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Abstract

This documentwas originally intendedto be a sectionof Schagrin,Morton L.; Rapaport,William J.; & Dipert,
RandallR. (1985),Logic: A Computer Approach (New York: McGraw-Hill).

Thisdocumentdiscussestheternary(i.e.,3-place)if-then-elsesentential connective, whichis basedontheif-then-else
instruction of computerprogramminglanguages.

Before we begin, however, we shouldlook closely at an importantdifferencebetweenthe useof if-then
(andof if-then-else)in programminglanguagesandits usein sentential(i.e.,propositional)logic. In mostlogic texts
(e.g.,Shagrinet al. 1985)thatareaboutthe logic of declarative sentences—i.e.,sentences,expressingpropositions,
that canbe eithertrue or false—theantecedentandconsequentof a conditionalsentencearethemselvesdeclarative
sentences.But in an “imperative” programminglanguagesuchasBasicor Pascal,an if-then statementis really a
conditionalinstructionor commandwhoseantecedentis adelcarativesentencebut whoseconsequentis aninstruction
or command,i.e.,animperative sentence.Thus,whereasin sententiallogic we areinterestedin conditionalsentences
suchas:

If Ann goesto theparty, thenBobwill go to theparty

in many programminglanguages,wewould beinterestedin conditionalinstructions suchas:

IF a < b THEN print "yes"

Instructions,or commands,are neither true nor false. (It is possibleto devise analogiesto truth and falsity for
commands,but we won’t do thathere.If youareinterested,seeRescher1966,Castãneda1975.)

Theif-then-elsecommandis similar to theif-thencommand.In general,it hastheform:

IF P, THEN X ELSE Y

wherethe antecedent,P, is somesentencethat is eithertrueor false(in the exclusive senseof “or”!) andwherethe
“then-consequent”(X) andthe “else-consequent”(Y) areinstructions.The meaningof the if-then-elsecommandis
this:

If P is true,thendoX, but if P is false,thendoY.

Whatweshalldo hereis studythelogic of theif-then-elseconditionalsentence, wherebothconsequents(as
well astheantecedent)aresentencesthatareeithertrueor false,e.g.:

If Ann goesto theparty, thenBobwill, elseCalwill.

(Actually, sucha sentencewould morelikely beexpressedin ordinaryEnglishusingtheword ‘otherwise’ratherthan
‘else’.)

How would wedecidewhethersuchasentenceis true?We cancomputeits truthvaluesby realizingthat
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if P thenQ elseR

is really a conjunctionof two conditionals:
�
P � Q ��� ���

P � R �
Sowe canconstructthefollowing truth table:1

V(P) V(Q) V(R) V(
�

P) V(P � Q) V(
�

P � R) V(if P thenQ elseR)
0 0 0 1 1 0 0
0 0 1 1 1 1 1
0 1 0 1 1 0 0
0 1 1 1 1 1 1
1 0 0 0 0 1 0
1 0 1 0 0 1 0
1 1 0 0 1 1 1
1 1 1 0 1 1 1

To seeif thisis areasonableinterpretation,wecantry to find asentencethatexpressestheresultof performing
a conditionalcommand.Thecommand:

IF P THEN X

seemsto correspondto thesentence

if P, thenX will bedone.

Similarly, thecommand:

IF P THEN X ELSE Y

seemsto correspondto thesentence:

if P, thenX will bedone,elseY will bedone.

Theactionis indicatedby ‘X’, but ‘X will bedone’is asentence.Sowe let:

Q = “X will bedone”
R = “Y will bedone”

where‘Q’ and‘R’ aresentences.Now, if you studyour truth tablecarefully, you will seethatit canbeunderstoodas
sayingthefollowing:

if P is true,thenat leastQ (i.e.,Q andpossiblyR)
elseat leastR (i.e.,R andpossiblyQ)

You mayor maynot find thisa plausibleinterpretationof thecorrespondingcommand:

IF P THEN X ELSE Y

which suggeststo somepeoplethat if P is true,thenY will definitelynot bedone(asa resultof this command),and,
further, if P is false,thenX will not bedone(asa resultof this command).

Of course,thereis nothingwrongwith thefollowing program:

IF P THEN BEGIN X;Y END
ELSE BEGIN Y;X END

1Thenotation‘V( P)’ means:“the truthvalueof P”; ‘0’ representsthetruthvaluefalse; ‘1’ representsthetruthvaluetrue.
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But this appearsto be a redundantset of instructions: If both X andY aregoing to be doneanyway, why bother
testingif P is true?Well, onereasonis thattheprogramming-language“control structure”known assequencing is not
commutative: ThesequenceX;Y doesnot necessarilycomputethesamefunctionasthesequenceY;X, sincethefirst
instructionmightchangetheenvironmentin suchaway thatthesecondinstructionwouldnot beusingthesameinput
asit would in theothercase.

Thus,in bothcases,it seemsmorereasonableto usetheif-then-elsecommand whenyou wantto performX
or Y but not both (i.e., in theexclusivesenseof “or”).

Thissuggeststhefollowing, “stronger”interpretationof thesententialconnective if-then-else:

if P thenQ elseR (in the“strong” sense)

means:

if P, thenQ but not R, andif not P, thenR but notQ.

Note.

After this documentwaswritten, I learnedof thefollowing referencethatdealswith thelogic of if-then-else:Manna
& Waldinger1985:12–13.
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Exercises.

1. Symbolize“if P thenQ elseR” in thestrongsenseusing � ,
�

, and � .

2. Constructa truth table(using0 and1) for thestrongsenseof if-then-else.(If you do thiscorrectly, youwill see
thatV(if P thenQ elseR) = 1 in only two situations:wheneitherV(P) = V(Q) = 0 andV(R) = 1, or whenV(P)
= V(Q) = 1 andV(R) = 0.)

3. (a) Construct an arithmetical truth-function for the weak senseof if-then-else (i.e., a function that
arithmeticallycomputesthe truth value of an if-then-elsesentence;seeSchagrinet al. 1985 for more
discussionof arithmeticaltruth functions).2

(b) Constructanarithmeticaltruth-functionfor thestrong senseof if-then-else.

4. (a) Constructaflowchartfor computingthetruth valueof if-then-elsein theweak sense.

(b) Constructaflowchartfor computingthetruth valueof if-then-elsein thestrong sense.

5. In programminglanguages,thesequenceof instructions:

IF P THEN X;
Y

means:

if P is true,thendoX andthendoY, elsedoY but notX.

Whatwould a “weak” interpretationof ‘if-then’ be?Whatwoulda “strong” interpretationof ‘if-then’ be?

6. (a) Using the weak senseof if-then-else,determinethe truth valuesof the following sentenceswith the
indicatedatomictruth-values.

(b) Using the strongsenseof if-then-else,determinethe truth valuesof the following sentenceswith the
indicatedatomictruth-values.

V(A) = TRUE V(C) = TRUE
V(B) = FALSE V(D) = FALSE

i. (if (A � D) then(A � �
D) elseD)

ii. (if (A � D) then(A � �
D) elseD)

iii. (if (A � D) thenA elseD)
iv. (if (A � D) thenD else

�
A)

v. (if (A � D) then
�

A elseD)
vi. (if A thenA else

�
A)

vii. ((if A thenB elseB) 	 B)
viii. ((if B thenA elseB) 	 A)

ix. ((if
�

A thenB elseC) 	 (if A thenC elseB))
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