of expressionsW;
output θ = MGU(W) or failure;

begin

1. k := 0;W0 := W;θ0 := { };

2. if Wk is singletonthen return θk

elseDSk := DisagreementSet(Wk);

3. if (∃ varvk, termtk ∈ DSk)[vk does not occur intk]
// “occurs-check”

then begin
θk+1 := θk ◦{vk/tk};
Wk+1 := Wk{vk/tk};

// i.e., apply substitution to each member ofWk

// N.B.: Wk+1 = Wθk+1

k := k+1;
goto2

end
else return failure

end.
For an example, see<http://www.cse.buffalo.edu/∼rapaport/663/F03/unification.eg.pdf>
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