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Abstract

Probabilistic Latent Semantic Analysis (PLSA) is a popular data analysis method
with the objective to discover the underlying semantic structure of input data.
In this work, we describe a method for probabilistic topic analysis in image
and text based on a new representation of graph-regularized PLSA (GPLSA).
In GPLSA, data entities are mapped to an undirected graph, where similari-
ties between topic compositions on the graph are measured by the divergence
between discrete probabilities. Such divergence is essentially incorporated as a
graph-regularizer that augments the original PLSA algorithm. Furthermore, we
extend the GPLSA algorithms to multiple data modalities based on the connec-
tions between data entities of each modality. We propose efficient multiplica-
tive iterative algorithms for GPLSA with three popular regularizers, namely
Uy, £5 and symmetric KL divergences. In each case, we derive simple efficient
numerical solutions that require only matrix arithmetic operations during the
optimization. Experimental results demonstrate the efficacy of GPLSA over
state-of-the-art methods.
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1. Introduction

Probabilistic topic modeling, which aims to discover hidden thematic struc-
tures in large archival documents and to annotate a large document corpus with
thematic information, has been studied extensively in recent years. Typically, a
connection is established between the high-dimensional word distribution vec-
tors of the documents and the lower-dimensional topic vectors, where the se-
mantic properties of these words and documents can be expressed in terms of
probabilistic topic models. Two basic probabilistic topic models are the proba-
bilistic latent semantic analysis (PLSA) [I] and latent Dirichlet allocation (LDA)
[2]. Topic analysis has wide range of applications including activity detection
[3], image analysis [4], pattern recognition [5, 6] [7, [§], natural scene categories
[9], video processing [10, 11, [12], information retrieval [13]14], document analy-
sis [I5] [16], and co-authorship network analysis [17, [18, [19], multiple modalities
learning, instead of single modality topic analysis, the tasks in topic analysis
of multiple modalities attempt to learn dependencies between these modalities
[20, 211 22].

A simple treatment in probabilistic topic modeling is to assume all the topics
to be independent from each other. However, in many application domains, the
relation between topics are complicated and can be modeled more precisely with
a graph. For instance, social networks (such as the Facebook) operate based on a
huge set of user profiles and friendship connections; publication archives such as
the Digital Bibliography and Library Project (DBLP) contain a vast authorship
network. Several recent works [23] [24] have considered the integration of a graph
structure with topic modeling in terms of regularizer to restrict the relations
among the learned topics to be consistent with the graph structure. However,
The works of [23] [24] focus on single mortality modelling and the learned topic
representations in [24] usually do not afford explicit probabilistic interpretations.
Other approaches rely on Bayesian inference performed on the topic network
suffers from increased complexity problems for learning and inference [25] 26].

In this work, we study efficient algorithms for the graph-regularized prob-
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abilistic latent semantic analysis (GPLSA) for probabilistic topic modeling.
GPLSA is capable of handling both single- or multiple- modalities of data by
introducing a graph structure into the PLSA topic modeling. In our general for-
mulation of GPLSA, the data entries are defined on a graph encoding the seman-
tic relations among the data entries, and the graph regularizers are in the form
of the divergences between the discrete probability distributions corresponding
to the composition of topics from each data entry. Our formulation enables the
entries with the same semantic to smooth out their effects with each other. We
propose efficient algorithms for the learning of topics and their compositions
using three widely used divergence definitions, namely, ¢;, 2 and symmetric
KL divergences. GPLSA optimization is casted as the minimization of the un-
derlying divergences, which encourages similarities between topic compositions
of each data entry and its nearest neighbors on the graph. Our algorithm is
efficient because the optimization steps consist of only simple matrix operations
and the derivation of scalar nonlinear equations. Our GPLSA algorithms also
afford theoretical guarantee of convergence, unlike other state-of-the-art works
[27, 28]. We apply the GPLSA algorithms in image clustering, cross-modal re-
trieval and multi-lingual topic analysis applications on public benchmarks for
evaluation and comparison. Experimental results show noticeable improvements
of GPLSA against other state-of-the-art methods.

Main contributions of this work are summarized in the following:

(1) We propose efficient algorithms for graph-regularized PLSA (GPLSA)
as a general framework for single- or multi- modality topic analysis, where
the graph regularizer is based on the divergence between discrete probability
distributions. Similarities between topics are enforced in a joint latent space
constraint by the graph, and topic distributions are enhanced by their nearest
neighbors on the graph.

(2) We also study L; graph regularizer in this problem, which has not been
studied in the previous works. We show improved results for the ¢; regularizer
over the baseline. When using /5 divergence as the regularizer, our GPLSA

algorithm is more efficient and with a convergence guarantee than the exist-
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ing method based on GNMF [24]. We further describe a new algorithm using
symmetric KL divergences as the regularizer, and demonstrate that it is more
effective compared to the ¢y divergence.

(3) The proposed algorithms extend naturally probabilistic topic analysis
of a single modality to multiple modalities. Our method enables capturing
of similarities between documents across modalities, by learning a joint latent
space for documents of different modalities. Our topic learning representation
leverages the compatible yet complementary conceptual themes among each
modality. Thus it is more effective than other methods relying on features
derived from direct concatenation of modalities.

An early version of this work focusing on multi-modal learning was published
in [29]. This paper improves our previous work in the following aspects. (1) We
derive the efficient algorithms for the GPLSA problem in a general framework
based on the extended works. We also provide in depth motivations and full
technical details. In this regard, our previous work of [29] can be considered as
a special case of the general formulation in this paper. (2) We provide simple
efficient numerical solutions that require only matrix arithmetic operations for
the optimization. We also provide a proof of convergence for the general form
of the algorithm. (3) We provide additional diagnostic experiments regarding
the clustering performance and multi-lingual topic analysis to demonstrate the
effectiveness of our solutions.

The remaining of the paper is organized as follows. After introducing back-
ground works in Section [2| we review the PLSA algorithm with mathematical
representations using matrix formation in Section [3] This formulation should
facilitate the description of the GPLSA algorithm for the clustering task for
single modality in section and the extension for multi-modality retrieval
in section Section [5| describes experimental validation by applying the
GPLSA algorithms to the image clustering, image/text cross-modal retrieval
and multi-lingual topic analysis applications. Section [6] concludes the paper

with discussions and future works.
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2. Related Works

2.1. Probabilistic Topic Modeling for Single Modal Data

Much of the existing works regarding the integration of a network structure
with probabilistic topic modeling have focused on data with single modality (e.g.
images, texts, etc), where topic selection preferences are smoothed among near-
est neighbors on the graph [24, 30, BI]. For instance, the work in [23] combines
topic modeling and social network to analyze the topics in an co-authorship
network. On a related front, graph regularizer is exploited to mode the intrinsic
structure of data distributions in graph-regularized non-negative matriz factor-
ization (GNMF) [24], where encouraging results are obtained in document and
image clustering. We will show later that GNMF can be regarded as a spe-
cial case of the graph-regularized PLSA model, due to the close relationship
between the PLSA and NMF [32] [33]. GNMF aims to find a compact repre-
sentation which uncovers the hidden semantics from the documents and in the
meantime represents the intrinsic geometric structure. A semantic representa-
tion space is found based on two assumptions that (1) if two data points are
connected along a graph edge, they should be sufficiently close to each other,
and (2) the representations of these two data points with respect to the new
basis are also close to each other. However, such jointly learned latent represen-
tations may not have explicit probabilistic interpretations. Other approaches
rely on Bayesian inference performed on the topic network [25, 26]. The Re-
lational Topic Model (RTM) [25] uses LDA to model the documents and the
relationships between them, but suffers from increased complexity problems for

learning and inference.

2.2. Probabilistic Topic Modeling for Multiple Modal

Recently several topic analysis techniques for multi-modal data have been
proposed [34, [30, [3T]. In an early work [34], the interdependencies between pub-
lished documents take the form of citations which allow instant access to the
referenced documents, the citations in the documents are considered as a sepa-

rate modality in the document corpus. The topics learned form the individual
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modalities are weighted combined as the shared topics of the two modalities.
More recently, there has been an effort to jointly model the documents topics
and other auxiliary information provided within the dateset [I7, [I8] I9]. For
example, the Wikipedia data documents typically include both texts and im-
ages, and the work in [20] uses Markov random field of topic models to associate
images and texts based on their similarity. However, it assumes that each data
entity and its associated auxiliary data share the same topic compositions across
modalities in these methods. Such assumption might be too restrictive to be
applied on the real-world multi-modal datasets.

Topic analysis methods are also widely applied on multi-lingual text which
can be regarded as multi-modal data [26]. For instance, [35] incorporates a bilin-
gual dictionary based on translation bipartite graph into cross-lingual PLSA to
extract common topics in cross-languages. Similarity, [36] presents a novel mul-
tilingual topic model, they first build a bipartite graph matching over terms in
both languages assuming that words have similarity on document level contexts,
then the matching topics are learned as the distributions of these matching pairs
instead of being distributions over terms. However, both method relay on term
pairs in the dictionary and their assumption of matching terms may result the
loss of correlated information between the languages. In contrast, in this work,
we aim to extract topics from different information sources (images and texts,
or texts in different languages) that reflect their intrinsic conceptual similari-
ties. It inherits the advantage of topic models that the learned topics are often
intuitive and interpretable.

Recently, there have also been several Bayesian approaches to multi-modal
probabilistic topic modeling, a Markov random field (MRF) augmented prob-
abilistic topic model is proposed in [26], which incorporates the similarities
between associated topic compositions of different data modalities using MRF.
Although good performance in [26] are achieved, the Bayesian MRF method
has the problem of increased complexity in both of learning and inference al-
gorithms related with Monte-Carlo methods. Several works also suggested that

connecting multiple modalities using a graph structure is crucial for strong per-
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formance of the learning algorithms on multi-modality datasets [37, [38], [39, [20],
with applications shown in [40], 4T, 26].

Therefore, it is useful to extend simpler topic analysis methods such as
GPLSA to learning from multi-modal data, whose efficient implementation can
be used for rapid analysis of large multi-modal dataset and initializations of
more sophisticated Bayesian methods. Two specific methods of extending PLSA
to multi-modal learning with co-regularization has been studied in two recent
works [27], 28]. The co-regularizer used in [27] is based on the mutual similari-
ties of data in the topic space, and that of [28] is the ¢y divergence between the
topic assignments in the latent space. The common drawback of both meth-
ods, however, is that the optimization procedure cannot guarantee monotonic
improvement of the objective function before a stationary point is reached. As
such, the algorithms in these previous works do not afford guarantees to con-

verge and usually lead to inferior performance.

3. Background: Generalized PLSA Algorithm

The proposed Generalized PLSA algorithm is based on the generalized PLSA
Algorithm [42]. We first introduce some notations and definitions to be used
throughout the paper. A d-dimensional vector a is stochastic if a; > 0 and
2?21 a; = 1, and corresponds to a categorical probability distribution over d
outcomes. A d X n nonnegative matrix A is stochastic if its column vectors are
stochastic.

Consider any two d-dimensional stochastic vectors a and u, we define their
ly, ¢35 and Kulback-Leibler (KL) divergences, as: Dy, (a,u) = Zle la; — wil,
Dy, (a,u) = %Z?:l(ai —u;)?, Dxi(a,u) = Zle a;log 3+, and their symmet-
ric KL divergence is defined as Dyk1,(a,u) = Dk (a,u) + Dk (u,a). Accord-
ingly, we define the divergence between two stochastic matrices A and U as the
sum of the divergences between their corresponding columns, as D,(A,U) =
>_; Du(A.;,U. ), where D, can be replaced with Dy, , Dy,, Dki, or Dsr.. For

stochastic vectors/matrices, these divergences are non-negative and equal to
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zero if and only if the two vectors/matrices are identical.

Making analogy to a collection of text documents, we use a “bag-of-word”
representation [I] of a dataset, where each data entity (a “document”) is rep-
resented as the normalized frequencies over some basic features (“words” in a
“vocabulary”). PLSA is performed based on a simple probabilistic generative
model of the dataset [2]: each word in a document is a sample from a mixture
model; each component of the mixture model is a categorical distributions over
the vocabulary (a “topic”); the mixing weights of the mixture model correspond
to a probability distribution over the topics, and provides the topic composition
of the data entity.

Specifically, given n documents (di,---,d,) over a vocabulary of size d,
(Wi, -+ ,Wgq), we use stochastic matrix P of dimension d X n to represent con-
ditional probabilities, as P;; = Prob(word = w;|doc = d;). Assuming the docu-
ments are associated with m topics, (t,- -, t,,), we use stochastic matrices A of
dimension dxm and U of dimension m X n to represent conditional probabilities,
as A;;, = Prob(word = w;|topic = t) and Uy; = Prob(topic = ti|doc = d;), re-
spectively. According to the document generation model, documents and words
are conditionally independent from each other. As such, these probabilities

satisfy:

Prob(word = w;|doc = d;) = ZProb(word = w;|topic = t)
C (1)
Prob(topic = ti|doc = d;)

With the matrix notations, the equation is equivalent to P = AU. For-
mally, given a dataset represented in stochastic matrix P of size d x n, PLSA
attempts to find its decomposition into A and U, where A and U are stochastic
matrix of size d x m and m x n respectively, formulated as an optimization prob-
lem: ming y Dk (P, AU), with the constraint that both A and U are stochastic
matrices. After dropping irrelevant constant terms, minimizing the KL diver-

gence is equivalent to maximizing

J(AU) = 32, Pijlog(AU)ij. (2)
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This optimization problem can be solved with block coordinate ascent by
iteratively optimizing A or U while fixing the other until converging to a local
optimum. The individual optimization step for A and U is solved with the EM
algorithm[43], [44] [42]. To facilitate subsequent discussions, we briefly review the
EM algorithm using the matrix notations introduced early in this section.
Optimizing A: Introducing a different stochastic matrix A, we first define an

auxiliary function

Ai
A;

F(A4,A) =Y, , Dadinli 100 (

ik (AU)ij (AU)ij) = > . Mix log Aji, + const. (3)

.
In the last step, terms irrelevant to A are collected into a constant. Nonnegative
matrix M = A® [(P o (AU)U T} is formed with element-wise matrix multipli-
cation ® and division @. An application of the Jensen’s inequality shows that
F(A,A) < J(A,U) with equality holds when A = A, ie., ]—'(A,A) is a tight
lower-bound of J(A,U). Derivation of Eq. and proof of F(A, A) being a
tight lower-bound of 7 (A, U) are provided in the Appendix A.

The EM algorithm optimizing A uses the above lower-bound to improve
the objective function in an iterative manner: Starting with an initial val-
ues A = A we iteratively solve for A+ « argmax, F(A, A®) with
the constraint A being stochastic. As we have J(A® U) = F(AD, AW) <
F(ATD AW < (AT 1), the sequence (A, AM ...} monotonically in-

creases J (A, U) until reaching a local maximum.

During each iteration step of the EM algorithm, we solve for argmax , F (A, A®),

which using Eq.(3)) reduces to
maxa . MiglogAi, st. Aj; 20 & > A =1. (4)

The solution to this problem is given by A;; = Zé"’”}_,k (proof given in the

Appendix A), in which the normalization step and the non-negativity of M
assures A to be a stochastic matrix.

Optimizing U: The EM algorithm optimizing U with fixed A proceeds simi-
larly. First using an auxiliary stochastic matrix U we define function

> ID”AI U/j Uy, 3 — 3
GO U) =3k (AT’“)’“ log (U: (AU)”) = 21, @rjlog Uy + const, (5)

ij
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(a) P =4 o900 - © P =
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(b) P =| A

Figure 1: (a) PSLA: vertices (columns of U) has no constrains, (b) GPLSA: vertices
with graph regularizer, (c¢) Multi-Modal GPLSA: vertices among multi-modal data
with graph regularizer.

with matrix Q = U ® [AT(P %) (AU))} . With a similar argument, we can show
that G(U, U) is also a tight lower-bound of 7 (4, U) (proof given in the Appendix
A), on the basis of which the EM algorithm is obtained. Specifically, each step
of the EM algorithm solves

maxg; ij Qirlog Uy, st. Ug; 20 & Zk Ukj = 1, (6)

kj

of which the solution is given by Uy; = = QQ,C . More details of the algorithms
k/ ,_j

can be found in [42]. For completeness, we include a proof of this result in

Appendix A.

4. Algorithm for Graph-regularized PLSA

We start with a general setting of the single model GPLSA problem, then

extend the formulation to multi-modality problem.

4.1. General Formulation

In this section, we introduce our GPLSA algorithms. More specifically, fol-
lowing the examples in Fig. [1| (a) and (b). Consider a graph with n vertices,
where each vertex corresponds to a data point represented by each column of
the stochastic matrix U, we use u; (i € [1,n]) to denote the i-th column of U.

For each data point u;, we add edges between u; and the other data points to

10
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formulate the relation matrix R among the Verticesﬂ The graph regularizers
are the divergences between discrete probability distributions given by the cor-
responding composition of topics from a data entry, which enable effects from
entities of the same semantics to be smoothed by each other. Specifically, we
formulate GPLSA algorithms as a graph regularizer constrained optimization
problem as,

g’ig;DKL(P, AU) + AD+ (U, Upt) Ry, (7)
J

which satisfy the constraint that A and U are stochastic matrices. Where the
regularization parameter A > 0 controls the contribution of the GPLSA ob-
jectives of the standard PLSA term and the co-regularization term. In the
following, we replace D, with the ¢1, ¢ and symmetric KL divergences. After
dropping irrelevant constant terms of the objective function in Eq.7 we can

simplify the objective as
'

with the same constraints on the factors A and U, with J(A,U) described in
Eq..

Similar to the case of PLSA, in the learning step of GPLSA, the objective
function in Eq. is optimized with a block-coordinate descent scheme, by alter-
nating steps between the optimization of A and U while fixing the other factors.
We first discuss the EM steps of these sub-problems.

Optimizing A: The optimization of A is the same as the optimization of A in
standard PLSA. As such, the solution can be obtained via solving the optimiza-
tion problem given in Eq..

Optimizing U: The step optimizing U is different because of the graph-
regularizer. The optimization of Uy; with fixed A and the other columns in

U, i.e. Uy, where [ € n and | # j, after removing irrelevant constant terms,

Hn this work, we follow the default settings of GNMF using the 0-1 weighting scheme for

the relation matrix R, where R;; = Ry, l,j €n .

11
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becomes
mgx%: J(A,U) = AD.,(Uy;j, Upt) Rij,
(9)
st. Uy 20 & » Upy=1
k
A tight lower-bound of the above objective function can be derived using
the auxiliary function G defined in Eq.(5)), as: G(U,U) — AD.(Ur;, Un) Ri; <
J(A,U) — AD..(Ukj, Ug;) Ry with equality when U'kj = Uy, which follows from
the property of G. We note that the second term AD, (Uyj, Uy)Ri; does not
depend on the auxiliary variable Ukj in this lower-bound.
Then, we give a similar EM algorithm that optimizes Uy iteratively, which
improves the lower-bound in each iteration. Starting with the initial Uy; = U,Sj,

we iteratively solve for

U argmax (U, UL)) = XD, (Urj, Uni) Ry,
kj

(10)
s.t. UkJZO & ZUkJ:]'
k

We provide efficient algorithms for symmetric KL, ¢ and ¢; divergences
with convergence guarantees. Finally, the essential objective function we need
to optimize is

HI}aXZ Qrjlog Uyj — AD.(Ukj, Uni) Rij,
ki

* (11)

st. Uy =20 & ZUkal.
k

With respect to three types of graph-regularizer, namely, symmetric KL, {5
and ¢; divergences, the optimal solution to Eq. can be expressed as non-
linear functions of a scalar variable 7;, which is the Lagrangian multiplier of the
normalizing constraint, Y, Uy; = 1.

Then, we have the solution to each type of graph-regularizer in the following

equations (proof given in the Appendix B):

e For D, = D¢k,

() = Qi+ AUk Rij
Uk (773) B ACW(W CXP(%%*%JFD) 7 "

12
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where Wy(-) is defined implicitly as 2 = W(z)e"' @ for z > 0, which is
the principal branch of the Lambert W function [45]|ﬂ Ry; represents the
relation weight between document [ and j, >, R;; denotes the weight sum-
mation between document j and all other documents [, [ € {1,n} and [ # j.
(logU )MRU and Uy R;; are the constant terms with respect to the cur-
rent variable, i.e., the j th column of matrix U, we denote C' = >, Ry,

Sk; = (log U) g Ry; for simplicity.

e For D, =7Dy,,
Usj(ny) = 20t/ o Sfu B PG B0 - (13)
e For D, =Dy,
sl —AY Ry <y < B2 - AY Ry,
Urj(n;) = { U QAN Ry < < EE AT Ry, (14)
nj—/\Qiglle % + A, Ry <nj.

Compared with the two other divergence types, the update steps for ¢;

divergence in Eq. corresponds to a piecewise function. The computation
only involves arithmetic operations and thresholding, which is substantially
more simple and efficient. Another important property of using ¢; regularizer
is that the resulting Up; can have identical components as Uy;. This is usually

not the case for the £5 and symmetric KL regularizers.

We use Ug;(n;) in Egs.(12}]13f14) to emphasize the fact that they are func-
tions of the scalar parameter 77;. To determine the value of 7;, which in turn
leads to the optimal solution to U, we can solve the following 1D nonlinear

equation corresponding to the normalization constraint in Eq.,
> Uki(n) = 1. (15)
k

For each type of graph regularizers, we use the corresponding Uy;(n;) in

Eqs.(12i13}|14]). For each column index j, Eq. can be solved numerically,

2The Lambert W function has been independently introduced in number of different ap-
plications, such as encouraging sparsity over the obtained A or U factors in a variant of PLSA
[46], it has also been used in algorithms that enforce entropic priors [47]. It can be numerically
evaluated and is provided in popular numerical tools such as MATLAB (function lambertw)

or SciPy (function scipy.special.lambertw).
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e.g., with Newton-Raphson when Uy;(n;) is differentiable (e.g., D, = Dy, or
Dsk1,) or bi-section when otherwise (e.g., Dx = Dy, ).

In summary, we solve the GPLSA problems with an iterative algorithm that
alternates between the optimization of individual A and U factors while fixing
the others. The optimization of A factor is performed with another iterative
EM algorithm based on individual optimization steps given in Eq.. The
optimization of U factor is achieved by iterating steps that first solve Eq.
and then determine the factors with Eq., Eq. or Eq.. In practice,
all iterative algorithms converges within 5-10 steps, which corresponds to about
20-30 seconds using Matlab implementation running on a desktop with Intel

Core(TM) i7 CPU and 8GB RAM.

4.2. Extend GPLSA to Multi-Modal Topic Analysis

Our GPLSA algorithms can be extended to the case with more than one
modalities. The overall architecture is shown in Fig. [I| (¢). Formally, given
a data set with L modalities, we represent it as stochastic matrices PY) (I €
1,...,L) of size d; x n, and aims to find factorization PO ~ AOU® | with
stochastic matrices AW of size dgy x m and a matrix UW of size m x n rep-
resenting the m modality-specific topic matrices and the topic compositions of
the dataset, respectively. In GPLSA, association of different modalities to their
common data entry is achieved by coupling the factorizations P) ~ AOU®)
i.e., besides individual GPLSA objectives to each modality. The relation matrix
R of the graph regularizers is constructed among U® based on the assump-
tion that different data modalities admit similar underlying semantic structure,
thus the algorithms aim to minimize the difference of U matrices from different
modalities corresponding to each respective topic compositions.

Specifically, GPLSA algorithms are formulated as a constrained optimization
problem as

A(rl?7iLr[1(l)l 123 LDKL(P(l),A(l)U(l)) FADL (U, U, (16)

14
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which satisfy the constraint that A®) and U® are stochastic matrices, for sim-
plicity, we refer to U\Y as the other U factor other than U, Parameter A > 0
balances the contribution of the GPLSA objectives of each modality and the
graph-regularization term. Then we replace D, with the symmetric KL, /5 or
4y divergence&ﬂ Dropping irrelevant constant terms, the objective function of

Eq.(16) can be further simplified to

@ 7y _ @ 7\
A(Ilr)l,a[,]x(l) €_1§: LJ(A U ) XD*(U U )» (17)

with the same constraints on the factors.

Similar to PLSA, in the learning step of GPLSA, the objective function in
Eq. is optimized with a block-coordinate descent scheme, by alternating
between steps optimizing each of A®, U® while fixing the other factors. In
the following, we describe the steps of these sub-problems.

Optimizing A®: The step optimizing each A® is the same as the optimization
of A in PLSA. As such, the optimal solution can be obtained via solving a
sequence of optimization problem given in Eq.(4).

Optimizing U®: The optimization of U® with fixed A® and UMD, after

dropping irrelevant constant terms, we have

) (1) _ O QD
frljl;%( kz Qu;j log Ukj AD(UW,UNY),
J

(18)
st. U 20 & YUl =1,
k
Similar to GPLSA on single modality, with respect to three types of graph-

regularizer for difference modality (namely, symmetric KL, ¢5 and ¢; diver-
gences), the optimal solution to Eq. can be expressed as non-linear func-
tions of a scalar variable 7;, which is referred to as a Lagrangian multiplier of
the normalizing constraint, ), Uy; = 1. Specifically, these solutions are given

in the following equations, with proofs given in the Appendix C:

e For D* = DsKLa

\0)
U(l)( )= Qi +AU;
ki \j) = oD
o [ LTk (1474
0 ,\U}i}l) exp By

, (19)

30ne could have other regularization terms)gp the factors AW and UWD for other preference
on the factors such as sparsity. Furthermore, it is also possible to use similar methods to
enforce consistencies in parts of factor A(Y). However, for simplicity, in the current work we

do not consider these types of regularizers.
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e For D, =7Dy,,

l l 2 4Q 1 .
00 =308 - %) + Sy (U0 - %), )
e For D, =Dy,
Q J Q i
nrkH\’ _)‘<77J<W§z)_>\7
! D Quj Qrj
Ulgj)(nj) = Ukj ) Ul(:{l) —A<n; < W’il) + A, (21)
Quj Qr;j
Uji])\, U,(:i.{) —+ < U

5. Experiments

In this section, we first perform some simple experiment to evaluate the
GPLSA algorithms on image clustering to justify how well they perform on
topic analysis from data of a single modality. We then apply them to cross-
modality retrieval from documents containing both images and texts. Finally,
we also apply them on multi-lingual topic analysis problems. An overview of

the proposed framework for experiments is shown in Fig[2]

: Low dim R
. Matrix Application
Data Set =»( Preprocessin, i
" Representation » » | Representation algorithms
of Data Set

Figure 2: An overview of the proposed framework.

L 4

5.1. Image Clustering

We use two data sets in this experiment, the first one is the CMU Pose,
Nlumination, and Expression (PIE) face database [48], which contains of 32 x
32 gray scale facial images of 68 persons. There are 42 facial images taken
for each person under different poses, illumination and expression conditions.
The second one is the Columbia Image Library (COIL-20) data set [24], which
contains 32 x 32 gray scale images of 20 classes (objects). There are 72 images

taken for each object with different view angles.
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Accuracy (%) Normalized Mutual Information (%)
K | Baseline | Regularizer | GNMF [24] | GPLSA || Baseline | Regularizer | GNMF[24] | GPLSA
L1 — 38.81 L1 57.25
30 26.83 L2 82.86 84.44 48.38 L2 90.49 91.19
KL 61.51 76.27 KL 78.11 88.12
L1 — 39.43 L1 62.89
50 25.48 L2 76.14 80.48 50.93 L2 89.26 90.22
KL 62.57 70.14 KL 81.20 86.28
L1 35.75 L1 — 63.56
68 23.99 L2 75.56 77.66 53.77 L2 88.07 89.14
KL 63.55 76.23 KL 83.20 89.16

Table 1: Comparison of results regarding clustering performance of GPLSA vs.
GNMF [2])] on the PIE face dataset in terms of accuracy and normalized mutual
information.

The clustering results are evaluated by two metrics, the accuracy and the
normalized mutual information metric (NMI) [49]. The accuracy is defined as:
?:1 6(Ti7 Si)

AC = =100 %), (22)

n
where r; is the estimated cluster label, s; is the ground truth label, and n is the

number of examples. §(r;,s;) is the delta function that equals 1 if r; = s; and

equals 0 otherwise. The NMI are defined as follow:

MI(C,C)
maz(H(C),H(C))’
where H(C) and H(C) are the entropies of H(C) and H(C), the mutual

NMI(C,C) = (23)

information (MI) is defined as:

MI(C,C) = Z p(ci, ¢j)logy m7 (24)
ci€C,geC CERT

where C is the set of ground truth clusters, C' is the clustering result from the
testing algorithm. p(c;) and p(¢;) are the probabilities of a randomly selected
image, which belongs to clusters ¢; and ¢&;, respectively. p(c;,¢;) is the joint
probability that this randomly selected image belongs to the clusters ¢; and ¢;

at the same time. In case two sets of clusters are identical, NMI is 1. In case

two sets are independent, NMI is 0.
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We compare GPLSA with (1) a baseline algorithm with K-means clustering
in the original image space and (2) the GNMF method [24], which has been
shown to achieve superior performance against classic clustering algorithms (i.e.
K-means, SVD, NCut, standard NMF)El After applying GPLSA and GNMF, a
low dimensional representation with the size of topics numbers for each image is
obtained. The clustering of images is then performed upon this low dimensional
representation using standard K-means for a final evaluation. We follow the
default settings of GNMF using the 0-1 weighting scheme and use 5 nearest
neighbors for the relation matrix R; and we set the number of topics equals to
the number of clusters, the optimized balance parameter A in GPLSA algorithms
is chosen by cross-validation on a subset of the training data. We evaluate
the performance with different number of clusters (K in Table [2), where the
evaluated clusters (classes) are randomly chosen from 20 classes (objects).

Table [1] and [2] shows the results of GPLSA algorithms with ¢;, ¢5 and sym-
metric KL regularizers on the PIE and COIL-20 dataset, respectively. The
results using the ¢; regularizer consistently outperform the baseline. We note
that the use of ¢; regularizer in GNMF is not available, thus the comparison
is omitted. GPLSA outperforms GNFM in both cases of symmetric KL and
{5 regularizers. Finally, the symmetric KL graph-regularizer achieves the best
overall performance. This is expectable as we solve the objective function with
the log term using the Lambert W function, and in comparison GNMF relies

on a rough approximate to solve a nonlinear equation.

5.2. Cross-Modal Image/Text Retrieval

For multi-modality data, the difference in original data representations of
images and text are encoded into the corresponding topics with the GPLSA
model. And with their topic compositions, images and texts are projected

into a compatible semantic space, this new representation can then be used

4The GNMF code and dataset are released and available at
http://www.cad.zju.edu.cn/home/dengcai/Data/ GNMF.html
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Accuracy (%) Normalized Mutual Information (%)
K | Baseline | Regularizer | GNMF [24] | GPLSA || Baseline | Regularizer | GNMF[24] | GPLSA
L1 — 60.00 L1 65.95
10 43.89 L2 79.58 85.00 54.14 L2 87.92 88.62
KL 84.31 87.36 KL 88.44 90.18
L1 — 67.87 L1 76.54
15 65.37 L2 84.35 85.83 71.08 L2 85.31 86.22
KL 84.17 86.39 KL 87.60 89.18
L1 73.68 L1 — 81.69
20 60.49 L2 72.22 80.97 73.86 L2 87.60 88.36
KL 73.68 81.81 KL 85.18 90.14

Table 2: Comparison of results regarding clustering performance of GPLSA vs.
GNMF [2])] on the COIL20 dataset in terms of accuracy and normalized mutual in-
formation.

to do establish connections between images and text documents and facilitates
cross-modality retrieval. Specifically, our evaluation focused on the task of text
retrieval from an image query (i-2-t), and image retrieval from a query with a
text document (#-2-7). Two standard benchmark image/text datasets were used
in our experiments: Wikipedia [38] and TVGraz [50]. The Wikipedia dataset
consists of 2866 image/text pairs of 30 semantic categories, includes a standard
training and testing sets split with 2173 and 693 image/text pairs. The TV-
Graz dataset consists of 2058 image/text pairs of 10 semantic categories with
an average document length of 289 words, and is split into training and testing
sets with 1558 and 500 image/text pairs. Images and texts in both datasets are
converted to bag-of-word representation, where for images we used 1024 visual
keywords as a result of clustering the SIFT features from all training images,
and 6203 unique text words were selected after stemming and removal of the
common stop words.

In the learning phase, we determine modality-specific topics using the GPLSA
learning algorithm (Section on the training sets. We extract 100 topics from
the Wikipedia dataset and 50 topics from the T'VGraz dataset, and the optimized
balance parameter A in GPLSA algorithms is chosen by cross-validation on a

subset of the training data. When performing retrieval tasks on the testing
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Topic space similarity Semantic space similarity

Methods TVGraz Wikipedia TVGraz Wikipedia
i-2-t t-2-1 i-2-t t-2-1 i-2-t t-2-1 i-2-t t-2-1
SCM [37] 0.460 | 0.450 | 0.267 | 0.219 0.664 | 0.649 | 0.362 | 0.273

Link PLSA [34] 0.349 | 0.349 0.247 | 0.247 0.803 | 0.803 0.605 0.605

¢1 GPLSA 0.359 | 0.365 | 0.317 | 0.307 0.723 | 0.726 | 0.667 | 0.658

{2 GPLSA 0.450 | 0.445 | 0.360 | 0.358 0.846 | 0.845 | 0.706 | 0.701

sKL GPLSA 0.481 | 0.481 | 0.413 | 0.413 || 0.850 | 0.850 | 0.726 | 0.724

Table 3: Performance comparison of GPLSA with 3 reqularizers and two other multi-
modal learning algorithms in terms of mean average precision (mAP) on two standard
public image/text benchmark datasets. See texts for details.

set, we first recover the topic composition of the queried image or text using the
PLSA algorithm (only the optimization of U matrix) using the learned modality-
specific topics. The similarities between topic compositions of the queried image
and texts in testing set (in task i-2-t) or queried text and images in testing set
(in task ¢-2-7) are then evaluated and ranked. Two similarity measures are
used in our experiments, the centered normalized correlation between the topic
compositions and the centered normalized correlations between topic compo-
sitions transformed by a multi-class logistic regression function learned during
training, which maps topic compositions to the semantic categories pre-defined
for each dataset. As such, the former evaluates correlations of topic compo-
sitions directly, while the latter can be regarded as the correlation in a more
semantically meaningful space induced from the topic compositions [37]. We use
the mean average precision (MAP) scores over all testing data as performance
metric. The average precision score for each query is computed as the mean
precision value for the top 10 relevant retrievals. Here, we determine a relevant
retrieval occurs if the retrieved text/image is from the same semantic category
as the image/text used in query.

Table |3 shows the results of GPLSA algorithms with ¢1, ¢5 and symmetric

KL regularizers on the two datasets. For comparison, we also include retrieval
performance based on a link-PLSA model that requires the topic compositions

of associated text and image to be identical. The link-PLSA algorithm can be
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Figure 3: Example images with generated topic compositions and tags obtained with
sKL-GPLSA from the Wikipedia dataset.

implemented as described in [34]. Furthermore, all results were compared to a
baseline established by the method of semantic correlation matching (SCM) [37],
which represents the state-of-the-art performance in text/image cross-modal re-
trieval tasks. Results in Table [3] suggests that for the two cross-modal retrieval
tasks, GPLSA algorithms in general achieve better performance than the link
PLSA algorithm, and also outperform the SCM method that is based on kernel
canonical correlation analysis. This may be attributed to, on the one hand,
the more semantic relevance of the representation (as probability mixture of
thematic topics of the images/text) obtained with GPLSA, and on the other
hand, its less restrict assumption that allows for mis-match of topic composi-
tions of associated text and images. This is further corroborated by observing
that the MAP scores for i2t and t2i tasks are similar with GPLSA algorithms,
suggesting the diminished representational difference between the two modali-
ties in the topic space found by GPLSA. Furthermore, all three variants of the
GPLSA algorithms achieves better performance and efficient computation, but
symmetric KL graph-regularizer leads to the best overall performance. Last,
combining with more semantic abstraction, as concluded in [37], can also sig-

nificantly improve the retrieval performance.
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Toric 1 - (TURKEY NUCLEAR) ToriC 2 - (EUROPE PEACE)

GERMAN ENGLIsH GERMAN ENGLISH
TURKEI (TURKEY) TURKEY ISRAEL (ISRAEL) PEACE
FRAG (QUESTION) NUCLEAR EUROPA (EUROPE) ISRAEL
PRASIDENT (PRESIDENT) QUESTION PALASTINENS (PALESTINIANS) PALESTINIAN
MOGLICH (POSSIBLE) PRESIDENT UNION (UNION) EUROPEAN
KOMMISSION (COMMISSION) PEOPLE STAAT (STATE) NEGOTI
ANTWORT (ANSWER) COMMISSION REGION (REGION) TERRITORY
NUKLEAR (NUCLEAR) CONCERN OST (EAST) UNION
FALL (EVENT) TIME FRIEDENSPROZESS (PEACE PROCESS) East
ZEIT (TIME) COUNCIL ABKOMM (AGREEM) AGREEMENT
BEDENK (BEDENK) POSSIBL GEBIET (AREA) STATE
TopPIC 3 - (FISHING ENVIRONMENT) ToPIC 4 - (VEHICLE)

GERMAN ENGLISH GERMAN ENGLISH
SCHIFF (SHIP) FISH HERSTELL (PRODUCIBLE) CAR
FISCHEREI (FISHING) DISASTER FAHRZEUG (VEHICLE) MANUFACTURE
KATASTROPH (DISASTER) FISHER KOST (COSTLY) COST
ERIKA (HEATHER) AFFECT AUTOS (CARS) RECYCLE
FISCH (FISH) POLLUTE VERANTWORT (RESPONSIBLE) VEHICLE
EUROPA (EUROPE) SHIP STANDPUNKT (VIEWPOINT) ENVIRONMENT
SCHAD (DEFECTIVE) CONTROL GEMEINSAM (COMMON) INDUSTRY
KONTROLL (CONTROL) DAMAGE AUTOMOBILINDUSTRI (AUTOMOTIVE-INDUSTRIAL) COMMON
UMWELT (ENVIRONMENT) SEA RECYCLING (RECYCLING) CONSUME
FISCHEREISEKTOR (FISHING SECTOR)  ENVIRONMENT VERBRAUCH (CONSUMPTION) RESPONSE

Table 4: Top words of leaned topics on the German-English corpus. See text for
details.

In Fig[3|we further show several test images from the Wikipedia dataset with
their corresponding topic compositions over a subset of topics obtained with the
symmetric KL GPLSA algorithm (the names of each topic is manually assigned
based on the top words from each topic to facilitate understanding), together
with text tags that are generated by sampling from the topic mixtures associated
with each image. The visualized topic compositions and the generated text tags
of these images obtained with GPLSA span wide semantic ranges, and can shed
some light on their effects in improving the precisions of semantic matching with

the queried text document.

5.8. Multi-Lingual Topic Analysis

In multi-lingual topic analysis, our purpose it to produce a topic-level sum-
marization of documents using GPLSA in different languages. From such a

summarization, one can quickly grasp the basic subjects concerning a document
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English document: THE UN EcoNoMIC COMMISSION FOR EUROPE HAS ALSO EXAMINED THE OBJEC-
TIVES FOR REDUCTIONS IN THE SAME SOURCES OF EMISSIONS AS IN THE PROPOSAL FOR A DIRECTIVE
NOW UNDER DISCUSSION, AND, AS A RESULT OF THESE TALKS, THE SO-CALLED GOTHENBURG PROTOCOL
WAS SIGNED. THERE IS A CLEAR DIFFERENCE BETWEEN THIS PROPOSAL AND THE COMMISSION’S. MR
PRESIDENT, THE INDUSTRY COMMITTEE, AFTER MUCH DISCUSSION AND SERIOUS CONSIDERATION, IS OVER-
WHELMINGLY OPPOSED TO THE COMMISSION’S PROPOSED CEILINGS, AND THIS IS ACROSS ALL GROUPS AND
NATIONALITIES. I UNDERSTAND THAT THE GROUPS, THE WHOLE PARLIAMENT, ARE SPLIT ON THIS ISSUE,
BETWEEN SUPPORTERS OF THE COMMITTEE ON THE ENVIRONMENT, PUBLIC HEALTH AND CONSUMER

PoOLICY AND SUPPORTERS OF THE INDUSTRY COMMITTEE’S LINE.

Summarization in German: EUROPA, KOMMISSION, UNION, WIRTSCHAFT, PARLAMENT, BERICHT, LAND,

FRAG, WICHTIG, PRASIDENT, MOGLICH, POLIT, ZIEL, MITGLIEDSTAAT, SOZIAL

German document: IN KREISEN DER UNO-WIRTSCHAFTSKOMMISSION FR EUROPA SIND EBENFALLS
ZIELE FR DIE VERRINGERUNG DERSELBEN EMISSIONSQUELLEN UNTERSUCHT WORDEN WIE IN DEM JETZT
DEBATTIERTEN VORSCHLAG FR EINE RICHTLINIE, UND IM ERGEBNIS DIESER VERHANDLUNGEN WURDE
DAS SOGENANNTE GTEBORGER PROTOKOLL UNTERZEICHNET. ZWISCHEN DIESEM VORSCHLAG UND DEM
VORSCHLAG DER KOMMISSION GIBT ES EINEN DEUTLICHEN UNTERSCHIED. HERR PRSIDENT, DER IN-
DUSTRIEAUSSCHU LEHNT NACH AUSFHRLICHER DISKUSSION UND ERNSTHAFTER BERLEGUNG DIE VON DER
KOMMISSION VORGESCHLAGENEN HCHSTGRENZEN MIT DER BERWLTIGENDEN MEHRHEIT ALLER FRAK-
TIONEN UND NATIONALITTEN AB. SOWEIT MIR BEKANNT IST, SIND DIE FRAKTIONEN, IST DAS GESAMTE
PARLAMENT IN ZWEI LAGER GESPALTEN, VON DENEN DAS EINE DEN AUSSCHU FR UMWELTFRAGEN, VOLKS-

GESUNDHEIT UND VERBRAUCHERPOLITIK UNTERSTTZT UND DAS ANDERE DEN INDUSTRIEAUSSCHU.

Summarization in English: EUROPEAN, COMMISSION, POLICY, PRESIDENT, UNION, SERVICE, REGION,

IMPORT, REPORT, SOCIAL, MEMBER, DEVELOP, STATE, COUNTRY, ECONOMIC

Table 5: German-English document summarization results. See text for details.

written in unknown language by another familiar language. As such analysis
bypasses the need of machine translation, it can be used in occasions where fast
analysis of a vast number of documents in foreign languages is required.

We used a data set that is a subset of the multilingual corpora in the Euro-
pean Parliament Proceedings Parallel Corpus (EPPPC) [51], which contains
newswire articles written in different European languages with aligned sen-
tences. In our experiments, we selected 1100 documents of German < English
pairs. Considering different languages as different information sources, topics
are learned from a training set containing 1000 German-English documents.
Performance of the topic learning algorithms are evaluated on a test set of the

remaining 100 documents. After stemming and removing a standard list of the
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stop words using NLTKEL the resulting English dictionary contains 10115 words,
while the German dictionary contains 19532 words.

We then applied the GPLSA algorithm on this corpus to extract 100 common
topics in the two languages. Table[d]shows the top words of two languages from 4
examples of the learned topics (the German words are shown with their English
translations in parentheses). As these result shows, common topics capture the
correspondence of German and English words without precisely aligning them.
More importantly, these words are grouped together under topics of the same
concept.

As a simple application, we generate FEnglish summarization for German
documents that were not covered by the training set. Similar to the previ-
ous experiments on image-text documents, we take the simple method of first
recovering the topic assignments of the German documents using the learned
German topic matrix, then combine it with the English topic matrix to generate
corresponding keywords in English. Two examples from the results are shown
in Table |5} For readers who do not know German, the extracted keywords in
English can provide informative guidelines about the topics of the document (in

this case, both are about ‘European politics’).

6. Conclusion

We have presented efficient algorithms for graph regularized PLSA (GPLSA)
to probabilistic topic analysis of both single- and multiple- modality data repre-
sentation. In GPLSA, topic compositions of a data entity are mapped to a graph
and the similarities between topic compositions on the graph are measured with
divergences between discrete probabilities. We propose efficient multiplicative
iterative algorithms for GPLSA with ¢;, ¢ and symmetric KL divergences as
regularizers. The optimization problem for each case affords simple numeri-

cal solutions that require only matrix arithmetic operations and 1D nonlinear

Shttp://www.nltk.org/
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equations. Experimental results in various real-data sets show that the pro-
posed algorithms enhances the performance of the sate-of-the art frameworks.
Unfortunately, We have not proven if the algorithm converges to a limit point
in the interior of the feasible region, that this point is indeed a stationary point
[52], we will investigate more on this direction in the future work.

There are several directions that the current work can be further improved.
First, the correlation matrix controls the smoothness of topics in GPLSA model.
Thus, learning a suitable correlation matrix is critical to GPLSA algorithms.
Secondly, we are working on adapting the GPLSA algorithms to datasets with
more sophisticated structures over topics, such as allowing a hierarchical struc-
ture of the topics with higher layers capturing more abstract semantic notions.
At last, we are also interested in incorporating other type of constraints such as
sparseness in multi-modal topic analysis. We will also seek more applications
of GPLSA algorithms, for instance to video analysis or multi-modal social data
analysis.

Acknowledgment. This material is based upon work supported by the
National Science Foundation under Grant No. (IIS-1537257).

Appendix A.

Proof. Proof of J(A,U) is tight lower-bounded by F(A, A). First, note
that (AU> => AikUkj; or y . é}fUU)’” = 1. Next, consider the concavity
) ij

of the logarithm function, we first rearrange terms in the definition of F(A, A)

and then apply Jensen’s inequality to the inner term to get

Wir Hy; WirHyj (0
o e (s 1)
ij k (WH) y Wi Hy; v
ij
< Z Vijlog (Z Wikaj> = Z Vijlog(WH);;.
ij k ij
As the last term is J (A, U), this proves the inequalities .F(A,fl) < J(AU).

Furthermore, equality trivially holds if we have A = A.
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Next, we show the other part of Eq., F(A, A) = > . Mir log Ajx, + const.
We start with the definition of F(A, 121), as

iazk W o <:?1;l: <AU) ij) ; Aik ; (/Al}(j;]) ; (UT)jk log A; + const.

)

ws  where > { (AI;}”') (UT)jk} = [(P %) (AU))UT} g it then follows that the term
in front of log A;; is the element of matrix M = A ® {(P @ (AU))UT}.
Optimal solution to Eq.. We first introduce Lagrangian multiplier for

each equality constraint 7, in the optimization problem, and form the La-

grangian as:
> My log A, — Y i (Z Ak — 1) :
ik E i

Taking derivative of the Lagrangian with regards to each A;; and solving the

equation when setting the result to zero yield A = ]\Zkk

. Further considering
the constraint )., Ay, =1, we have n, = >, My, thus proves the result.

Proof of J(A,U) is tight lower-bounded by G(U,U). As in the case of show-
ing F(A, A) < J(A,U), we first use the fact that (AU)ij = > AUy, or

>k ’(Z%U)’“j = 1. We then rearrange terms of G(U, U) and then apply Jensen’s

inequality to obtain

DS (VVVV;;) s (Wik?ka‘ (Wg)_)
ij

. ik Hij ij
<) Vijlog (Z Wikaj> =Y Vijlog(WH),;.
ij k ij
w0 As the last term is J (A, U), this proves that G(U,U) < J(A,U). Furthermore,

equality is trivially held when we have U = U.
Next, we show the other part of Eq., G(U, U) = ij Q5 log Uk + const.
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We start with the definition of G(U, U), as

Ml () )

ijk <Wff) kj I

]

R Vi
=S H. W) i —2— 3 log Hy,; + t.
%: k]zi: ( ke (WH) og Hy,; + cons

j

Where ), {(AT)ki&} = [AT(P %) (AU))} i it then follows that the term
in front of logUy; is thg element of matrix that can be written as Q = U®
[AT(P % (Aff))] .

Optimal solution to Eq.@. We first introduce Lagrangian multiplier for
each equality constraint 7; in the optimization problem, and form the La-
grangian as:

Do Qujlog U — 325m; (02, Ukj — 1)

Taking derivative of the Lagrangian with regards to each Uy; and solving the
equation when setting the result to zero yield Uy; = %7 Further considering

the constraint Zk,,j Uwj =1, we have 1; = >, Qp’;, thus proves the result.

Appendix B.

Proof. Proof of Eq.(12). We first simplify the objective function of Eq.
by dropping irrelevant constant terms to obtain the new objective function as

n n T

Uk; U
> QuilogUk = A>3 (Ukj log U—’Z + Uy log U}’j) Ry;.
kj : J

j=11=1 k=1
Next, we introduce Lagrangian multiplier n; to each equality constraint on
the column of Uy; in Eq. and form the Lagrangian. Ignoring the nonnegative
constraint (it will be shown to be satisfied in our setup later in this section), the
first KK'T condition of the problem with regards to Uy; is that the derivative of

the Lagrangian with regards to Uy; vanishes, as

j Ui Ry
Ty nj — )\((; Ry;)log Uk; + (El: Rij) — (log U) i Ry — Us; ) =0.
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We define C = Y2, Ryj, Sk = (log H)yRyj, T = 6525 and B = i —
% + 1, and rearrange term followed by exponentiation of both sides of the

above equation to obtain

i =logU; + B = TeP = exp (log(UkjeB)) log(UkjeB).
kj

Using the definition of the principal branch of the Lambert W-function, this

further reduces to

log Hije? =W (Ac¥) = Hyyel = (0")

AeP A
€T W (AeB) T T T W, (AeB)”
where in the last step we use the property of W function that e"Vo(*) = WOZ(Z).

Now replacing 7" and B with their definitions yields Eq..
Proof of Eq.(13)). With the ¢y regularizer, the objective function of Eq.

becomes

> QuilogUs; =AY Y

kj j=11=1 k=1

(Ukj — Unt)” Ry (B.1)

Similar to the symmetric KL divergence case, we form Lagrangian with
Lagrangian multiplier 7; to each equality constraint of Eq.7 and take its
derivative with regards to Uj; and set it to zero,

g:] ZRU Ukj Uklle =0, (B.Q)
J

rearranging terms leads to a quadratic equation, as
ZRU Ui+ (0 = MUk Ri;)) Uk — Qi; = 0, (B.3)

where the positive root of this equation is given by Eq.(L3), and the other root
is negative.

Proof of Eq.(14). For the ¢; divergence regularizer, the objective function of
Eq. becomes

n n T

ZijlogUkJ—)\ > (1Ukj = Unil) Ryj. (B.4)
11=1 k=1

Jj=
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First we form the Lagrangian by introducing a multiplier n; for each column
of Uy;. Since the resulting Lagrangian is separable for each column of matrix

Uy, we focus on terms that are relevant to one element Uy, which is

> QijlogUki =AY YN (1Ukj — Uil) Rij — (Z Uk; —1>~
k k

j=11=1 k=1
After rearranging terms to remove the absolute value and dropping constants,

<

we have

ZijlogUkJ—)\ Z Ukj_Ukl)_A Z (Ukl_Ukj)_anUk:j~
Uk <Uki Ui <Uk; k

Next, we take derivative with regards to this function, which will be in two

cases. For Uy; > Uy, setting the derivative with regards to Uy; becomes Q’” —

A Rij =1y = 0= Upy = 5=5%47—. This holds when Uy, = Hfﬁ >

Uy = Q"’ — A > ;> Rij. To make Uy; nonnegative, it is easy to see that
n; > —A Zz Ry;. For Uy; < Uy, setting the derivative with regards to Uy;

Ry —mn =0= U, = m—fﬁ This holds when

Uj = m < Uy = U:; + XY, Ry < nj. When these two conditions

are not satisfied, the optimal solution is given by setting Uy; = Uy;. Combining

all these results yields Eq.. O

Appendix C.

Proof of Eq.(19)). We first simplify the objective function of Eq. by drop-

ping irrelevant constant terms to obtain the new objective function as

l
Ekg Qkﬂ lOg Uk] —A ij < ik ) IOg U]E‘j))

Next, we introduce Lagrangian multiplier 7; to each equality constraint on the
column of U® in Eq. and form the Lagrangian. Ignoring the nonnega-
tive constraint (it will be shown to be satisfied automatically later), the first
KKT condition of the problem with regards to U ,53) is that the derivative of the
Lagrangian with regards to U,g? vanishes, as

QkJJr)\U(\l) U,(c\.”
#}‘F)\log (Jl)*)\fnj:(].
k; kj
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We define T' = % + Ué}l) and B =1 — log Ué}l) + %, and rearrange term
followed by exponentiation of both sides of the above equation to obtain

T I l

W = log U,gj) +B=TeP =exp (log(U,gj)eB>) log(U,g?eB)
kj

Using the definition of the principal branch of the Lambert W-function, this

further reduces to

log H,ilj)eB =W (AeB) = H,ilj)eB — Mo(4e”)

AeP A
HWeB = 2 pgW-o__ =
kT W (AeB) R T W, (AeB)”
where in the last step we use the property of W function that e"Vo(*) = WOZ(Z).

Now replacing T and B with their definitions yields Eq..
Proof of Eq.(20]). With the ¢5 co-regularizer, the objective function of Eq.

becomes
ij Q;j log U/i? - A ij % (UIS? - Ul£>l))2
Similar to the symmetric KL divergence case, we form Lagrangian with La-
grangian multiplier 7; to each equality constraint of Eq., and take its deriva-
)

tive with regards to Uéj and set it to zero,

l l
St~ AU~ URY) - =0,
*J

Rearranging terms, this leads to a quadratic equation
2
! l !
AMu) - (=) Ul - @ =0,
the positive root of which is given by Eq.(20) (the other root is negative).

Proof of Eq.(21]). For the ¢; divergence co-regularizer, the objective function
of Eq. becomes

l
S Quslog UL =AY,

O] (D)
vl ) ‘
First we form the Lagrangian by introducing a multiplier 7; for each column

of UM, Since the resulting Lagrangian is separable for each column of matrix

UM we focus on terms that are relevant to one element Ulg?, which is
l l 1 i
Xk Quilog Uy =A%, ‘Ulgj) -0 | = (Zk Uy, - 1) .
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After rearranging terms to remove the absolute value and dropping constants,

S Qulogh) A Y (H) - nHY)
k

HY <H(\Y

Y (ml- H”)—mzk:H;E?-

W g\
HY) <H

we have

Next, we can take derivative with regards to this function, which will be in two
cases. For U]Elj) > Ué)l), setting the derivative with regards to Ulglj) becomes

9 —A—m; = 0= UL = 25 This holds when U{) = 2 > Ui =

Uy n+X J TR

l?(’{{) A > n;. To make U]i? nonnegative, it is easy to see that n; > —\. For
U(Z) < Ué} ), setting the derivative with regards to U,i) becomes Qfﬂ) +A-n; =
0 = Uf) = ;24 This holds when Uy) = 25 < U = Qﬁg) + A<
When these two conditions are not satisfied, the optimal SOluthil is given by
setting U,gl) \l) Combining all these results yields Eq.(2 O
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