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Logistic regression: binary classification

- Given a set of training data (x;,y,), -, (x,, y,), with
X; € R4 and y; € {—1,+ 1}, we aim to find a linear
classifier with parameter (w, b) in the form of
9 = sign(w'x + b)
+ The choice of binary label 1s arbitrary, for any
classifier outputs =1, we can convert it to the output of

_ y+1
{0,1}, and vice versa: {—-1,+1} » {O,1},
and2y —1:{0,1} » {—1,+ 1}

- We usually use homogeneous coordinates to eliminate

the constant x — (x,1)", w » (w, b)", and we work

with § = sign(w ' x), and we can check yw ' x




Training logistic regression
- Logistic loss function: min,, Z?zl log(1 4 ™™ %)

+ Individual loss function Z(x, y; w) = log(1 + e™ WTX)

+ yw'x > 0: predicted label and ground truth have the
same sign, £(x,y;w) < log?2

+ yw'x < 0: predicted label and ground truth have
different sign, £(x, y; w) > log 2

» Logistic function A(z) = log(1l + ™)
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Optimization
+ h(z) = log(l +e7),
« W@ =—e¥1+e 9! <0, function decreasing

+ Define sigmoid function 6(z) = (1 + ¢!

« therefore, h'(z) = 0(2) — 1, and also
h'"(z) = 0'(z2) = (1 — 0(2))o(z) > 0, so this function is
a convex function




Gradient & Hessian matrix

. Objective function L(w) = 2?21 h(yw! x;)
VL(w) = Z?zl h/(yinxi)yi P = z;l:l (G(inTxi) — Dy,
V2L(w) = 2?21 h”(yl-wai)yizxixiT = Z?zl h”(inTxi)xixiT
VZL(W) = Z?:l O'(YiWTxi)(l - 0'()’z'wTxi))xixiT

- Hessian matrix 1s positive definite, so the objective
function 1s convex and affords a global optimum
- Optimization procedure
+ Gradient descent w*tD) «— w® — 5 VL(w")

- Newton’s method
w D O g (VELWD)" IV L(w®)

- 7, 1s properly chosen step size (back-tracking)



Interpretation

+ Pr(y = 1|x) = s(yw!x), i.e., probability of output label
is+1 ifinputisxand Pr(y = — 1|x) = 1 — s(yw’x), i.e.,
probability of output label 1s -1 1f input 1s x

» Cross-entropy loss

1+yl l_yl
_2 > log Pr(y; = 1|x) + > log Pr(y; = = 1]x)

o% 6 uuuuuu 1 = Fitted decision boundary
° @®9 Outcome 0 ¢ 00@ Predicted probability




Stochastic gradient method

« (Gradient descent method

. Compute gradient VL(w) = Y K yw!x)y.x,
i=1 I 120 e

n
. Update w™D — w® — 5, n'yw® x)yx,
i=1
- 7], 1s properly chosen step size (back-tracking)
- Stochastic gradient method: update one data point a time
WD — @ — p yw® Xy x,
- It applies under the following situations

- Dataset 1s too large to hold in memory

- Streaming data, samples come one at a time



Stochastic gradient method

- Standard model 1s to assume data sample 1s selected
randomly

- SG 1s not a descent method,

- convergence 1S guaranteed under convex objective
function, convergence 1s very slow

- Extremely robust
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